NORTH SYDNEY BOYS
HIGH SCHOOL

2012 HSC ASSESSMENT TASK 1

Mathematics

General Instructions

e Working time — 50 minutes

e Write on the lined paper in the
booklet provided

e Write using blue or black pen

e Board approved calculators may
be used

e All necessary working should be
shown in every question

e Each new question is to be started

on a new page.
o Attempt all questions

Class Teacher:
(Please tick or highlight)
O MrLin

O Mr Berry
O MrLam

O MrLowe
O Mr Ireland
O Mr Fletcher
O Mr Weiss

Student Number:

(To be used by the exam markers only.)

Question 1 2 3

No

4 | Total | Total
: %

Mark — — e

11 53 100
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Question 1 (12 marks) Starta new page. Marks
(a) Consider the arithmetic progression 5,12, 19, ....., 292.
(i)  Calculate the number of terms in the series. 2
(ii)  Find the sum of the series. 2

(b) Inageometric series the first term is 12 and the fourth term is 768.

(D Find the common ratio. 2
(i)  Hence find the sum of the first 10 terms of the series. 2
2 k
(c) Evaluate Z(—l) k* 2
k=1

(d) Ifthe sum of the first nterms of a series is S, =16n —n” find an

expression for the nth term 7, . 2

Question 2 (15 marks) Startanew page.

(a)  Solve the equation 2x+1)* =5 2
(b)  Solve the inequality x> —x—12>0 2
(c) Solveforx 4*-7-2"-8=0 3

(d) If @ and B are the roots of 2x> —6x—7 = 0, evaluate the following:

O a+p 1
(i) of 1
(iif) ia% 2
(iv) &’ -3a 1

(e) Given that 3x” +7x+14= A(x+2)* + B(x+2)+C, find the values
of A, Band C. 3
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Question 3 (15 marks)  Starta new page.
(a) Alayer of plastic cuts out 15% of the light that strikes it.

(i) Show that two layers let through 72-25% of light.

(i) How many layers are needed to cut out at least 90% of the light?

(b) Considerthe series: sin’x+sin*x+.... (0<x< %)

(i)  Show thata limiting sum exists.

(i)  Find the limiting sum, expressing the answer in simplest form.

(c) For what values of m is the quadratic y =mx* —8x+m positive
definite?

(d) Consider the quadratic equation: x*—~3x+k = 0.
() Find the value of & if 2 is a root of the equation.
(ii)  Find the value of & for which the equation has two equal roots.
(iii)  Find the value of & if one of the roots exceeds the other
root by two.

Question 4 (11 marks)  Start a new page.

(a) Find the number which when added to each of 2, 6 and 13 will give a
set of three numbers in geometric progression.

(b) A(-1,3)and B(3, 1) are two points on the plane. Show that the locus of
P(x,y) such that PAis perpendicular to PB is a circle with centre

C(1, 2) and radius NCR

. . . . . 1
(¢) The first three terms in an arithmetic series are a, —, 1 (where a <0.)
a

) Find the values of a and the common difference, d.
(i)  Find the smallest value of n for which the sum of the
" first nterms is >1000.

END OF EXAMINATION
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2012 MATHEMATICS HSC COURSE ASSESSMENT TAsk 1 SOLUTIONS 1

Suggested Solutions

Question 1 (Lowe)
(a) i. (2 marks)

v [1] for formula of AP terms.

v [1] for final answer.

a=5 d="7

T,=a-+d(n-1)
202 = 5 +7(n—1)
-5 -5

287 = 10 1)

n—1=41
Son =42
ii. (2 marks)
v [1] for formula of AP sum.
v 1

] for final answer.

S, = g(a—i—é)

42
= - (5+292)
= 6237

Alternatively, use

Sp = g(2a+ d(n — 1))

(b) i. (2 marks)

v [1] for formula of GP terms.
v 1]

1] for final answer.

a=12 Ty =768
T, = ar™™!

Ty =768 = 1273
=12 =12

r =64
Sor=4
ii. (2 marks)
v [1] for formula of GP sum.
v o[l

] for final answer.

a(r™ —1)
Sp=—-+
" r—1
12 (410 —1)
0T
= 4194 300

(¢) (2 marks)

v' [1] for writing out terms of summation.
v 1

] for final answer.

5
Z(_l)ka 12492 32,42 52
k=1
= —15
(d) (2 marks)
v 1] for correct substitution into
Th = Sn — Sn-1.

v' [1] for final answer.

Tn:Sn_Snfl
= (16n —n?) — (16(n — 1) — (n — 1)?)
— 167 — o — (m—16—;{7+2n—1>
=17—-2n

Question 2 (Lam)

(a) (2 marks)

v' [1] for each correct root. No other marks
awarded.

2z +1)% =5
2r4+1=+V5

—1++5
2

(b) (2 marks)

v' [1] for each correct inequality. No other
marks awarded.

22 —x—-12>0
(x—4)(z+3)>0
srx< -3 or x>4
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(¢) (3 marks)

v’ [1]  for transforming into quadratic

equation.

v' [1] for justifying 2* = —1 is invalid.

v [1] for x =3 only.

