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2021
HSC Assessment 1 Term 4

Mathematics Extension 1

General Instructions

e  Reading time — 5 minutes
e  Working time — 45 minutes

e  Board approved calculators may be
used.

e  Write using black or blue pen

e  All necessary working should be shown
in all questions

®  Write your student number at the top
of every page of your answer sheets.

® NESA Reference Sheet is provided

Total marks — 35

Attempt all questions

Section A — Answer on the Multiple Choice
Answer Sheet

Section B - Start each question on a new sheet
of paper.

NESA Reference Sheet is provided

This paper MUST NOT be removed from the examination room
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Section A Multiple Choice (5 Marks)
QUESTION 1

How many values of k are there such that (1 — k?)x3 + kx? + 2x + 1 is a monic
polynomial?

onwp
W N =

QUESTION 2
How many solutions are there for the equation sin x (tan% - 1) =0forx € [-m,m]?

A. 2
B. 3
C. 4
D. 5

QUESTION 3

The quartic polynomial p(x) = x* + ax® + bx? + cx + d, where a, b, ¢ and d are real
constants has a double root at the origin. Which of the following options can NOT be equal to
zero?

QUESTION 4

6 6 . .
If t = tan—, then 227 in terms of t is:
2 sinf

142t24t4
2t—2t3
1+t2
2t
1-t2
2t
142t24t4

4t2

o 0w p
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QUESTION 5

Which of the following options represents the graph shown below?

A y=(01-x)*x+2)3
B. y=(1—x)3(x + 2)?
C.y=—-(1-x)?%(x+2)3

D. y=—(1—-x)3(x+2)?
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SECTION B

QUESTION 6 Start a new page (3 marks)

Use Mathematical Induction to prove that
12Xx2+22%x22432x22+-4+n*x2"=n*-2n+3)2"*"1 -6

for all positive integers n > 1.

QUESTION 7 Start a new page (4 marks)

1) Rewrite the expression 3sin@ — 2 cos 8 as R sin(0 + a) where R > 0
and a € [—%,%] )

Show all necessary working. You may express a correct to 2 decimal places.

i1) Hence, using your answer in 1), find the maximum value of the expression
—3sinf + 2cosf — 1.

QUESTION 8 Start a new page (5 marks)

3tanx—tan®x
1-3tan?x
solve tan®x — 3tan?x — 3tanx + 1 = 0 for x € [0, 27]

a) Given that tan 3x =

b) Let a,f and y be the roots of the equation x> + 5x2 — 2x + 7 = 0.
Find the value of
o By
By ay ap

QUESTION 9 Start a new page (5 marks)

a) By lettingt = tan% , solve the equation cos 8 + 3sinf8 = —1 for 8 € [0, 2m].

Marks

Express your answer in exact values or correct to 2 decimal places where appropriate.

b) Prove that if the polynomials f(x) and g(x) have a common root of a,
then (x — a) is a factor of f(x) — g(x).
QUESTION 10 Start a new page (5 marks)

The roots of the quadratic equation x? — 3x + 4 = 0 are a and S3.
i) Show that a® = 5a — 12.

ii) By considering a similar expression in terms of 3, find the value of a® + 3.
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QUESTION 11 Start a new page (8 marks)

. . 1
2) Solvesin (6 — %) +sin (8 +3) =3 for 6 € [0,2n]
b) In this question, you are given that

sin560 = 16sin° 0 — 20sin3 0 + 5sin O

1) Hence, show that x = sin% and x = sinlf—: are solutions of the equation
16x5 — 20x3 +5x — 1 = 0.

ii) Given that (x — 1)(4x? + ax — 1)? = 16x° — 20x® + 5x — 1 find a and
hence show that

3 . 31 1
SINn——SIn— = ——,
10 10 2

End of examination
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MATHEMATICS Extension 1 : Question. M.
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Question 6

Use Mathematical Induction to prove that

12 x 2422 %22 +32x 23 + -+ n? x 2" = (n? — 2n + 3)2™*1 — 6 for all positive integers n >
1.




