North Sydney Girls High School

2023 | PRELIMINARY ASSESSMENT TASK 3

Mathematics Advanced

General e Reading Time — 5 minutes
Instructions e Working Time — 2 hours
o Write using black pen
e Calculators approved by NESA may be used

o Areference sheet is provided
e For questions in Section Il, show relevant
mathematical reasoning and/or calculations

Total marks: Section | — 10 marks (pages 3 — 8)

80 o Attempt Questions 1 — 10
¢ Allow about 15 minutes for this section
Section Il — 70 marks (pages 9 — 36)

o Attempt Questions 11 — 33
e Allow about 1 hour and 45 minutes for this section

NAME: TEACHER:

STUDENT NUMBER:

Question 1-10 11-26 27-33 Total

Mark

/10 142 128 /80
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Section |

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10

1 Which of the following is the correct factorisation of 27x> —64y®?
A (3x—4y)(9x* +12xy +16y°)
B.  (3x—4y)(9x" —12xy+16y°)
C. (3x+4y)(9x* +12xy +16y? )

D.  (3x+4y)(9x° —12xy +16y*)

2 The first 4 terms of an arithmetic sequence are 4, 10, 16, 22, ...
What is the sum of the first 20 terms?

A 1180
B. 1220
C. 1280
D. 2440



3

What is the gradient of the line shown below?

~
>

A

1
M
1
B. 5
C. 3
D. 3

A function is given by:

L if x#3
f(X)=1<x+1
m if x=3

A. 4
B. -1
C. 1
D. —4



Which of the expressions below is the correct recurrence formula for the following sequence?

2, 5, 14, 41,...

The diagram shows the position of Q, R and T relative to P.

NOT
TO
SCALE

In the diagram,
Q is South-west of P

R is North-west of P
Z/QPT =165

What is the bearing of T from P?

A. 060
B. 075
C. 105
D. 120



What is the period and amplitude of the trigonometric graph shown below?
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(5.9
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The graph of y =4x|x| is given below.

For what values of x will the following series have a limiting sum?
AX| X | +16X* +64xX° | X | +...

A. -1<x<1

B. x<-0.5 x>0.5

C. -05<x<05

D. x=-0.5 x=05



10

The graphs of y = f(x) and y=g(x) are shown.
Slx) A

/2 1 O 1 h X
34

What is the domain and range of y = f(g(x))?

Domain Range
A. (-1,2] [-3,3]
B. (-12] [-1,2]
C. (-o,) [-3.3)
D.  (-0,,) (-1.2]

gx)

s

P
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Mathematics Advanced
Section Il Answer Booklet 1

Section Il

70 marks
Attempt Questions 11-33
Allow about 1 hour and 45 minutes for this section

Booklet 1 — Attempt Questions 11-26 (42 marks)
Booklet 2 — Attempt Questions 27-33 (28 marks)

Instructions e Write your student number at the top of this page.
¢ Answer the questions in the spaces provided. These spaces provide
guidance for the expected length of response.

e Your responses should include relevant mathematical reasoning
and/or calculations.

e Extra writing space is provided on pages at the end of each booklet.
If you use this space, clearly indicate which question you are
answering.

Please turn over



Question 11 (2 marks)
Given that log, 2=0.36 and log,12=1.28, evaluate log, 3.

Question 12 (2 marks)

Solve the equation [3x—5/=7.

Question 13 (2 marks)

State the domain and range of (x—2)* +(y+1)*> =1. Give your answer in interval notation.

— 10—



Question 14 (2 marks)

2
Find lim 2X_~3*=2
X—2 X—2

Question 15 (2 marks)

Solve the equation cos? x =% for 0<x<2r.

—11 —



Question 16 (2 marks)

1+ cos x
1-sinx

Determine whether the function f (x) = is odd, even or neither.

Question 17 (2 marks)

Sketch the graph of y = tan(x+%j for 0<x<r.

—12—



Question 18 (2 marks)

Prove cscdsecd 1

tan@+cotd

Question 19 (5 marks)

Differentiate the following:

(a) y=4+2x>-x"°

0 y=—7F

Question 19 continues on next page

— 13—



Question 19 (continued)

(c) y=(2-x)(3+2x)°

Question 20 (2 marks)

Find the gradient of the tangent to the curve y = 3

—14 —



Question 21 (3 marks)

Differentiate f (x)= 1 from first principles given that f'(x) = Ihmg Fx+ hr)]_ f(x) .
X —

— 15 —



Question 22 (2 marks)

While writing this exam, the teacher accidentally knocked over and spilt their coffee onto their
rug creating a stain. The area (in cm?) of the coffee stain after time t seconds is given by the

equation A=12 _ 12 :
2t+1

Find the instantaneous rate of change in the area of the coffee stain after 5 seconds.

