North Sydney Girls High School

2022 | PRELIMINARY ASSESSMENT TASK 3

Mathematics Advanced

General e Reading Time — 5 minutes

Instructions e Working Time — 2 hours

e \Write using black pen
e Calculators approved by NESA may be used
o Areference sheet is provided

e For questions in Section Il, show relevant
mathematical reasoning and/or calculations

Total marks: Section | — 10 marks (pages 3 - 7)

84 o Attempt Questions 1 - 10

¢ Allow about 15 minutes for this section

Section Il — 74 marks (pages 9 — 36)

e Attempt Questions 11 — 35
e Allow about 1 hour and 45 minutes for this section
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Section 1

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10

2
1 Which of the following is equivalent to (26 - 3) ?

A 11
B.  29-12/5
C.  11-12y5
D. 29

2 Which expression is equivalent to log, (m)—log, (2m) ?
A, —log,(m)
B log, (—m)



Which of the following functions is a many-to-one function?

A. f(x)z 8—x’

What is the correct set of solutions to 3x* +3x <18 ?

A xef(-»-2]u[3,0)]
B. xe[-2,3]
C. xe {(—oo,—6]u[1,oo)}

D. xXe [—3,2]



5 The following sector has an arc length of 19 cm and an area of 76 cm?.

What is the exact length of the radius r?

N

19 cm

A. 82 cm
B. 8 cm
C. 4 cm
D. 242 em

6 If cot@ = 27—4 and 180° < @ <270°, what is the exact value of sin @ ?

24
25
B. L
25
c. -L
25
p. -
24



The number of hours (%) taken to clean an apartment block is inversely proportional to the
square of the number of cleaners (C). If it takes 6 cleaners 12.5 hours on average to clean an
apartment block, which of the following equations represents this situation?

75
b -

What is the value of lim 2x+6

?
x—>-3 xz _9

A -1
3
B. 0
c. 2
3
D. 1



10

Which statement is true of the function f(x)= { "
X

A.

B.

Let g(x)=x+3 and f(x)= Jx . What is the simplified expression for f'(g(x)) ?

A.

x+2,

b

Continuous and differentiable
Continuous but not differentiable
Not continuous but differentiable

Neither continuous nor differentiable

3

24x* +3
X +3

xVx+3

x<2

x>

at the point x=2 ?



BLANK PAGE



Student Number

Mathematics Advanced
Section Il Answer Booklet 1

Section Il

74 marks
Attempt Questions 11-35
Allow about 1 hour and 45 minutes for this section

Booklet 1 — Attempt Questions 11-27 (45 marks)
Booklet 2 — Attempt Questions 28-35 (29 marks)

Instructions ¢ Write your student number at the top of this page.
o Answer the questions in the spaces provided. These spaces provide
guidance for the expected length of response.

e Your responses should include relevant mathematical reasoning
and/or calculations.

o Extra writing space is provided on pages at the end of each booklet.
If you use this space, clearly indicate which question you are
answering.

Please turn over



Question 11 (2 marks)
Solve [5—3x|=6.

Question 12 (2 marks)

State the domain and range of f(x)=3-

Question 13 (1 mark)

Convert 213—27[ radians into degrees.

—10 -



Question 14 (2 marks)

Solve the equation J3cosecx=2 for 2z <x<r.

Question 15 (3 marks)

Differentiate the following:
(a) y=5-7x"+3x"

b y=

—11 -



Question 16 (5 marks)

A small manufacturer makes and sells power generator units with the following finances:

. Fixed costs of $600 per week;
. Each unit costs §15 to produce;

o The selling price of each unit is $30.

(a) Write a linear equation to represent the Cost function (C) for the number of

power generator units («#) produced.

(b) Find the number of units to be sold for the manufacturer to break even.

(©) The manufacturer sells 24 units in a particular week.
Determine the amount of profit or loss incurred during this week.

Question 16 continues on page 13

—12 —



Question 16 (continued)

(d) The graph of the Revenue function (R) is provided in the diagram below.
Draw the graph of the Cost function on the same axes, clearly labelling the
break-even point.

2000t
1 500+
e
E
S 1000+
S
<
500 +
20 40 60 80
Units (u)
(e)

The manufacturer needs to increase their fixed costs to $900.

Write a new equation for the Revenue function so that the break-even point remains at
the same number of units sold.

End of Question 16

— 13—



Question 17 (3 marks)

A bag contains 9 blue marbles and 22 red marbles. Two marbles are drawn at random without

replacement and their colours are noted.

(a) Complete the tree diagram to represent the possible outcomes and their respective

probabilities.