(252 —7Tx 2" —8=0
Let m = 2%,

m?>—Tm—-8=0

(m—8)(m+1)=0
m=—1,8
2" =18

As there are no real solutions to 2% = —1,

i (1 mark)
ii. (1 mark)
=T

iii. (2 marks)

v' [1] for transforming into
v’ [1] for final answer.
1 1 a+ 3
a f af -5
iv. (1 mark)
a+pB=3
B=3—-a
7
3—a)=—=
o(3 - a) =~
7
—3) = —
ofa-3) =1
7
2
St —=3a ==
@ a=g

atB

ap

(3 marks)
v' [1] for each of A, B and C. No variations
permitted.

302 + T+ 14=A(x + 2>+ Bz +2) +C
By inspection,

A=3
Substitute z = —2,

3(—-2) + -2+ M= C
C =12

Substitute x = 0,

14=4A+2B+C
14=12+2B + 12

S.2B=-10
.B=-5
Alternatively, expand and  equate
coefficients to obtain simultaneous
equations.
Question 3  (Berry)

i. (1 mark)
0.85 x 0.85 =0.7225
ii. (2 marks)
v' [1] for setting up inequation.

v [1] for final answer. Trial and error
is acceptable.

Let n be the number of layers
required.
0.85" < 0.1
nlog0.85 <log0.1
"> log 0.1
~ 1log0.85

Hence 15 layers is required.

=14.68---

i. (1 mark)
r=sin’z
Since 0 < sinz < 1for 0 <z < 7§,
s 0<sin’zr <1
S-l<r <l

and limiting sum exists.

LAST UPDATED NOVEMBER 29, 2012
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ii. (2 marks) Alternatively, %k completes the
v [1]  for correct limiting sum square, i.e. k = (%)2 = %.
formula.
v [1] for final answer. iii. (2 marks)
v 1] fora=1.
a v' [1] for final answer.
5= 1—r Let the roots be o and a + 2.
_ sin? x b
T 1-sin’x at2+a)=——=3
in2
=g
(c) (3 marks)
v [1] for correct condition for m and A to So the roots are %, % By the
make a positive definite quadratic. product of roots,
v' [1] for inequalities.
v’ [1] for final justification. 1 X J —k
Positive definite implies m > 0 and A < 0. 22
Som >0 and 64 —4m? < 0 h=
16 —m? <0
(4—m)(4+m) <0 Question 4  (Lin)
m<—-4 or m>4 (a) (2 marks)
As m > 0 and m > 4, therefore m > 4 V' [1] for correct substitution into definition
fulfills all conditions. of GP.
v' [1] for final answer.
(d) i. (2 marks) Let the number be z.
v' [1] for correct substitution. T, T,
v’ [1] for value of k. T, = T
6+x 13+
2 —3x+k=0 242 64

(6+2)%=(13+2)(6 + )
24122 4 36 = Z£ + 152 + 26

As x = 2 is a solution,

22 -3(2)+k=0 3z = 10
4—6+k=0 _ 10
k=2 tTE
ii. (2 marks)
v ] for comstructing correct
inequality.

v’ [1] for value of k.
2 equal roots implies A = 0.
A=b*—4dac=0
L (=3)7 —4(1)(k) =0
9—4k =0
9

Sok=—
4
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(b) (3 marks)

V' [1] for correct substitution into gradients.
v' [1] for correct manipulation.
v

[1] for final answer.

PA 1 PB implies mpa X mpg = —1.

y-3 y—-1_
r+1" -3

(v =Dy =3)=—(z-3)(x+1)
y* —4y+3=—(2* — 2z - 3)
22— 2 +y? —4dy=0
22— 2+ 149y —4dy+4=5
(2 -1+ (y—-2?%=5

-1

which produces a circle of centre (1,2) and
radius /5.

(c) i. (3 marks)
v' [1] for correct substitution into AP
definition.

v [1] fora=—-2.
v [1] ford=3.
By definition of an AP,

I3 —-Tr =15 - T

1 1
l-—=—-——a
a a

2

—-=1+4a

a

2 =a+a’
a?+a—-2=0
(a—1)(a+2)=0

coa=—-2,1

Asa<0,. .a=-2.

1
-2

Njw =

ii. (3 marks)
v [1] for correct substitution into
sum formula exceeding 1 000.

v [1] for simplification.

v’ [1] for final answer.

n

2

(2(_2> - 1)) ~ 1000

(—8 + 3n — 3) > 1000

Sn (2a 4+ d(n —1))

n
2
n
4
n(3n —11) > 4000
3n% — 11n — 4000 > 0
11 £ /121 4 4(3)(4 000)
"o 2(3)
11+ /121 + 48000

6
11 — /48121 < 11+ /48121
— 0orn —_—

6 6

Son <
Asn >0,

S 11 ++v/48121

~ 38.39---
6

Hence 39 terms required to exceed
1 000.
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