STUDENT NUMBER

Killara

HIGH SCHOOL

MATHEMATICS
COURSE

ASSESSMENT TASK NO 2
Date: 7 March 2012

TIME ALLOWED: Reading time: 5 minutes
Working time: 3 hours

INSTRUCTIONS:
QUESTION NO MARK
e This paper consists of 10 Multiple Choice MC
; . /10
questions and 6 Free Response questions
. 11 15
e ANSWER all 16 questions /
. . . 12 /15
e Answer the Multiple Choice questions
in the answer sheet provided 13 /15
e Start each question in a new booklet 14 /15
e Atable of standard integrals is provided 15 /15
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THIS QUESTION PAPER MUST NOT BE REMOVED FROM THE EXAMINATION ROOM

OUTCOMES ASSESSED:

H1 - seeks to apply mathematical techniques to problems in a wide range of practical contexts

H2 - constructs arguments to prove and justify results

H4 - expresses practical problems in mathematical terms based on simple given models

H5 - applies appropriate techniques from the study of calculus and trigonometry to solve problems
H6 - uses the derivative to determine the features of the graph of a function

H7 - uses the features of a graph to deduce information about the derivative

H8 - uses techniques of integration to calculate areas and volumes

H9 - communicates using mathematical language, notation, diagrams and graphs

This assessment task constitutes 25% of the Higher School Certificate Course Assessment.



Section 1
10 marks
Attempt questions 1 — 10

Allow 15 minutes for this section

Use multiple choice answer sheet for Questions 1 — 10

1. The quadratic equation with 5 and —2 as roots is:

(A) x*+5x-2=0
(B) x*-2x+5=0
(C) x*+3x-10=0
(D) x*-3x-10=0

2. The domain of y = IS:

x? -4
(A) -2<x<2
(B) -2<x<2
(C) x<-2o0rx>2

(D) x<-2o0rx>2

3. The shaded region is best described by which inequality:

(A) y< —%x

B) y> -3« h |
(C) y<-3x :
0) y=-x




4, The point Q on building B is visible from the point P on building A, as shown in the diagram
above. Building A is 16m taller than building B.
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The horizontal distance between P and Q is 23 metres.

The angle of depression of Q from P is closest to

(A)  35°
(B) 41°
(C)  44°
(D)  46°
5. If a curve is always increasing, which of the following must occur for all values of x?
(A) LI 0
dx
® Yo
dx
d?y
C — <0
(©) I
2
o Y 5o




Which of the following technique would you feel to be the best approach to
2

evaluate jV4 —x% dx?
0

(A)  Use substitution and integrate with respect to x
(B)  Use Trapezoidal rule
(C)  Use Simpson’s rule

(D)  Use geometrical formula

The graph of the functiony = f (x ) is given below.

fix)
&

This function is not differentiable at x = 1 because

(A) y=f(x)isnotdefinedatx=1
(B) Lim f'(x) >0

x—1

(©)  Limf'(x)=Lim f'(x) >

x—1"

(D) Lim f'(x) = Lim f'(x)
x—1" x—1t



[ f(x)dx =0, then

(A)
(B)
(©)
(D)

In the diagram given above, the value of y is:

(A)
(B)
(©)
(D)

f(x) isaconstant
f(x)isodd

f(x)iseven

f (x ) cannot be integrated

4 cm
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10.  The diagram shows the graph of y = g(x).

Which of the following show all values of k for which g(x) =k have three solutions?

y=g(x) i

(A) -3<k<4
(B) -3<k<0
C) 1<k<4
(D) O0<k<4

End of Multiple Choice Questions



Section 2
90 marks
Attempt Questions 11 — 16

Allow about 2 hours 45 minutes for this section

All necessary working should be shown for each question

Question 11 ( 15 marks) Use a SEPARATE working booklet Marks
4

a) Evaluate » k* 1
k=1

b) Factorise fully:  3x* +x—2 2

C) Solve the equation x_ x-1_1 3

2 2
d) Find the exact value of tan 120 2
e) Find the values of x for which [2x-1 <5 2

Question 11 continued on page 8



Question 11 ( continued ) Marks

f) Q) Express 3448 -2/27 inits simplest surd form. 2
(i) Hence, find p given that 3448 -24/27 = \/6 1
9) Find ZBAC in the following triangle to the nearest degree. 2
(‘:
4 6m
41
4 B
NOT TO SCALE

End of Question 11



Question 12 ( 15 marks) Use a SEPARATE working booklet Marks

a) The diagram shows the straight line AB with equation x + 2y = 2.