(b) Find the probability that at least one red marble is drawn.

—14 —



Question 18 (2 marks)

Find the minimum value of the quadratic function k(x) =2x"—5x+18.

Question 19 (2 marks)
fOth)=f()
h

Differentiate f (x) =3x—4x" using first principles, given f"(x)= %m&

— 15—



Question 20 (4 marks)

Consider the function 1 (x)=3cos (g] .

(a) State the period and amplitude of f (x) .

(b) Sketch the graph y = f (x) for the domain [—27r, 271'].

(©) Hence, or otherwise, state how many values of x satisfy the equation f(x)=1
in this domain.

—16 —



Question 21 (2 marks)

Let f (x) =+/1-x . Determine whether f ( f (x)) is odd, even, or neither. Show all working.

Question 22 (2 marks)

Show that cos@+tan@sin @ =secd.

17—

2



Question 23 (3 marks)

The graph of a function y = f (x) passes through the points (1,5) and (3,1) as shown below.

¥

(1,5)

(3, 1)

(a)  For what values of x is f (x) decreasing?

(b) On the number plane above, sketch the gradient function y = f '(x) , indicating

all necessary features.

— 18 —



Question 24 (4 marks)

At a recent classical music concert, 650 people heard a Mozart symphony and a Bach
concerto. Of these, 327 liked the Mozart piece, 438 liked the Bach piece, and 48 did not like
either piece.

(a)

(b)

(©

Draw a Venn diagram to represent this situation.

A person is selected at random. What is the probability that the person liked the
Bach piece?

Two people are now selected at random. What is the probability that both people
liked only the Mozart piece?

—19 —



Question 25 (3 marks)

(a)  Differentiate f (x)=x°(1- x)3 .

(b) Hence find the values of x such that f ’(x) =0.

Question 26 (2 marks)

If a=log, (%) such that x>0 and N >0, show that a:logx(N).

— 20—



Question 27 (3 marks)

The Richter scale is used to rate the magnitude (M) of an earthquake based on the amount of
energy (E) released by the earthquake, measured in Joules. They are related by the equation

log,, (E)=a+1.5M

where a is a real constant.

The San Francisco earthquake in 1906 registered 8.2 on the Richter scale and released
5.011x10'® Joules of energy.

(a) Use this information to determine the value of a, correct to 1 decimal place.

(b) Hence, determine the amount of energy released by an earthquake that registered
4.7 on the Richter scale.

Give your answer in scientific notation to 3 significant figures.

End of Booklet 1

—21 -



Section II extra writing space

If you use this space, clearly indicate which question you are answering.

— 22—




Section II extra writing space

If you use this space, clearly indicate which question you are answering.

— 23—




Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Student Number

Mathematics Advanced
Section Il Answer Booklet 2

Booklet 2 — Attempt Questions 28-35 (29 marks)

Instructions e Write your student number at the top of this page.
¢ Answer the questions in the spaces provided. These spaces provide
guidance for the expected length of response.

e Your responses should include relevant mathematical reasoning
and/or calculations.

e Extra writing space is provided on pages at the end of each booklet.
If you use this space, clearly indicate which question you are
answering.

Please turn over

— 25—



Question 28 (3 marks)

Consider the circle with equation x* +y* —4y+6x=12.

(a) Find the centre and radius of the circle.

(b)  Show that the point (2,4) lies outside of the circle.

Question 29 (3 marks)

Solve sin* x—3cosx—3 =0 in the domain [0,27[] .

— 26 —



Question 30 (4 marks)

A parabola with equation y = f (x) has a vertex at (—l, 3) and passes through the origin.
(a)  Write an equation for f(x).

(b) Prove that the gradients of the tangents to the parabola at the x-intercepts are
equal in magnitude yet opposite in sign.

27—



Question 31 (4 marks)

Consider the function f (x) = |x| -3.

(a) On the same axes, sketch the graphs of y = f (x) and y=—f (x+ 4) , showing

all points of intersection.

(b) Hence, or otherwise, solve f(x)+f(x+4) >0.

— 28 —



Question 32 (4 marks)

Consider the function f(x)=—Vx—4.

(a) Determine the equation of the normal to the curve at the point where x =8§.
Write your answer in gradient-intercept form.

(b) Hence, find the angle of inclination of the normal with the positive x - axis.
Give your answer to the nearest degree.

— 29—



Question 33 (4 marks)

A circular dartboard has a regular pentagon inscribed in it such that the vertices of the
pentagon lie on the circumference of the circular game board.

