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The graph below is the direction field for a first order differential equation. The

Use the multiple-choice sheet for Question 1-4
differential equation could be:

Section |

1

Allow about 5 minutes for this section
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IR
21 NSNS~

e

7N NSNS ———
A2 7| NN SN ———
= NN NN S
=t NN NN
R A B 3 3 i
et AN NN
——— 4 A NNNNY
———t et NN

~=nny |2
o S N |
=N | o
S e B B A i attatd
e S S S R et
A S S S S B S D
PNSSNIA A e
A R R R A S fa
NNV /e
|14 77rrm————

IRSS SRR
———errrts NN YNV e
ettt IV YV e
et NNV rrmm e

B ettt At >
3\\\\3\\\\$s~__#__-$\\\\!\\\\4
e 71NNV L D r et
et 2 AN NNN X NN 2 e
IS AR

——r et g ]|
——w s AN N
m———rt s 1Y NN
et AR R R R RS
=t 1N NNNNSNSY
i B I S i
S L
A8 N NSNS S ———
A7 1N RS S——————

ﬂ/.ﬂ’f | 777t
MNSMNY [ 2
MYSIIMNA A
Ak S S B B
e S S SRS B O
1%11!!!1/1_\\\\\
=N | s
rr——————— N N |

FA RS S ~—=n\| s
FANSS~ ~~s\ |7
NN~ ﬁ ~ ]

Examination continues on next page

(A)
(B)
(©)
(D)



Using the substitution u = vx + 1 then the integral below can be expressed as

.[‘2 dx
o (x+2)Vx+1
(A) V3 1 4

fl a1
(B) 22

,[; u2+1du

(©) o1

f1 \/a(u+1)du
D V3
) Zfl uzi—ldu

Which of the following is a first order separable equation

® dy _
dx x+vy
B dy
®) 2 = loge(x +)
© Y _
dx
(D) d’y
dxz =%

Examination continues on next page
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Which of the following slope fields does not represent a differential equation of the form

4
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Section 11

In Questions 5 — 7, your response should include relevant mathematical reasoning and/or
calculations.

Question 5 (13 marks) Answer each question in a NEW booklet.

(@ Inthe domain 0 < x < 2, solve 3sinx — V3 cosx =3

(b) Let
1

arcsin(x)

f&x) =

Find f'(x) and state the largest set of values of x for which f’(x) is defined.

(¢) Find
f cos? x dx

(d) Giventhat y = e*tisasolutionto y” + vy’ — 2y = 0, find the values of k.

(e) Evaluate using the substitution u = cos x
TL'

3
J sin3 x cos* x dx
0

A

() Find the particular solution to the differential equation % = secy at (%g)

Examination continues on next page

—6—



Question 6 (10 marks) Answer each question in a NEW bookilet.
j‘ 6+x d
452

(b) " Find the general solution to Z—z —xy =0

(@ Find

() Uset=tan = to solve 5sin x + 4cos X = 5 for 0 < X < 2.
2

(d) When molten glass is heated to high temperatures, it can be blown to create different
glass formations.
A glass blower creates a vase whose volume can be modelled by rotating the curve
y = x? — 50 about the y-axis between y = 0 and y = 60.

(1) Determine the exact volume of the vase.

(i)  The glassblower wants to use the vase to hold a plant that requires exactly
28007 cm? of soil. Solve for h, the height (in cm), to which the glassblower
needs to fill the pot with soil

Examination continues on next page
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Question 7 (11 marks) Answer each question in a NEW bookilet.
2

(@) The rate at which a poulation grows in dependent upon both the size of the population and
the difference between the population and the maximum possible population that can be
sustained (carrying capacity). The rate of growth of a particular popultion can be

modelled by =~ = 0.001P (100 — P).

(i)  Show that
1 1 1

100P T 100(100 — P) ~ P(100 — P)

(i) Hence, or otherwise find the general solution to Z—I; = 0.001P(100 — P)

(b)  Find the smallest positive value of x, in radians, such that
cosx — sinx

tan(4x) = ——

CosSX + sinx

(c) Solve the differential equation (sinx)y’ + (cosx)y = tanx

Examination continues on next page
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(d) A space probe is launched vertically upwards from the surface of a spherical planet with a
radius R. If the atmospheric drag is ignored, the upwards velocity (v ms~1) of the probe
at height h metres above the surface of the planet is modelled by the solution of the

gR?
v(R+h)?’

surface of the planet. It is also known that when h = 0, v = w.

differential equation j—; = - where g is the gravitational acceleration on the

(1)  Show that

(i)  In order to escape a planet’s atmosphere v2 must remain strictly positive as the
space probe ascends. Find the minimum initial velocity such that the space probe
will escape earth’s orbit.

End of Examination

Examination continues on next page
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Question 5

a) For sin(x — a)

r=Vi2
r=2v3
V3
tanan—?
“=3

Or equivalent for r cos(x + @), using t-formula or just

manipulating the expression to form a compound angle.

1 mark — have found one
solution with limited working
have found the constants but
have not found the correct
solutions

2 marks — Error in finding one
of the constant but otherwise
correct. Or have found the two
solutions but have not shown
the derivation of the two
constants. Or have only found
1 solution.