16—



Question 23 (2 marks)

The sum of the first n terms of a series is given by S, =4-n— n’ where n>2.

Find the sum from the 15" term to the 40" term inclusive.

—17 —



Question 24 (5 marks)

The heights above the ground of the rungs in a ladder form an arithmetic sequence.
The third rung is 70 cm above the ground and the tenth rung is 210 cm above the ground.

@ Find the height of the first rung above the ground, and find the height difference between 3

consecutive rungs on the ladder.

(b) If the top rung is 350 cm above the ground, how many rungs does the ladder have? 2

—~ 18—



Question 25 (4 marks)

The graph of f(x)= JX is transformed into the graph of y=g(x) through the transformations

given in the following order:

1. Dilate horizontally by a factor of % .

2. Reflect about the x-axis.

3. Then translate horizontally to the right by 2 units.

(@  Write down the equation of the resultant function g(x).

(b)  Sketch the graph of y=g(x).

—19-—



Question 26 (3 marks)

Solve log,,(x—3)+log,,(x+2)=1log,, 6.

End of Booklet 1
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Section 1l extra writing space

If you use this space, clearly indicate which question you are answering.
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Section 1l extra writing space

If you use this space, clearly indicate which question you are answering.
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Section 1l extra writing space

If you use this space, clearly indicate which question you are answering.
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Section 11 extra writing space

If you use this space, clearly indicate which question you are answering.
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Booklet 2 — Attempt Questions 27-33 (28 marks)

Instructions o Write your student number at the top of this page.
o Answer the questions in the spaces provided. These spaces provide
guidance for the expected length of response.

e Your responses should include relevant mathematical reasoning
and/or calculations.

e Extra writing space is provided on pages at the end of each booklet.
If you use this space, clearly indicate which question you are
answering.

Please turn over
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Question 27 (4 marks)

Two circles, with centres A and B, intersect at points P and Q. The radii of the circles are 6 cm and
4 cmand ZPAQ =45 as shown in the diagram below.

(@)  Show that PQ =6+/2—-+/2

(b)  Giventhat ZPBQ = 70.1, find the perimeter of the shaded region to the nearest cm.

— 26—



Question 28 (4 marks)

Doctor Lutra is investigating the population of otters in Scotland. Based on historical data, the doctor
found that the population of otters, P, could be modelled by P =7500+ A(1.09)' where A isa
constant and t is the number of years since the start of the year 2000, t >0.

(@) At the start of the year 2000, the population of otters in Scotland was 8000. 1

Find the value of the constant A.

(b)  Find the population of otters in Scotland at the start of the year 2020. 1

(c)  Doctor Lutra estimates the peak population of otters Scotland can sustain is 15 500. 2

Work out the year in which Doctor Lutra expects the population of otters to peak.

- 27—



Question 29 (3 marks)

The graph of a function y = f (x) is shown below.

y
A
e -»>
< > X
y=f(x)
Y
@ For what value of xis f'(x)=0 ? 1
(b) What happensto f'(x) as x — o and x — -0 ? 1
(©) Sketch the graph of y = f'(x) on the same number plane above showing all necessary 1

features.

—-28—



Question 30 (3 marks)

Find the values of ¢ for which the curve y = x* +2cx+4 and the line y =4x+c intersect at 3

two distinct points.

—29_



Question 31 (6 marks)

The sides of a square are 16 cm in length. The midpoints of the sides of this square are joined to

form a new square and four triangles. One of these triangles is shaded (diagram 1). The

process is repeated twice as shown in diagrams 2 and 3. In each iteration, one of the areas of

the new triangles is shaded.
< 16

v

. T
2t [T L0,

Tl L. N == ‘As
diagram 1 diagram 2 diagram 3

Let x» denote the length of one of the equal sides of each new triangle. It is known that the
lengths of the sides form a geometric progression.

Let An denote the area of each new triangle.

€)] Show that the expression for xn is given by x, = (ﬁ )7_n

(b) Hence, find an expression for An.