Copy or trace the diagram on to your answer booklet.

AY

D
A

(M DC is parallel to AB and passes through (2,2).
Show that the equation of DC isx+2y=6 2
(i) Calculate the perpendicular distance from P to AB.

(iii)  Show that the distance AB is /5.

(iii) Calculate the area of the trapezium ABCD

Question 12 continued on page 10



Question 12 ( Continued ) Marks

b) M is the midpoint of A(5, k) and B (11, 8). 3

Find k, if M lies on the line x — 2y = 4.

c) Consider the parabola with equation y* = 4x—8. Find:

() the coordinates of the vertex 1

(i) the coordinates of the focus. 2

End of Question 12



Question 13 ( 15 marks) Use a SEPARATE working booklet

b)

a) Differentiate:

. 3X+2
® y:4x—3
(i)  y=xvx

(i) y=(2x+1)y5x-3)*

Derive the equation of the tangent to the curve y = 2x*> +5 at the
point where x = 2.

Sketch the continuous curve y = f (x ) which satisfies the following conditions.
o f'(x) <Ofor x <-1
o f'(-)=f'(2=0
o f”(0)=0
o f"(x)<0for 0<x <5

o f(4) =1

Question 13 continued on page 12

Marks



Question 13 ( Continued ) Marks

d)

DIAGRAM NOT TO SCALE

ABCD is a rhombus. X and Y lie on AD and BC such that XC 1 AD and AY 1 BC.

Copy or trace the diagram on to your answer booklet.

Q) Prove that AABY = ADXC. 2

(i) If the side length of the rhombus is 10 cm and ZDAB = 120°, find the 2

length of diagonal AC.

End of Question 13



Question 14 ( 15 marks) Use a SEPARATE working booklet

Consider the function f(x) = 9x—3x* —x°.

() Find the coordinates of the two stationary points.

(i) Determine the nature of the stationary points.

(iii)  Show that there is a point of inflection at (—1, —11).

(iv)  Sketch the curvey = f(x) showing the stationary points and

the point of inflection.

(v) For what values of x is the curve concave up?

Question 14 continues on page 14

Marks



Question 14 ( Continued ) Marks

b) Consider the function y = f (x), whose gradient function is shown as the parabola
in the sketch below.

y=re

Q) Comment on the sign of g—y forall x =1 1
X

(i) There is a stationary point (a horizontal point of inflection ) at x = 1.

Justify this statement with reference to the graph. 2

(iii)  Copy the graph above onto your answer sheet.

On the same set of axes, sketch the graph of y = f"(x). 1
C) The function y = ax® + bx + ¢ has the gradient function % =4x + 2. 3
X

The function has a minimum value of 1. Find the values of a, b and c.

End of Question 14



Question 15 ( 15 marks) Use a SEPARATE working booklet Marks

a) In the diagram below, the area between the curve y = f(x), the x-axis
and the line x = a is equal to (A+ 4) unit®. The area between the curve

y = f(x), the x-axis and the line x = ¢ is equal to (2A—4) unit’.

Use the information to evaluate If(x) dx. 1
b) Find:
3 ny?
(i) I4X 32x +5 dx 9
X

(i) (2-5x)* dx 2

O ey

Question 15 continues on page 16

Question 15 ( Continued ) Marks



C) The function f(x) is defined by the rule f(x) = 5x+/x+1 inthe domain-1<x<1

() Show that the derivative of f (x) is

(i)  Use the derivative of f(x) to find the turning point of f(x) and

determine its nature. Answer to one decimal place.

(iti)  Hence, draw a rough sketch of f(x), showing clearly the turning

points, and the values at the endpoints of the domain.

(You do not have to scale the diagram accurately

15x+10

and do not find the points of inflection)

(iv)  the area between the x-axis and the section of the curvey = f (x)

from x = =1 to x = 0 is rotated about the x-axis.

Find the volume of the solid of revolution.

