General Instructions

e  Reading time — 5 minutes
e Working time - 90 minutes

e  Board approved calculators may be
used

e  Write using black or blue pen

e All necessary working should be shown
in all questions

@  Write your student number at the top
of every page of your answer sheets.
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2015
HSC

Term 2 Assessment

Total marks — 63

You may take one A4 sheet of paper into the
examination with any notes or formulas written
on the sheet. The notes may be hand written
or typed and it may be double sided,

Attempt all questions

Start each question on a new sheet of paper.
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QUESTION 1 (Start a new page) 9 Marks

(a) In atennis competition there are eight competitors, three of whom are men and five
are women. If there is to be a team of four chosen, what is the probability that at
least three of them are women? 2

(b} In how many ways can the letters of the word HOLIDAYS be arranged if
(i) The new arrangement begins with D and ends with Y? 1

(ii) The vowels are together at the beginning of the new arrangement? 1
. . i . . -4
(c} A particle moving on a straight line has acceleration @ = e
ifv = 3whenx = 1, then:
(i) Find ©v? as a function of x 2
{ii) Describe the motion 1
{d) The velocity, v metres per second, of a particle at time t seconds is given by
v=t3- 3t2+ 4¢ - 6.
Show that the acceleration is never less than 1 metre per second per second. 2
QUESTION 2 (Start a new page) 9 Marks

A steady wind is blowing with speed 36 km/h. From clouds moving horizontally with
the wind, heavy raindrops fall to the ground 200m below. (Air resistance may be
neglected, and the approximate value g = 10 ms™2 may be assumed)

(a) Show that the position of the raindrop at time t is given by:
_th

T+ 200 2
(b} Find the time taken for a drop to reach the ground.

x = 10t y=

2
(c) Find the speed and angle at which a drop hits the ground (assumed horizontal).

2
(d} The path of the raindrop is a parabolic arc. Write its equation in Cartesian form.

2
{e) At what angle does a drop hit the ground when the wind speed is doubled?
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QUESTION 3 (Start a new page) 9 Marks

{a) A particleis moving in a straight line away from the origin. When its displacement is

X, its velocity V is given by V = %, where k is a positive constant and x > 0.

A, B, C, and D are four equally spaced points, in order on the line. Show that the
times taken by the particle to traverse the segments AB, BC and CD increase in an
arithmetic progression. 4

The path of an arrow fired from the origin O is given by
x = Vicos@
y = Vtsing - 5¢2

Where V is the initial speed in metres per second and @ is the angle of projection
as in the diagram and ¢ is the time in seconds,

(i) Find the maximum height reached by the arrow in terms of V and 8. 2
(ii} Find the range in terms of V and @. 2
(iii) Prove that the range is maximum when 0=45", 1
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QUESTION 4 (Start a new page) 9 Marks

{a) Kate and Jon are invited to Ashley’s dinner party of eight.
Find the number of ways of seating the eight people around a circular table if:

{i) There are no restrictions on where a person sits 1
(ii) Jon wishes to sit between Kate and Ashley 1

(b) The velocity v m/s of a particle moving in simple harmonic motion along the x-axis is
given by

v? = -5+ 6x - x2, where x is in metres.

(i) Between which two points is the particie oscillating?
(ii) Find the centre of motion of the particle.

(ili} Find the maximum speed of the particle.

(iv) Find the acceleration of the particle in terms of x.

NNEN

QUESTION 5 (Start a new page) 9 Marks

(a) One fifth of all jellybeans are black. A random sample of ten jellybeans is chosen.
(i) What is the probability that this sample contains exactly two black jellybeans?

Give your answer correct to 3 decimal places. 2
{ii) What is the probability that the sample contains fewer than two black
jellybeans? Give your answer correct to 2 decimal places. 1

(iii) Which is more likely:
The sample contains fewer than two black jellybeans,
Or
The sample contains more than two black jellybeans?
Give reasons for your answer 2

{b) High tide at Thomas Harbour occurred at 5 am and low tide at 11.20 am on that
same day. The entrance to Thomas Harbour is 12 metres deep at high tide and
4 metres deep at low tide. The tidal motion is assumed to be simple harmonic.

A ship drawing 7.5m wishes to enter the harbour before midday. What is the
latest time the ship will be able to enter the harbour safely? 4
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QUESTION 6 {Start a new page) 9 Marks

(a) When Mendel crossed a tall strain of pea with a dwarf strain of pea, he found
that % of the offspring were tall and 7} were dwarf.