Question 31 continues on next page

—~30-—



Question 31 (continued)

Now consider an initial square of side length k cm. The process described above is repeated
indefinitely.

(© By considering the pattern made by the areas of the shaded triangles, find the value of k 3
if the total area of the shaded triangles is k cm?.

—31-—



Question 32 (4 marks)
Research shows that the stopping distance (d) in metres of a car once brakes are applied is
directly proportional to the square of the speed (v) in km/h when the brakes are first applied.

Assume that the driver’s reaction time is neglected. The stopping distance for a car travelling
at 60 km/h is 43.2 m.

(@) Show that the stopping distance for a car travelling at 70 km/h is 58.8 m.

(b) Further research shows that the driver’s reaction time is an important factor in
determining the stopping distance. The average driver takes 1.5 seconds to realise they
need to apply the brakes.

Calculate the new stopping distance for a car travelling at 70 km/h which takes the
reaction time into account.

—-32—

2



Question 33 (4 marks)

The diagram below shows DABC with AC =9, BC =12 and AB = 8.
PABC = x and DACB = y.

@ Express the size of ZBAC interms of xand y.

(b)  Hence, show that sinx+siny =sin(x+y
12

End of paper

—-33—



Section 1l extra writing space

If you use this space, clearly indicate which question you are answering.
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Section 1l extra writing space

If you use this space, clearly indicate which question you are answering.
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Section 1l extra writing space

If you use this space, clearly indicate which question you are answering.
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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10

1 Which of the following is the correct factorisation of 27x° —64y°?
(3x—4y)(9x" +12xy +16y°)
B, (3x—4y)(9x* -12xy+16)°)
C. (Bx+4y)(9% +12xy+16)7)

D, (3x+4y)(9%" —12xy +16y°)

2 The first 4 terms of an arithmetic sequence are 4, 10, 16, 22, ...
What is the sum of the first 20 terms?

A. 1180
,
1220
C. 1280
D. 2440



What is the gradient of the line shown below?

=~
>

A
\ 4
=

&l -

=)
&~

O
pe

A function is given by:

8
f(x)=9vVx+1

m if x=3

if x#3

For what value of m is the function continuous at x =3?

B. -1
C. 1
D. —4



5 Which of the expressions below is the correct recurrence formula for the following sequence?

2,5, 14, 41,...
A T =3
B T =2x3"
C T =2T ,x3, T,=2
@ T =3T -1, T,=2
6 The diagram shows the position of O, R and T relative to P.

North

NOT
TO
SCALE

In the diagram,
0 is South-west of P

R is North-west of P
ZOPT =165

What is the bearing of 7 from P?

( A.> 060

B. 075
C. 105°
D. 120°



What is the period and amplitude of the trigonometric graph shown below?

y 5
m
—,6
(12,]

Period Amplitude
A = 8
3
B. 2z 4
3
© - 4
D 2r 4

22n+4 +22n+2
If n#0 then which of the following does — %0 simplify to?

2}’[

A.
J5
B n
' 4
2'1
C. —
5



9

The graph of y = 4x|x| is given below.

For what values of x will the following series have a limiting sum?

4x|x|+16x" +64x° | x| +...
—1<x<1
x<-0.5 x>0.5
-0.5<x<0.5

x=-0.5,x=0.5



10 The graphs of y = f(x) and y = g(x) are shown.

Jx) 4

A

_/

What is the domain and range of y = f'(g(x))?

Domain
@ (-1,2]
B. (-1,2]
C.  (~0,®)
D.  (-o0,)

1 h X

Range
[-3,3]
[-1,2]
[-3,3)

(_19 2]

g(x)

s

Y
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Section I

70 marks
Attempt Questions 11-33
Allow about 1 hour and 45 minutes for this section

Booklet 1 — Attempt Questions 11-26 (42 marks)
Booklet 2 — Attempt Questions 27-33 (28 marks)

Instructions o Write your student number at the top of this page.
e Answer the questions in the spaces provided. These spaces provide
guidance for the expected length of response.

e Your responses should include relevant mathematical reasoning
and/or calculations.

o Extra writing space is provided on pages at the end of each booklet.
If you use this space, clearly indicate which question you are
answering.

Please turn over



Question 11 (2 marks)

Given that log,2=10.36 and)l—(.)ga 12=1.28, evaluate log, 3.