(v) Copy and complete the table below correct to one decimal place

and apply Simpson’s rule with five function values to give an

1
estimate of I 5x+/X +1 dX .
e

2x+1

-0.5 0

0.5

f(x)

Question 16 ( 15 marks) Use a SEPARATE working booklet

End of Question 15

Marks



a) The parabola y = x? and the line y = mx + b intersect at the points A(a, az) and

B (ﬂ,ﬂz) as shown in the diagram.

Vi

Q) Explainwhy ¢+ =m and «af =-b.

2

(i)  Showthat (- ) + (o - B°) = (@ - B) i+ (o + B)]

(iii) ~ Hence, Show that the distance

AB = |/(m? +4b)1+m?)

(iv)  The point P(x, x2) lies on the parabola between A and B.

Show that the area of triangle ABP is given by

%(mx—x2 +bNm? +4b

Question 16 continues on page 18

-



b) ABCD is a square with side x cm, with P a point within the square such that

PC=6cm,PB=2cmandAP = 2\/§cm.
Let /PBC= ¢.

NOT TO SCALE

x? —32

() By using triangle PBC show that cosa = 2
X

x? 16

(i) By considering triangle PBA, show that sina = 1
X

(iii)  Hence, or otherwise, show that the value of x is a solution of

x* —=56x% +640 =0

(iv)  Find x. Give reason for your answer.

End of paper



STANDARD INTEGRALS

jcosaxdx
Jsin axdx
Jseczax dx

o~

1 .
= —sinax,
a

—.l'

n+I‘ 1%

n+1

Inx, x>0

—

“woaz0

a#(

1
—Ecos ax, a=0

1
—Etanax, a#0

1
secax tanaxdx = S secax, a #0

ln(x ++x2+a? )

NOTE : Inx=log, x,

-1: x#0,ifn<0

x>0
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Multiple Choice Answer Sheet

Completely fill the response oval representing the most correct answer.

1.

2.

10.

A O
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A O
AO
A O
A O
A O
AO
A O
A O

BO
BO
BO
BO
BO
BO
BO
BO
BO
BO

cO
cO
cO
cO
cO
cO
cO
cO
cO
cO

DO
DO
DO
DO
DO
DO
DO
DO
DO
DO



2012 HSC Half yearly marking scheme

1. D 2. C 3. C 4 5 B
6. D 7. D 8. B 9 10.D
Question 11

4
a) Y k?=
k=1
1+4+9+16=30

1 mark: correct answer

b) 3x?+x-2
= (x+1)3x-2) 1 mark
x x-1_1
2 3 2 2 1 mark: manipulates equation

2x  3(x-1) _ 1x3
3x2 2x3 2x3
2%— 3(x —1)2x=3 1 mark
2Xx—3x+3=3 1 mark
-x=0

x =0

to remove the denominators
1 mark: removes brackets and
simplifies correctly

1 mark: correctly solves the
equation

d) tan 120 = —tan 60

1 mark: expresses in terms of
the acute angle —tan 60

=—.3 1 mark: gives correct exact
value
e) |2x _]4 <5 1 mark; removes the absolute
_5<2x—1 <5 1mark Y:;:ﬁ aslli%ir:a Sfjmd gives the correct
—4<2x <6 '

-2 < X <3 1mark

1 mark: correct solution

f) (i) 3448 —2+/27
= 3x44/3-2x34/3 1

mark

=12+/3 - 643
:6\/5 Imark

1 mark: correctly simplifies the

surds m and \/ﬁ

1 mark: correct answer

f)(ii) 3+/48-2+27 = [p
using (i) 6+/3 = /p
V108 = |/p

- p=108

1 mark: correct answer




1 sing _ sin4l 1 mark: correctly
©) 6 4 applies the Sine rule
. sin4l
Sin 0 = x 6 =0.98408... 1 mark: correct answer
® = sin"' (0.98408...) rounded to the nearest
_ degrees from the
=79.765... : i
- 80° calculation of the sine
rule.
Question 12
a)(i) DC || AB

.. DC has equation
X+2y+k=01mark
(2, 2) lies on it.
2+2x2+k=0
S k=-6
..DC has equation
X+2y-6=0
X+2y=6 1mark