The pentagon is divided into five identical triangles labelled 1 to 5 as shown in the diagram.
The segments between the circumference of the dartboard and the edges of the pentagon are
shaded.

A player throws a single dart at the board.

The player wins if the dart lands in the shaded section next to an odd-numbered triangle, or
inside an even numbered triangle.

Assuming the dart is equally likely to land at any point on the board, find the probability that
the player wins the game.

— 30—



Question 34 (3 marks)

Prove that the quadratic function f (x) =x"+ (m —3)x—m has real roots for all real values

of m.

—31 -



Question 35 (4 marks)

A tall pole OT is held in place vertically by ropes anchored to two pegs in the ground 10
metres apart at 4 and B as shown. A4 is due west of O and B is at a bearing of 240°T
from O.

The rope connecting the top of the pole 7 to the peg at 4 is 343 metres long and makes an
angle of 60° with the ground.
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Find the length of the rope connecting 7 and B. Give your answer to the nearest metre.

Question 35 continues on page 33

— 32—



Question 35 (continued)

End of paper

— 33—



Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10

. 2
1 Which of the following is equivalent to (2\/§ - 3) ?

A1l 45 - (2J5+4
- - S
29125 21-12Js
C. 11-1245
D. 29
2 Which expression is equivalent to log, (m) —log, (Zm) ?
M
A, —log,(m) loﬁa(,{m)
= [Oﬂ% L{,)
B.  log,(-m)

¢ osf1)
e 3



3 Which of the following functions is a many-to-one function?

B.

A.

f(x):\/8—x2
f(x)=v8-x

Y

Y
F(x)=x+8 ﬁi

.\%&

What is the correct set of solutions to 3x* +3x <18 ?

x €{(~o0,-2]U[3,00)} s tex~-b <0
(sesPx-1) €0
xe[—2,3] Acxen

v (o, -6 L)}

Xe [—3,2]



5 The following sector has an arc length of 19 cm and an area of 76 cm?.

What is the exact length of the radius r?

19 cm
{=rf
A. 82 cm | a2
A—:-—ir 9
@ 8 cm W = _\ET\\%"
C. 4 cm (b =r

D. 2\/5 cm

6 If cotd = 27—4 and 180° < @ <270°, what is the exact value of sin@?

24
A =
25 g 7
B 7 LY
25
© 2
25
p. -2
24



The number of hours (/) taken to clean an apartment block is inversely proportional to the
square of the number of cleaners (C). If it takes 6 cleaners 12.5 hours on average to clean an
apartment block, which of the following equations represents this situation?

_c Lk
"= KZ? cr
/7 ea h=0E, =6

3
. l?_.S"-'z'Z

@ _40 S =G50
-5

What is the value of Tim 20
x—>-3 x _9

1 L(13) o=
A/ —- . " ¢

3 Cxe3)(x+3) |
B. 0 -
c 2

3
D. 1



. . . x+2, x<2 .
9 Which statement is true of the function f(x)=1 , - at the point x=2 ?
x>

9

=(
A. Continuous and differentiable ::T _
& v 4
Continuous but not differentiable
C. Not continuous but differentiable / \ 'L
D. Neither continuous nor differentiable

10 Let g(x) =x"+3 and f(x) =+/x . What is the simplified expression for f'(g(x)) ?

A. x«/g

@ 1
24/x+3

C. VX' +3

D. xvx+3
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Student Number

Mathematics Advanced
Section Il Answer Booklet 1

Section Il

74 marks
Attempt Questions 11-35
Allow about 1 hour and 45 minutes for this section

Booklet 1 — Attempt Questions 11-27 (45 marks)
Booklet 2 — Attempt Questions 28-35 (29 marks)

Instructions ¢ \Write your student number at the top of this page.
o Answer the questions in the spaces provided. These spaces provide
guidance for the expected length of response.

e Your responses should include relevant mathematical reasoning
and/or calculations.

o Extra writing space is provided on pages at the end of each booklet.
If you use this space, clearly indicate which question you are
answering.

Please turn over



Question 11 (2 marks)

Solve |5—3x|=6.

_ = _ |l
.................. . 334_.__?
..................... \x-‘giﬂ

Question 12 (2 marks)

State the domain and range of f (x)=3-

x+4

Question 13 (1 mark)

2 .
Convert % radians into degrees.

2311)( \%(1
................ e g T 2R

—10-



Question 14 (2 marks)

Solve the equation V3cosecx=2 for 2r<x<r.

