KILLARA HIGH SCHOOL

TERM 2 2009

TASK 3

EXTENSION 1 MATHEMATICS EXAMINATION
YEAR 12

Instructions:

Time allowed: 70 minutes

Approved calculators may be used.

Show ALL working clearly.

Marks may not be awarded for careless or badly arranged work.

Begin each question on a NEW page



Question 1 (15 marks) (Use a NEW page)

(a) @ Find the largest possible domain of the function f{x) = (x - 2)2 + 5 for which 1
Jx) has an inverse function g(x).

(i)  Find g(x) and hence sketch the graphs of f{x) and g(x) on the same set of axes. 3 |

(b).  Forthe function fx) = 3sin™'{4x 1)

(i) State the domain and range of fx). . 2
(ii)  Hence sketch the graph of f{x) showing the major features. 1
o1 SR
(c) Differentiate y= x tan™" x and hence evaluate the exact value of _[tan‘1 x dx 3 b

0

(d) Evaluate:

1
) T_dx___
iV1-4x
y:4
2
(ify  Use the substitution u = Sin x, to evaluate I cos?c -
gl+sin®x -

Question 2 on next page



Question 2 (10 marks) (Use a NEW page)

(a)

(b)

A particle moves in a straight line with an acceleration given by

d’x
Ez—=9(x-—2)

where x is the displacement in metres from an origin O after ¢ seconds. Initially,

the particle is 4 metres to the right of the origin O and has v = —6 ms ™.

(i)  Showthat v = 9{x—2)
(ii)  Find an expression for v and hence find x as a function of 1,

(ii1)  Explain whether the velocity of the particle is ever zero.

H

On a particular Saturday, the low-tide mark on a wharf was 1.4 m above sea bed
and high tide 4 m above sea bed. The low-tide occurs at 9.05 a.m, and
high-tide at 3.25 p.m. '

The top of the wharf is 4.3 m above seabed.

A barge tied to the wharf has its flat top 1.4 m above water level.

Assuming that the rise and fall of the tide is a simple harmonic motion,
calculate correct to the nearest minute, the time between low-tide and high-tide
at which the top of the barge was exactly level with the top of the wharf,

(Draw a diagram to represent the information)

Question 3 on next page



Question 3 (9 marks) (Use a NEW page)

(a) The volume, ¥'m’, of usable wood in a tree of radius R metres can be
modelled using the formula

log, ¥ =3log,(2R) - 0.81

(D) Using the approximation e8! =2.25, show that the formula
32R°

log, ¥V = 3log,(2R) - 0.81 can be expressed as ¥ =

(ii)  The radius of the tree is increasing at a rate of 0.002 metre per year.
At what rate is the usable volume of the wood in the tree increasing when
the radius of the tree is 1.2 metre?
(Answer in m’/year to 2 significant years)

(b)  Anice cube tray is filled with water at a temperature of 18°C
and is placed in a freezer that has a constant temperature of —19°C.

The cooling rate is proportional to the difference between the temperature
of the freezer and the temperature of the water, 7. :

That is, 7' satisfies the equations

dar

— =k (T +19) and T = 19 + de™**

()  Show that4 = 37.

(i)  After 5 minutes in the freezer the temperature of the wajiter is 3°C.
Find the time for the water to reach —18.9°C.
Answer to the nearest minute.

i
Question 4 continues on next page :



Question 4 (8 marks) (Use a NEW page)

A steady wind is blowing with a speed of 36km/h. From clouds moving horizontally
with the wind, heavy raindrops fall to the ground 200 metres below.
(Assume acceleration due to gravity g = 10ms™)

Wind 36 km/k

200 m P,y zifeavy
Raindrop

7T T 777 T Ead 77 77 F77

i) Derive the equations of motion.
(i)  Find the time taken for the drop to reach the horizontal ground.
(ili)  Find the speed and angle at which a drop hits the horizontal gréund.

(iv) At what angle does a drop hit the ground when the wind speed is doubled?

End of paper



2009 Ext 1 Task 3 Marking guide lines
@ @) y=Ax= (x-2f+5
vertex is (2, 5)

. the domain of f{x) is x = 2 for which f{x) has an inverse function (I mark}

(i) y=(x-2)+5
<. the inverse functionis x = (y —2)° +5

x=5=(y-2)
SLy—=2=14x-5

Ly =gx) =2 £4x-5 ( 1 mark)

The domain of g(x} is x = 5 and range is y = 2.

y =gk =2+Jx-5

(1 mark each for the correct graphs of y = f(x) and y = g(x)).

(b) (i) Domain: —-1<4x-1 £1
0 4 £ 2
0 x < 1 ( 1 mark)
Range A 2 < i
2 3 2
% <y < 37” (1 mark)



(i)

¥ =3sin *{4x-1]

- X
( 1 mark for the graph)
(c) y= xtan”' x
d(xtan™ x) _ +tanly (Imark)i
dx +x° :
| D
fran?xax = [xtan”x}y - [ —ar (1 mark)
0 sx°+1
z 1
S5 L)
-2 %loge 2 (1 mark)
1 1 1
2 2 2
@ I S T
2
0 1-4x 0 4(1-—)62) 2 b
4



J1+sin® x
letu=sinx whenx =0, u=0 (1 mark)
du = cos x dx whenx=%, u=1
Fis
2 1 .
cosx dx du 4 T '
= = |tan"u}, = — 1 mark
5[1+sin2x 5[1—1-7,;2 [ ]:) 4 ( )

@= 9(x—2)

w v =[x - 2)dx

2 | C
= 9[x——2x] +C ; L
2 | I

Whent=0, x=4and v=-6.
S 18=9@8—8)+C . C=18 ( 1 mark)
1,  (x*
.=yt = 9 —-2x|+18
2 2

SV = 9% —36x +36

9 (x2—dx+4)
9(x—2) asrequired. (1 mark)

3

vV o=9(x—2)

V=% 3(x—2)

t=0, x=4and v=—6.