......... / ©: 43:/4,'747,:

Question 12 (2 marks)

Solve the equation |3x — 5| =7.

In 2 (2L 3&;-2_
w o Yo _ 2
...................................................................... 3.....................................

Question 13 (2 marks)

State the domain and range of (x—2)* +(y+1)* =1. Give your answer in interval notation

— 10—



Question 14 (2 marks)

2
Find lim—zx 3x-2 .
x—>2 x_2

Question 15 (2 marks)

Solve the equation cos” x = 1 for 0<x<2r.

.............. oy 2 o e
3r S&= 2«
..................... G, 7%, o F o

—11 -



Question 16 (2 marks)

1+cosx

Determine whether the function f(x)= is odd, even or neither. 2

1—-sinx

Question 17 (2 marks)

v
Sketch the graph of y=tan(x+%) for 0<x<r. %:
/! i? i

—12 —
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Question 18 (2 marks)

csclsecd
Prove —————~ 1.
tan @ + cot @

................. csc&sw
L%’ﬁ»ﬂ“'@” ............................................................................
) /ni& * ‘;:‘9 X ST 39
ceoesessesnee ™. g s .&.. ...................................................................
:’39(3’ A % KAG =S
] l
5.,:",9-(1,85""9 ................................................................
............................ L
= [

Question 19 (5 marks)

Differentiate the following:

(@  y=4+2x"-x"

-4
7" ........ T SN T T T
x> +10x-16
b  y=——
X
S o [Oon L&
7" ..... e et ~

Question 19 continues on next page

— 13—



Question 19 (continued)

(c) y=02-x)3+2x)

_ ¢
y""—"(3*3*))*(2‘%)"5(3"&)x?/ ................
......... = =(3r2n r*'O(—h)(S*&n)4-

Question 20 (2 marks)

2

al at the point —1,—i .
1 2

Find the gradient of the tangent to the curve y =

................... x(hﬂ)—-g’“?&}

..... D ORI e,

................. é)t‘:—ék-' nL

e L e

a B - 6>

........... - (,,_/,)2..

............................................ /3(_,/)2_.‘(—'3

e )l () ]
3 +6

................................................ "'4',
2

................................................. T e

—14 —



Question 21 (3 marks)

Jx+h)—f(x)
h

Differentiate f(x)= 1 from first principles given that f’(x)=1lim
x X—>0

.................................... ——L—-—'-—f}c—
xth
#(x) - po A
.................... oA,
)L__()tquq) ....................................................
= Lo n L
.................... eI .35+ S
“
........................................ e e A
)t_»bg ............ n[’t‘fh‘) .....................................................
= L~ n—+h
................... )L—)D./\&(“’,)
e s
= L T n(n+l)
................... g T
— ..... ’ L
......................... WARTO) o
. o
...................... ll—'

— 15—



Question 22 (2 marks)

While writing this exam, the teacher accidentally knocked over and spilt their coffee onto their
rug creating a stain. The area (in cm?) of the coffee stain after time ¢ seconds is given by the

12
2+1

equation 4=12—

Find the instantaneous rate of change in the area of the coffee stain after 5 seconds.

-V
.............................. ée_ﬂ)m
.......... e €

ovor >
T S (éb».«_;‘.-.t'.)..‘: ...................................................................

—16 —



Question 23 (2 marks)

The sum of the first n terms of a series is givenby S =4-n— n* where n>2.

Find the sum from the 15™ term to the 40™ term inclusive.

............................ O Tl
................. = lg-wo -0 t) (4-pi—W2)
= g7/

—17 —



Question 24 (5 marks)
The heights above the ground of the rungs in a ladder form an arithmetic sequence.

The third rung is 70 cm above the ground and the tenth rung is 210 cm above the ground.

(a)  Find the height of the first rung above the ground, and find the height difference between 3

consecutive rungs on the ladder.

Tz 2t QM se-ro=FA
AMraed (O 4o =3-&
oz e e d=20

(b)  If the top rung is 350 cm above the ground, how many rungs does the ladder have? 2

—-18 —



Question 25 (4 marks)

The graph of f(x)= Jx is transformed into the graph of y = g(x) through the transformations
given in the following order:
1. Dilate horizontally by a factor of % .

2. Reflect about the x-axis.

3. Then translate horizontally to the right by 2 units.

(a) Write down the equati\c;gg_f_f_lmesultant function_g(x).
o = V2PN - 2n = -—J&u—b)

(b)  Sketch the graph of y=g(x).