Answer

Step 1: verify for n=1
12 x 2+ 22 %22 4+32 x 23 + -+ n? X 2" = (n? — 2n + 3)2™*! — 6 for all positive integers n > 1.

LHS = 12 x 2
RHS = (12 —2 x 1+ 3)21*1 —6
=8-6
=2
= LHS

Hence, verified for n=1 1




Answer (cont.)

Step 2: assume the given statement is true for some integer k > 1.
12x2+22x22432x 2%+ +k?x 2k = (k2 -2k +3)2k1 -6

Step 3: verifyforn =k + 1
12x2+22%x22+32x23 4+ -+ k% x 2%+ (k +1)% x 2k+1

= (k? — 2k +3)2¥*1 — 6 + (k + 1)? x 25*1 (using assumption) )
=2k1(k2 -2k + 3+ (k+ 1)) -6

=2k*1(k2 -2k +3+ k2 +2k+1)—6

=2k+1(2k2 +4) -6

_ 2k+1(x 2(k222)—6 (k+1?2-2(k+1)+3)x2k2 -6

- =(k2+2k+1—-2k—2+3)x22—¢
=212(k2 +2) -6 = (k2 +2)x 22 6
=((k+1D2-2(k+1)+3)x2k*2 -6
Hence verified for n = k + 1 (1)




By the principle of mathematical induction, the given
An S\Ne r ( CO nt . ) statement is true for any positive integer n > 1.




Question 7

Monday, 13 December 2021 10:18 pm
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Year 11 Extension 1: Q9

Suggested Solutions Marks Marker’s Comments
Awarded

s ) Common errors:
(a) Lett =0/2with0 <0 <2m - OSESH. «  Algebraic
missteps leading
" 5 tot=1/3ort

H Lt Ll 1+t as asolutiontoa
cosf +3sinf+1=—-—-+ =0
1462 T4t2 " 14482 quadratic
which gives, equation.

24a6=10 * Incorrect

or interpretation of
1 arctangent

1
tang/2 = - Correct function.
substitution

Then solve

So andt = —§ * Not paying
7] - attention to
277" tan 3 domain, giving

solutions that are

1 irrelevant.

gi=~D (n - tan’ll) First correct

3 solution. e Not checking
whether 8 =1 is

is the only solution from this equation in the given domain; i.e.,

Now check for 8 = m as possible solution since implicit in using t-

. a solution.

sub.isno 6 = m:
1 e Mixing degrees

Second and radians, or

solution quoting in

of given equation. So, @ = m is a solution, too. (check for degrees

m). completely: the

problem is stated

Hence the full solution set is: I —

LHS = cosm + 3sinm = —1 = RHS

5 radians, so use
6=2 (1{ —tan §) , T radians.

e Please stick to
exact values
unless otherwise
stated. The
cohort reported
answers in
approximate
form. Deductions
weren’t made,
obviously, since
you need exact
form to get to
approximate, but
unless stated,
leave in exact
form.




(b) Let h(x) = f(x) — g(x). Then
h(a) =f(a)—g(@) =0-0=0
since f(a) = 0 = g(a) is given.
Hence by the factor theorem, (x — ) is a factor of h(x); i.c.,

(x — @) is a factor of f(x) — g(x) as required.

1
Showing
that the

difference
at a is zero,
or some
equivalent
move.

2
Using
theorem
correctly.

Many stated f(x) =

(x — @)@y (x) and

g(x) = (x —a)Qy(x) as
a first step without
qualification as to why.

The target is known (i.e.
that you need (x — a) as
a common factor
between f and g), so
without appeal to the
‘factor theorem’ or some
other proof, there is no
justification for this step.
It is a statement that you
are insisting to be true in
order to start, but it’s
without justification.

If you proceed using
factorisation as above,
you need to make use of
the factor theorem to
move from knowledge
that f(a) =0to (x — @)
being a factor of f. But
many people started as:

fG) = &~ Q)
900 = (x— P()

for instance, without any
valid reasoning for this
initial step.

You are required to
show, which means
you're required to justify
any claims.
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