Lv=—3(x—2) ( 1 mark)
dx

So, —=—3(x—2
0 i (x )

3 ‘x-2
= _?lloge(x—Z) +C

t=0, x=4,

o 0= %logez +C



i
= _Jog 2
3 &

St= %lloge(x—Z) + %log‘e 2

398
2
3t = lo
gex—-Z
2 !
x-—2
x—2 = =3

—3t

x =2(1+e ) (1 mark)

() v=—3(x—2)
Ifv=0, x=2. ( 1 mark)
Wehavex =2 (1+e )

Ifx=2, 2=2(1+e™>") —e~¥ =0which
has no solution.

. vis never zero. (1 mark)

(b)
A X

1.3m

1.4m

i

UIeNE BEHGEE WD

e £

9.05am 3.25pm

( 1 mark for reasonable diagram)



Half- period = 3.25 pm — 9.05am = ? hours

soperiod T= ? hours

27 3xm
SNE — = —
T 1
Displacement x=2.7—1.3 cos G—gt] (1 mark for correct equation)

The barge is 1.4 m above water level.
. the barge is level with the wharf when the water level is4.3 —1.4= 2 9m

To find the time when water level is 2.9m,

x=2.7—1.3 cos (3—ﬁtj | -
19 : e

2.9=27—1.3cos [3—7?1‘]
19

02=—13cos [3—ntj
19
_ v
Cos G—Zr} = ——103'2 Sy A
3 | A
(—”-t] = 1.725
t = 3.478.... (Solves fort: 1 mark ) :
= 3h 28 min 41 sec '
=3h 29 min

. time = 3h 29 min + 9.05 am = 12,34pm. ( 1 mark correct time )
(from diagram there is only one solution between 9.05am and 3.25pm.

Question 3

(@) (i) log,V =3log,(2R)-0.81
0.81 = 3log,(2R) - log, V

log, ((Zﬁ) J =081 (1 mark) | SR

3
Sﬁ o8
8R*
7 =225 (Given =2 25) (1 mark)
S |

V 4
v =3 sr
9
3
ie. V= 32R ( 1 mark)



(i) R _ 0.002 m’/year

dt
3
,_ B2R
9
2
a _32 3R* = 32K (1 mark)
R 9 3
a _dav 4R
G dR  df
2
= 2R 0002
3
2
When R =12, &% = 322027 4002 (1 mark)
dR 3
= 0.03072...
= 0.031m’/year

(b) Whent=0,T=18
. 18 = =19+ e~ **°
L A=19+18=37 (1 mark)

@) t=5,T=3
3 = -19+37e%* (1 mark)

e_Sk = 2’3
37
-1 22
k= —log — 1 mark
5 log. ( )
=0.103975091
When T =-18.9,
_189 = —19 +37 ¢ *f
37 ¢ =01
o _kf = .&l
37
0.1
=kt = log | —
g"(37j
0.1
loge[3—7)
Lt = — = 56.8742...

¢t = 57 minutes. (1 mark)



Question 4

36000

60x 60
Also, whent=0,x=y=0; x =10m/s and y = 0 (clouds are moving horizontally)

Now, 36km/h = = 10m/s

(1) Horizontally Vertically
i=0 j =-g =-10ms>
% = C y = |-10dt
t=0, x =10 = C;=10 = -10t+Cs
L% =10 t=0, y =0—C3=0
x= f10dt =10t+C, y =-10t
t=0,x=0— C;=0 y =-5t+Cy
x =10t t=0,y=0 —C4=0
y =-5¢

(1 mark each for correct derivation of equations of motion)

(i)  The raindrop falls 200m. ie. y =-200
-5¢ =-200
t* =40

t=2+/10 seconds (t>0)

(iii)

tangent at A

10mis
The ground ANB L
~ 20,10m! s
X=10m/s
AN 8 ] .
y= !
oA |- 20 f10mi s

(velocity Diagram 1 mark )

When the ralndrop hits the ground ( at 4 say), t= 2410 seconds.
Then .. ¥ = 10 m/s in the — direction and
$ = -10t=-10 x 24/10 = —204/10m/s in the Ldirection.

M = ¥E +37 = 4(10)? + (<20410)* = 1041 m/s - (1 mark)




Also, tan g =2 = —‘=2Jﬁ
X 10
s g =81°1
a =180—-4 = 180 —81° 1'=98° 59 :
The raindrop hits the ground at an angle of 98° 59°. (1 mark)

(iv)  When the wind speed doubles, x =20 m/s.
Using the initial conditions, the raindrop still falls 200m and therefore the time

Taken to fall to the ground, still remains as 2+/10 seconds.

oy = —10t=-10 x 2410 =-20410 m/s (1 mark)
1=20m/s
y= ;
- 20«[1-5??3? § I
- 20410
From the velocity diagram, tan g = M = % =10
X

S B =T202T
o =180-p= 180-72°27 =107° 33
The raindrop hits the ground at an angle of 107°33" . (1 mark)