3 marks — have both solutions
and have shown the derivation
of the two constants

) Fro) = ——
arcsin(x) V1 — x?
Domain of f'(x), xe(—1,1)

One mark each item

by zero in their domain

Generally the differentiation was done well, however, many students did not consider the division

k2ekt + kekt — 2ekt =0
e'(k?+k—-2)=0
ek +2)(k—1)=0
k=1,-2

T

(c) J 2 1 — substitution
cos“ x dx . .
2 — correct integration
1 1
_ 2 _
f 5 cos 2x + 5 dx
—Lsinzxrixq
= 4sm X > x+c
(d) y'+y' =2y=0 1 — differentiation to find

yland yll
1 - substitution correct
1 - solutions

3
f sin3 x cos* x dx
0

U = COSX
du
dx
du
- =dx
—sinx
1

u=0whenx=0,u=5

= —sinx

1 — substituting in for u and du
1 — changed the bounds or
resubstituted after integration
1 —solution




f sinx (1 — cos? x) cos* x dx
0

N[ =

f (1 —u®)u*du
1

=

B 1+1
_25x5 27x7 5 7
233
4480

6
An alarming number of students integrated u® to be u?. This is extension 1, you should know

better.

(f)

dy
I Secy
cosydy = dx

siny=x+¢
y =sin"1(x + ¢)

b(ln)
sub (5,2
_n_1+
sinz=>+c
11,
2-27°¢
c=0

y =sin"1(x)

1-findingsiny = x + ¢

2 —final answer

Generally this question was done well. However, when a question asks for a solution your final
answer should be written as y = f(x)

Question 6
a) 6+ x 1 mark — splits the
dx .
4+ x2 integral
f 6 4 x d
x
44+ x2 44 x? 2 marks — integrates
X 1
— 3tan-1 (_) +oIn(4 +x2) + ¢ correctly but leaves off a
2 2 plus c or gets a constant
wrong.
or

2
3t — +=1 —
an~ n( 4)

3 marks — correct with
+C

(b)

dx xy
trivial solutiony =0
1
i J—/dy = [ xdx
Inly| =x%+c¢

One mark for separating
and integrating correctly

two marks fory = Ae*’
defining A as a real
number




2
[yl = ece*
2 .
y = Ae* A is areal number

(c)

10t +4—4t2
"14t2 1 +t2
10t + 4 — 4t% = 5 + 5t2
9t2 —10t—1=0
OGt—-1D(E-1)=0

t=1 1:—1
=1or =9
tanf=1
2

T o o0<ton
2 4 ( -2
_r

X=3

2t ‘1(1)
x=2tan " (=

9
7 is not a solution as the cof ficient of

cosx #5

1 —finds solutions in t
2 — Solves for x

Most students found
solutions in t, few went
on to find the correct
solutions in x

(d)

60
nf y + 50dy
0
2 60
=7 [y_ + SOy]
2 0

= 48007 units?

1 —correct integral but
left off
2 — correct solution

done well

h2
V=mn <7 + 50h> = 28007

h? 4+ 100h — 5600 = 0
h = 40,—140
h =40,h >0

Correct answer

Done well




Question 7

a) SHOW SHOW
ii) Trivial solutions P = 0,P = 100 — P 1 mark off for no absolute
value sign
——— dP = 0.001dt
P(100 — P)
1 1 mark for integrating
+ dP = | 0.001dt
I <1OOP 100(100 — P)) I
1 _ 1 mark for getting up to
W(lnIPI +1n|100 — P|) = 0.0001¢t + ¢ 100401t
1P| = 0.1t
In[——— | =0.1t + 1+ Ae"
g <|100 —p| ‘
1P ¢ 04t
too—p| ¢
P = (100 — P)Ae%' A is a real number
P + PAe®'t = 1004
P(1 + Ae%1t) = 1004e%1t
_ 1004e°1¢
T 14 Ae0lt
_ 100
1
Zeoit +1
_ 100
_ Be=0lt 41 _
cosx — sinx i
b) tan(4x) = . 1 marhfor getting .to
CcoSx +7srlnx 4x = S Xxor equivalent.
_ —V2sin (x - Z)
i3
2cos(x—+
V2 ( - 4) 1 mark for solution
= —tan 7(Tx - Z)
= tan (Z — x)
T
4x =——x+nm
7# Not many students got this
5x = 1 + nn question.
letn = 0 Many students found%as the
Sy = n smallest error.
4
-
*=20

(c)

sin(x) y’ + cos(x)y = tanx

by observing the left hand side is the product rule

and so will integrate to y sinx
) sinx
ysinx = dx
cosx
ysinx = —In(cosx) + ¢
¢ — In(cos x)

sinx

1 —integrates LHS or
equivalent merit
2 — correct solution




d)i)

sub (0,u)

dv gR?

dh (R +h)?

vdv = —gR?*(R + h)~?
2

v
—=gR*(R+h)*+C

2 2
gR
2 _
v R+h+c
u?!=gR+c
c=u?—-gR

2gR?
2=u®-2gR+
e

2gR? + 2gRh — 2gR?

R+h

as the limiting value of v will approach the limit from

above

u? > 2gR
u>,/2gR
minimum launch velocity is

u=.,29gR

1 mark find u