1 mark: for giving the correct
gradient of DC

1 mark: substitutes (2, 2) to get
the correct equation

b) P(2, 2)
X+2y-2=0

2+2%x2-2

V1% + 22

| distance =

-4
V5

1 mark: correct solution

C) X+2y-2=0
ForA,x=0 .. 2y=2
y=1 (0,1) 1 mark

ForB,y=0 .. x=2
(2,0) 1 mark

AB = 112 + 22 = /51 mark

1 mark: correct y intercept
1 mark: correct x intercept
1 mark: uses the distance

formula or Pythagoras’
theorem to evaluate AB

d) Finding length of CD
X+2y-6=0
ForD,x=0 ..y=3

ForC,y=0 ..x=6
CD=+32+6% = /45
:3\/5

1 mark: finds length of CD
(giving 45 is enough)




Area of trapezium =

1 4
EXEX(\/§+3\/§)

= 8unit?* 1 mark

1 mark: substitutes into correct
formula

1 mark: evaluates area
correctly.

e) M[11+5,EJ: 1 mark
2 2

M (gwj
2

This point lies on x — 2y = 4
8-2x (kz8j =41 mark

8-k-8=4

1 mark: uses the midpoint
formula to get the correct
expression for midpoint

1 mark: substitutes the
coordinates of M in to the
equation

so—k=4
- k=-4 1mark 1 mark: solves for k.
c)(i) y>=4x-8 _
y? = 4(x-2) 1 mark: expresses the equation

Vertex (2,0) 1 mark

(ii) da=4
a=1 1mark

focus (3,0) 1 mark

fre] |

in the form (y —k)=4a(x—h)
and gives the correct vertex

(it) 1 mark: calculates the
focal length correctly

1 mark: calculates the correct
focus




Question13

. 3X+ 2

A0 V=375

u=3x+2 u=3

v=4x-3 v’ =4 1mark
dy _ (4x-3)x3-(3x+2)x4
dx (4x-3)°

_ 12x-9-12x-8 _ -17

(4x-3)° (4x-3)*

1 mark: correctly
differentiates 3x + 2 and
4x - 3.

1 mark: applies the
quotient rule correctly

(i) y = xJ/x = x°2 1 mark

d_y = Ex% 1 mark
dx 2

1 mark: writes  x+/x in
index form

1 mark: correctly
differentiates

(i) y = (2x+1)(5x -3)"
u=2x+1 u =2
v=(5x-3)*

V' = 4(5x-3)’x5 1mark

g_y = (2x+1)x 4(5x - 3)° x5+
X

(5x-3)' x2
= 2(5x—3)°[20x +10 + 5x — 3]
= 2(5x—3)°[25x + 7]

1 mark: applies chain
rule to differentiate

(5x-3)*

1 mark: applies product
rule

b) y=2x*+5
d—y:4x
dx

Whenx=2, y=2x2?+5=13
(2, 13)

ﬂatxzz, is4x2=8 1mark
dx

Equation of the tangent is

y —13=8(x-2)

8x —y — 3 =0 is the equation of the
tangent 1 mark

1 mark: correctly
evaluates the gradient of

the tangent ( d 8)
dx

1 mark: uses their
gradient and the point
(2, 13) to find the
equation of the line.




1 mark: correct shape
for x < 0. Correct
gradient for

x <—1, stat. point at x =
1, correct concavity
required

1 mark: concave down
for 0 <x <5, including
point of inflection at x =
0

1 mark: max. turning
point at X = 2 and the
point (4, 1) is plotted.

D

() AB = CD ( sides of a rhombus are equal)

ZAYB = 90°

ZAXC =90° (XCL AD and AY L BC.)

/B = /D (opposite angles of a rhombus are equal)
.. AABY = ADXC (AAS angle-angle side)1 mark

1 mark

(i) Construct AC.
/DAC = 60°

/ADC = 60° (the diagonal bisects the vertices

of

AADC is equilateral ( each of the vertices of the
triangle = 60°. Sides opposite equal angles are equal

a rhombus) 1 mark

must have this)
.. AC 10cm 1 mark




Question 14

a) f(x) =9x-3x"-x°.
f'(x) = 9-6x-3x°.

For stationary points, f'(x)=0
9-6x-3x*=0

3(x2+2x-3)=0
(x+3)(x-1)=0
X=-3, x=1

When x =-3, y=-27

Whenx=1,y=5

Stationary points are (—3, —27) and (1,

5).