Question 15 (3 marks)

Differentiate the following:

(a) y=5-7x"+3x"

5x°
®) _x+2
......... T A At S
w' = (0x Vo=

e e e e e e e s et t———————CT T s 4 ¢ ¢ ¢ ¢ 0 0 e s e e s s s e e e e esee e tesse e essse et s sttt ss s 0t s s e

........... P R I I I I I I R I I I AP S I PP

—11 -



Question 16 (5 marks)
A small manufacturer makes and sells power generator units with the following finances:

. Fixed costs of $600 per week;
. Each unit costs $15 to produce;

. The selling price of each unit is $30.

(a) Write a linear equation to represent the Cost function (C) for the number of

(b) Find the number of units to be sold for the manufacturer to break even.

(c) The manufacturer sells 24 units in a particular week.
Determine the amount of profit or loss incurred during this week.

= - 740 o Loss of $2v0

Question 16 continues on page 13

—12-—



Question 16 (continued)

(d)  The graph of the Revenue function (R) is provided in the diagram below.

Draw the graph of the Cost function on the same axes, clearly labelling the
break-even point.

Revenue
2000 /

o

1 500 1

I (80,1°)
1 000

Amount ($)

500 +

40 60 80
Units (u)

20
(e) The manufacturer needs to increase their fixed costs to $900.

Write a new equation for the Revenue function so that the break-even point remains at
the same number of units sold.

End of Question 16

—13 —



Question 17 (3 marks)

A bag contains 9 blue marbles and 22 red marbles. Two marbles are drawn at random without

replacement and their colours are noted.

(a) Complete the tree diagram to represent the possible outcomes and their respective

probabilities.
>
2o Blue
q Blue.
— ’_Z£
3l %0

Red
33 9 [3lue

\Zea\
= > Rk

(b) Find the probability that at least one red marble is drawn.

—14 —



Question 18 (2 marks)

Find the minimum value of the quadratic function & (x) =2x" -5x+18.

................................. Mm'cmummhf,ts?

Question 19 (2 marks)

Differentiate f (x) =3x—4x’ using first principles, given f'(x) = lim SOt hz — /) )

....... Llcth) = 3=dh) - &Ced™

....... Bh - Bah -t |
>0

h._

— 15—



Question 20 (4 marks)

Consider the function f(x)=3cos [%) . ‘y [x) = 3ces (‘lz' x)

(a)

(b)  Sketch the graph y = f (x) for the domain [—27r, 27{].

(_27[’ _3) (27[, —3)

(c) Hence, or otherwise, state how many values of x satisfy the equation f(x)=1

in this domain.

—16 —



Question 21 (2 marks)

Let f (x)=+1-x" . Determine whether f ( f (x)) is odd, even, or neither. Show all working.

Ao =]\ -

= £ (f00)) S Even as  f£(f0x)= F(FC->))

Question 22 (2 marks)

Show that cos@+tan@sin @ =secd.

........ C=. . . CosB . 5"".9.. .snB
[-HS + 20 s

—-17 —



Question 23 (3 marks)

The graph of a function y = f (x) passes through the points (1,5) and (3,1) as shown below.

Y Possible.
Solu";on
1,5

(3,1

~__ 2

(a)  For what values of x is f (x) decreasing?

(b) On the number plane above, sketch the gradient function y = f '(x) , indicating

all necessary features.

—18-—



Question 24 (4 marks)

At a recent classical music concert, 650 people heard a Mozart symphony and a Bach
concerto. Of these, 327 liked the Mozart piece, 438 liked the Bach piece, and 48 did not like
either piece.

(a) Draw a Venn diagram to represent this situation.

(b) A person is selected at random. What is the probability that the person liked the

Bach piece? 4% _%ﬂ.
B0

........... P @2@5{.\)..:..550...?.

(c) Two people are now selected at random. What is the probability that both people
liked only the Mozart piece?

(’,rlH‘o_r

—19-—



Question 25 (3 marks)

(a) Differentiate f(x) =x° (1 - x)3 .
3
B S R 7E T S U ZC0R)
w'=hx? J' = =3CLx)

(b)  Hence find the values of x such that f'(x)=0.

Question 26 (2 marks)

If a=log, (%) such that x>0 and N >0, show that a =log_(N).

" o= loﬁx(,U) (13 m(nftn&

|

I R e e e e T ————— T ¢ ¢ o s s e s e e

R EE R R E I o o o e e e R

= log,‘(,ﬂ) os /\etiu'w&

—-20-



Question 27 (3 marks)

The Richter scale is used to rate the magnitude (M) of an earthquake based on the amount of
energy (E) released by the earthquake, measured in Joules. They are related by the equation

log,, (E)=a+1.5M

where a is a real constant.