— 19—



Question 26 (3 marks)

Solve log,,(x—3)+log,,(x+2)=1log,, 6.

End of Booklet 1

—-20-
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Booklet 2 — Attempt Questions 27-33 (28 marks)

Instructions o Write your student number at the top of this page.
e Answer the questions in the spaces provided. These spaces provide
guidance for the expected length of response.

e Your responses should include relevant mathematical reasoning
and/or calculations.

¢ Extra writing space is provided on pages at the end of each booklet.
If you use this space, clearly indicate which question you are
answering.

Please turn over
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Question 27 (4 marks)

Two circles, with centres 4 and B, intersect at points P and Q. The radii of the circles are 6 cm and
4 cmand ZPAQ =45 as shown in the diagram below.

(@)  Show that PO =6v2-+2

(b) Given that ZPBQ =70. I’ , find the perimeter of the shaded region to the nearest cm.

— 26—



Question 28 (4 marks)

Doctor Lutra is investigating the population of otters in Scotland. Based on historical data, the doctor
found that the population of otters, P, could be modelled by P =7500+ A(1.09)" where A4 is a
constant and 7 is the number of years since the start of the year 2000, ¢ > 0.

(a) At the start of the year 2000, the population of otters in Scotland was 8000. 1

Find the value of the constant A.

(b)  Find the population of otters in Scotland at the start of the year 2020. 1

= 1230% (neoreot o4 )
(c)  Doctor Lutra estimates the peak population of otters Scotland can sustain is 15 500. 2

Work out the year in which Doctor Lutra expects the population of otters to peak.

—27 —



Question 29 (3 marks)

The graph of a function y = f(x) is shown below.

> <

(a) For what value of xis f'(x)=0 ?

(b) ~ What happens to f'(x) as x — o0 and x — —o0?

................ Y R

(c) Sketch the graph of y = f'(x) on the same number plane above showing all necessary

features.

— 28 —



Question 30 (3 marks)

Find the values of ¢ for which the curve y = x” +2cx+4 and the line y =4x+¢ intersect at

two distinct points.

—-29—



Question 31 (6 marks)

The sides of a square are 16 cm in length. The midpoints of the sides of this square are joined to

form a new square and four triangles. One of these triangles is shaded (diagram 1). The

process is repeated twice as shown in diagrams 2 and 3. In each iteration, one of the areas of

the new triangles is shaded.
< 16

v

O,

diagram 3

diagram 2
Let x, denote the length of one of the equal sides of each new triangle. It is known that the

lengths of the sides form a geometric progression.

Let 4, denote the area of each new triangle.

. . . T—n
(a) Show that the expression for x, is given by x, = (\/5 )

(b) Hence, find an expression for 4.

4-"\ Question 31 continues on next page

- &

-30-



Question 31 (continued)

Now consider an initial square of side length &£ cm. The process described above is repeated
indefinitely.

(©) By considering the pattern made by the areas of the shaded triangles, find the value of & 3
if the total area of the shaded triangles is k cm?.

P}ﬂﬂ/h’/’(é);fcanée—;m ..... C-atn :MW




Question 32 (4 marks)

Research shows that the stopping distance (d) in metres of a car once brakes are applied is
directly proportional to the square of the speed (v) in km/h when the brakes are first applied.
Assume that the driver’s reaction time is neglected. The stopping distance for a car travelling
at 60 km/h is 43.2 m.

(a) Show that the stopping distance for a car travelling at 70 km/h is 58.8 m.

Ao vE
........... A
......... 43-l=bxso™ = SEEm
2 =0 02

(b) Further research shows that the driver’s reaction time is an important factor in
determining the stopping distance. The average driver takes 1.5 seconds to realise they
need to apply the brakes.

Calculate the new stopping distance for a car travelling at 70 km/h which takes the
reaction time into account.

— 32—
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Question 33 (4 marks)

The diagram below shows AABC with AC =9, BC =12 and 4B = 8.
ZABC =x and ZACB=y.

(@)

(b)

............. 56 (807(1rg)  sox | SS9
Jo -9 1’4
San ()Lfﬂ SAaxn  _ Seny
........................... /. ..2.;........................9.................?........................
R
............. iy e Smley)
_Sentsoy = L Silary) v S (ney)
....................................... = GsArry)
End of paper
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