Suppose five such offspring were selected at random. Find the probability that:

(i) All of these offspring were tall; 1
(ii) Atleast three of these offspring were tall. 2

(b) A particle moves in such a way that its displacement x cm from the origin 0 at any
time t sec is given by the relation x = \/3cos3t - sin3t.
(i) Show that the particle moves in simple harmonic maotion. 2
(ii) Find the period of the motion. 1

(¢)  The carbon isotope (14 decays at a rate proportional to its mass. Tree ring
experiments suggests that 50% decay takes 5,580 years. A fossil contains 30% of
the amount of C14 in a similarly sized living organism. Estimate the age of the
fossil. 3

Question 7 on Next Page
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QUESTION 7 (Start a new page) 9 Marks

(a) Under ideal conditions, it is estimated that the rate of increase in the population P(t)

of the rare spotted tree kangaroo is given by the equation
%P(t) = kP(t); (t= 0), wherekis a positive constant.

(i) Given that the population trebies in two years, write down an expression for

P(t) in terms of t and P(0).

3

(i) The initial population of a mob of spotted tree kangaroos is 10. Estimate the

kangaroo’s population after three years,

1

(b) In practise, population growth is restricted by limitations on food, space and other

hatural resources. The equation

,;_tp(t) = kP(t)(L - P(1)); (t= 0)

where k and L are positive constants and P(0) < L, is found to be more appropriate

to describe some situations.
(i} Verify that, for any positive constant €, the expression

LC s .
P(t) = 1otz satisfies the equation.

(ii) What can be deduced about P as t increases? Explain what this means.

(i) What can be deduced about %:— as tincreases? Explain what this means.

END OF EXAMINATION
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Question 3 Solutions

(a) Note the restriction x > 0

Lk L ax_k
T x de  x

[ xdx = [ kdt

¥7

;E'FC—t

1 mark for integrating correctly

We are not given the initial conditions of
motion, so at t = 0, let x = x; where x; is the
point A

2 xUZ

Zk - ﬁ

X

1 mark for understanding the initial
conditions and expressing t as a function of x

Note that many students incorrectly
presumed that the motion began at the origin,
despite the question's stipulation that x > 0

The points are equally spaced. Let the
distance between them be d.

Then at A: t:"z};c-(xgwxg) =0

B: t = [(xo + d)? — xf]

R ST
= (d* + 2dxy)

C: t == [(xo + 2d)? — xf]
= — (4d? + 4dxy)

D: £ = [ (% + 3d)? ~ xZ]
1
= (9d? + 6dxy)
The time from A to B was
Tag = 52 (d® + 2dxp) — 0
The time from B to C was

Tpe = 5 [(4d? + 4dxo) — (d? + 2dix,)]
= —-[3d? + 2dx,]

The time from C to D was

Tep = 5 [(942 + 6dxp) — (4d? + 4dxy)]
= —[5d? + 2dx,)

1 mark was awarded for computing the times
between each point.

To show that the time taken between each




stage is an AP, we must show that each
stage's time differs by the same amount.

S0

Toc — Tap = 5 [3d% + 2dx] = == (d? + 2dx,)
2d?

2k
dz

I

TCD — TBC = i [Sdz + deO] - ‘2'% [gdz -+ ZdXQ}
dZ
I

Therefore, the times taken between each point
increase in arithmetic progression, with

. d?
common difference -

1 mark was awarded for showing that the
difference in times increased in AP.

Notes:

This question was attempted by some
students without using calculus and simply
using the definition of velocity as distance
over time.

If this was done without assuming, explicitly
or implicitly, that the motion began at the
origin, then four marks were awarded.

(b)
(i} y =vsinf — 10t
Maximum height is reached when y =0

ie: 10t = vsing
vsing

1 mark for computing the time the maximum
height is reached with respect to 8

Substitute this time into the original function
for the vertical component of motion:

_ _{vsingy v sin? @
y—v( 10 )sm@ 5( 100 )

_ v’sin’8  v?sin?4g

10 20 o . e

_ v?sin?g 1 mark for substituting and simplifying
D)

(ii) The horizontal range can be found by
finding the times at which the vertical
component is zero. That is, set v = 0 and solve
for a non-zero value of t.

vesing —5t2 =0
t(vsind —5¢) =0

t=0o0rvsinf—-5t=20
vsing

= i —
S

| I mark for finding the time at which the arrow




lands in terms of 8

To find the horizontal range, substitute this
value of t back into the x function

sin 8
XxX=v (UT) cos@

v?sin8 cos
5

v? _ sinzd

........x‘.._................

5 2

__vZsin2f

ST

1 mark for substituting and simplifying to this
point

{ii) —1<sin2686 €1 = the horizontal range is

maximum when

sinZ2f =1
sinZzgd =1
268 = 90°,450° ...
8 = 45°,225° ...

But @ is in the first quadrant.

~ 8 = 45° and the range is maximum at this
value of 8

1 mark for explaining that sin28 = 1 will be
where maximum is reached and correctly
computing the value of 8 that satisfies the
constraints
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