The San Francisco earthquake in 1906 registered 8.2 on the Richter scale and released
5.011x10" Joules of energy.

(a) Use this information to determine the value of a, correct to 1 decimal place.

(b) Hence, determine the amount of energy released by an earthquake that registered
4.7 on the Richter scale.

Give your answer in scientific notation to 3 significant figures.

log (€)= 4. & L.5x& ]

End of Booklet 1

—21-—



Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Mathematics Advanced
Section Il Answer Booklet 2

Booklet 2 — Attempt Questions 28-35 (29 marks)

Instructions ¢ \Write your student number at the top of this page.
o Answer the questions in the spaces provided. These spaces provide
guidance for the expected length of response.

e Your responses should include relevant mathematical reasoning
and/or calculations.

o Extra writing space is provided on pages at the end of each booklet.
If you use this space, clearly indicate which question you are
answering.

Please turn over
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Question 28 (3 marks)

Consider the circle with equation x° + y* -4y +6x=12.

(a) Find the centre and radius of the circle.

yhhy el = s

(b)  Show that the point (2,4) lies outside of the circle.
+
A= (2-030™ + (2-6)

Question 29 (3 marks)

Solve sin® x—3cosx—3 =0 in the domain [O, 27[] .

26—



Question 30 (4 marks)

A parabola with equation y = f (x) has a vertex at (—1,3) and passes through the origin.
(a)  Write an equation for f'(x).

(b) Prove that the gradients of the tangents to the parabola at the x-intercepts are
equal in magnitude yet opposite in sign.

Indercepts i A f...\‘j‘« / (<) = |

27—



Question 31 (4 marks)

Consider the function f(x) = |x| -3.

(a)  On the same axes, sketch the graphs of y = f (x) and y=—f (x+ 4) , showing 3

all points of intersection.
N \ 4

- (—4,3)

(b) Hence, or otherwise, solve f(x)-l—f(x+4) >0. 1

28—



Question 32 (4 marks)

Consider the function f(x)=—/x—4.

(a) Determine the equation of the normal to the curve at the point where x =8.
Write your answer in gradient-intercept form.

@ 0 0 o s s e e e s e s s e e e e s s s e e e s s BT o cUETET™, 4 0 o 000 e 000 s s s e e e s e s e e e s s e s e e et s s e e s s et e et s s e s st 0o st s s

(b) Hence, find the angle of inclination of the normal with the positive x - axis.
Give your answer to the nearest degree.

—29—



Question 33 (4 marks)

A circular dartboard has a regular pentagon inscribed in it such that the vertices of the
pentagon lie on the circumference of the circular game board.

The pentagon is divided into five identical triangles labelled 1 to 5 as shown in the diagram.
The segments between the circumference of the dartboard and the edges of the pentagon are
shaded.

A player throws a single dart at the board.

The player wins if the dart lands in the shaded section next to an odd-numbered triangle, or
inside an even numbered triangle.

Assuming the dart is equally likely to land at any point on the board, find the probability that
the player wins the game.

Le(' Nouu.s & .

, ( 27
AfeaaFeads%(anjle ............ A T..Z..V.T.i...'.j.l....’f .................................
Prea_of _each_sechor ... A = T —
..... A‘PZQUFMSQSMM+.A*’J-2—_rI %-;t’r.-. ..5;,\?;’.

00 e ¢ C— ¢ ¢ ¢ ¢ & e s s s




Question 34 (3 marks)

Prove that the quadratic function f (x) =x"+ (m - 3)x —m has real roots for all real values

of m.

Lo (D 20 then (m-nte82820

Thetboe A 1 Pos'«Huc definife ank so D20 for all yalves of m.
Thedee , F0x) has neal poots for all vales of m.

—-31-—



Question 35 (4 marks)

A tall pole OT is held in place vertically by ropes anchored to two pegs in the ground 10
metres apart at 4 and B as shown. A is due west of O and B is at a bearing of 240°T
from O.

The rope connecting the top of the pole 7 to the peg at 4 is 34/3 metres long and makes an
angle of 60° with the ground.
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Find the length of the rope connecting 7 and B. Give your answer to the nearest metre.

Question 35 continues on page 33

—32-—



Question 35 (continued)

................................... c G (0e)t - \B(oB) 73T =0

........................................ 5 Bﬁlwh@;%a?sxi

o Lenath of Npelsa roximately .| M

End of paper
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Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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Section II extra writing space

If you use this space, clearly indicate which question you are answering.
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