1 mark for each of the
stationary points

f"(x) =—6 —6X
When x=-3, f"(-3)=12>0
.. concave up;
Minimum turning point
(-3,-27) 1mark
Whenx =1, f"()=—6-6 <0
.. concave down;;
Maximum turning point
(1,5) 1 mark

1 mark: proves that there is
a minimum turning point at
(=3,-27)

1 mark: proves that there is
a maximum turning point at
1,5)

(iii)  For points of inflection
f'"(x) =0
S —6-6x=0
X=-1
When x =—1, f(x) =11
Checking for concavity:

J'(x) 6 0 6
=-6-6% \/ s

Change in concavity and therefore
point of inflection at (—1, —11) must
have ths

Imark: sets f”"(x)=0 and

finds the possible point of
inflection.

1 mark: shows working to
establish that there is a
change in concavity and
verbal explanation is
required




(iv)

(iv)

1 mark: correct shape with the
turning points, point of
inflection and the x-intercept
shown

(v) The graph is concave
up forx < -1

1 mark: correctly writes the
region from their graph
Or sets f"(x) <0 and solves the

inequality

(b)(1) dy >0 for all x, x= 1
dx

Correct answer, must say
Xz 1
1 mark

(i) d—y:Oatle
dx

stationary point.1 mark

g_y Is positive on both sides
X

of x = 1. it does not change
sign.

/_/

2
or d y:Oatx:1;

dx?
d’y d’y

> <0Qforx<1and 2>Oforx>1.
dx dx

Change in concavity, ie point of inflection

atx=1.

1 mark for identifying the
stationary pointat x = 1

1 mark for establishing
point of inflection.




. x =11is a horizontal point of inflection.

(iil)

y & (V=6
f
\1 /
| ;o r="®
\ !
hY
\
\ i .
/ !

1 mark for correct diagram
of y=f"(x)

c)y=ax’+bx+c

d—y:2ax+b = 4x+2
dx
Comparing coefficients,
s28=4 a=2 1mark
b=2 1mark
Ly =25 +2X+¢C
minimum value of 1.

_-b _ -1
2a 2
X:_?l,yzl
1= 2—}6)2 + 2(—%)+c
c= 3
soa=2, b=2, c:%

1 mark each for a and b for

setting d 4x + 2 and
dx
comparing and evaluating

coefficients

1 mark: for the value of c.
( must show working)




Question 15

@@ —(A+4))+(2A-4)) 1 mark: Subtracts the area
——A-4+2A—-4 from below the x-axis from
—A-8 the area above the x-axis.
b)(i)

4x% —3x% +5
[—=—

:j4x—3+5x2dx

dx

2 -1
= 4i—3x+5X +C
2 -1
= 2x? —3x—E+C
X

1 mark: performs term by
term division correctly

1 mark: correct integration

b)(ii) j(z-5xf'dx
L5 —(2-0p)
25

_ =215 _ 4y
~25

(2 -5x)°
5x-5

1 mark

1 mark: correct integration

1 mark: correct evaluation

c) (i) f(x)= 5xvx+1
u=5x u =5
1

24/x+1
5x 3\
+54x+1

24X +1

_ 5x+2(x+1)

T 2dx+1

15x+10

V=4X+1 V=

fe(x)=

24/x+1 /

1 mark: correct proof. Every
" step of working is required.

o)) f'(x)=0
15x+10 _

24/x+1

15x+10=0

X = -2 1 mark
3

2 ~104/3

whenx= —2, y=
3 y 9

=19

1 mark: sets f'(x) =0 and

solves to get the x-value of
the turning point




~.minimum turning point at

1 mark: Uses gradient test or
second derivative to
determine the nature of the
stationary point.

Must give the turning point as
a coordinate pair

-2
—, 19
( 3 )
(iii)
4_
2_
0
4 2 f o 2
- -, -2-
(-2 -103 'i
L3 9 )
(iv) Volume =

0
_[7: x 25x%(x +1)dx 1 mark
e

0
257zJ'x3 + %2 dx
-1

X4 3

0
257z—+x— 1 mark
4 3],

s{o-(ic3)

= 25—”unit3 1 mark
12

1 mark: correct formula to
evaluate the area

1 mark: correctly integrates

1 mark: correct evaluation.
Unit required.




(iv)

x ‘ -1 -0.5 0 0.5 1
1 mark: correctly
flx) ‘ 0 -18 0 3.06 7.07 | completes the
table.
1
_[ 5XvX+1dx =~
e 1 mark: correct

0.5 substitution and
—(0+4x-18+2x0+4x3.06+7.07) | Jop oo the
= —2.018.... ~ —2.0(1d.p) correct formula
Question 16

a)(i) From the diagram, the roots of the
simultaneous equations y = x* and y =
mx + Db
are X =oa and X = .
Now x? = mx + b

X*-mx—-b=0

sum of roots (o + B) = -b a+p=
a

1 mark: develops the correct
quadratic equation, X’ —mx—-b =0
and gives sum of roots (a + ) =

__b and product of roots (af)) =
a

—m m 1 mark c
1 a
Product of roots (aff) = <
a
=22 1 mark
1
(i) (- B + (@*-p2) = 1 mark: correctly factorises and

(@—pB) + [(a+BNa-B)

=(@-p) + (@+p) (@-p)
1 mark
(o

expands (a? - 82 as (a + )
(o= B)

1 mark: correctly factorises to get
the required result

- By [1+(a +/3)2] 1 mark
(iii) By distance formula

AB =+/(a - —pf
\/ [1+ a+[3)J
w (o - ) o — 20 +
=0L2+20LB+B2—4(1B
= (a+ ) —4op
=m* - 4(-b)

=m’ +4b

2 marks: for correct solution
Award only 1 mark if:

Writes

(a-p)
Or
Application of distance formula
and uses the result from (ii)

= (a+p) — 40P




AB = (a- pl+(a+ pY]
= \/(m2 +4b)[1+(m)2J

=\/(m2 +4bX1+ m2)

(iv) perpendicular distance from P
(x,xz) tothe linemx—-y+b=0is
given by:

lax, +by, +¢|
h="2 2
Ja® +b?
B ‘mx—x2+c‘
Jm? +1
mx—Xx2 +b :
= ———— ( from the diagram,
Jm? +1

mx + b > x%)
Area of triangle ABP,

x AB x perp. distance from AB

N, N~

AJm? +1

%x\/(m2 +4b)><\/(1+m2)><—mx_x2 +b

Jm? +1

= %(mx—x2+b m? +4b

0+ do e ) XX 4D

2 marks: correct solution

Award only 1 mark:

attempts to calculate

perpendicular from P to AB

or

attempts to find the area of the A
by writing A =2 bh and applies
their base length AB from (iii).




%]

16(b)(i) In APBC,
PB? + CB? — PC?
2xPBxCB
224 %26
T 2x2xX
X7 =32
T 4x

cosa =

1 mark: applies
cosine rule correctly
(Every step of
working must be
shown)

(if) Since £ ABC is a right angle in a square
and ZPBC = qa, then £ ABP =90° — a.

1 mark: Recognises
ZABP =90° — a
and applies cosine
rule correctly

1 mark: Uses the
property cos(90° —
o) = sin a and proves
the required result

Using cosine rule in AABP,
2 2 2
Cos/ ABP = X *2 - [245)
2XXx2
_ x*-16
4x
But cos(90° — o) = sin a
. x* —16
ssino =
4x
2
(iii) From (i), cos a = X2
4x
x* —16

From (ii), sin o =
But, sina + cos’a =1
x2-16) (x?2-32Y
c + =1
4x 4x

X* —64x% +1024 + x* —32x? + 256 =16x?

2x* —112x? +1280=0

x* —56x* +640=0

That ie,
X is a solution of x* —56x> +640=0

2 mark: correct
solution with all
steps of working

Award only 1 mark
if uses the results
from (i) and (ii) and
attempts to eliminate
sina and cosa.




(iv) x*—56x>+640=0
ie. (x2—16)x*-40)=0
SoX= 44 orx=x440 = iZJElmark

But x cm is the length of the side of a square,
so x> 0.

- X=4or 2410 1 mark
4% 32
<
4x4
But a is an acute angle, so cos a > 0.

If x = 24110,
210 ) —32
4% (2410

~. solution is x = 24/10 . 1 mark

Ifx=4,cosa= 0.

Cosa= >0

1 mark: Correctly
solves the equation

1 mark: Recognises
X is the length of a
side. . >0

1 mark: Explains
why x = 4 cannot be
a solution and proves
x = 2410 is the only
solution
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