NESA Number:

SYDNEY
BOYS Name:
HIGH
SCHOOL Maths Class:
12MX
2022| | 1,
Mathematics Extension 1

General

. Working Time — 65 minutes
Instructions

e Write using black pen
e NESA approved calculators may be used

e Marks may NOT be awarded for messy or badly arranged
work

¢ In Questions 11-18, show ALL relevant
mathematical reasoning and/or calculations

Total Marks: Section | — 10 marks (Personal Reference sheet)
Leave your Personal Reference Sheet this booklet.

Section Il - 10 marks (pages 2—4)
e Attempt Questions 1-10
e Allow about 15 minutes for this section

Section Il - 30 marks (pages 5-14)
e Attempt Questions 11-18
¢ Allow about 45 minutes for this section
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Section I1
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 1
1 What is the exact value of sin™ (—}cos1 [Ej

V2

A B. = c. =L D
12 24 24
2 What is the domain of y = —arccos(l - 3x) ?
A osx<Z B. 0sx<2
2 3
2
C. 0<x<2r& D. —ESxSO
: o a1
3 What is the derivative of tan™ | — |?
X
1 1
A. B. -
1+ x° 1+’
x’ x’
C. 3 D. - 2
I+x I+x
1
4 Which of the following functions is the inverse of f (x) =3-
2x+6
A f ()= B. 7 (x)=-3+—
2x—6 2x—6
C.  f(x)=3-— D.  f(x)=3+—
2x—6 2x—6




What is the range of the function f (x) = arcsin x +arctan x ?

A |[-EEZ B |z =

' 272 o 272

C. (—72'7[) D. —3—ﬂ,3—ﬂ
474

YA
ﬂ' U
|
|
|
|
|
T |
2] |
|
|
|
|
|
-
T >
0 1 2 X
A. y= arccos(l - x) B. Y =arccosx
C. y= arccos(x - 1) D. 1—arccosx
Which of the following is true about the identity sin”' (sinx) =x?
A. False for all real x. B. True for all real x.
C. False for —E, z ) D. True for _E, z
2°2 2°2

|



8

10

Which integral is obtained when the substitution u =1—2x is applied to J xN1=2x dx?
1 1

A. —— -1)d B. —— ulu—1)du
| il L o

C. iJ\/;(u—l)du D. %J\/;(u—l)du

.3 .4 .
What is the number of solutions to sin 1(%) +sin™ (?x) =sin” (x) ?

A. 0 B. 1 C. 2 D. 3

The function f (x) =x>—4x+7 has an inverse function f - (x) in the domain [2, oo).

What is the value of f' ( f (m)) , where m is a real number such that m <0 ?

A. 2—m B. 2+ m C. 4—m D. 4+m
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Section 111

Part A — 15 marks
Attempt Questions 11 — 15

Answer each question in the spaces provided. A blank page is provided at the end of this Part to allow
rewriting of a question.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (4 marks)

The graph of y = g(x) is shown below.

/
(@)

(a) Sketch the graph of y=g~' (x) on the axes above.

(b) Given that g(x) = %(x — 4)2 —3, where x <4, find the rule for g’ (x)



Question 12 (3 marks)

Let y= arccos(%j .

1
(b) Evaluate J arccos(%} dx .

0

Question 13 (3 marks)

1
Evaluate J 4t(2t— 1)5 dt by using the substitution u =2¢—1.



Question 14 (3 marks)




Question 15 (2 marks)

The graphs of y= f (‘ X ‘) and y =‘ f (x) ‘ are drawn below.
£(+) [ /()
2: ;I

-
X X
2/ 1 e 1 2
= =
=2 =2

Given that y= f' (x) exists, sketch a possible graph for y= f (x) on the axes below.
Justify your answer by considering y= f~' (x) .

Jx)
A

N

—_—

I
N
I
—3
—_—
| LY
'

End of Section A
9



Use this space to re-write any question. Clearly indicate that you have done so.
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Section 111

Part B 15 marks
Attempt Questions 16 — 18

Answer each question in the spaces provided. Two blank pages are provided at the end of this Part to allow
rewriting of a question.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 16 (3 marks)

10

X . o

Evaluate J dx using the substitution x=1¢"+1. 3
2 x—1

12



Question 17 (4 marks)

) — ) . 1 n
Prove, using mathematical induction, that zarctan(ﬁ] = arctan(—ll for neZ".
=1 n+

+
L ], where p,g>0 and pg <1. (Do NOT prove)
q

You may use arctan p +arctang = arctan[

13



Question 18 (8 marks)

2

A function fis defined by f (x) = arcsin(x2 "
X"+

],Where x<0.

(a) What is the equation of the horizontal asymptote?

Question 18 continues on page 15

14



Question 18 (continued)

(c) Find a rule for ' (x) :

(d)  State the domain of f™'(x).

End of paper

15



Use this space to re-write any question. Clearly indicate that you have done so.

16



Use this space to re-write any question. Clearly indicate that you have done so.

17



Use this space to re-write any question. Clearly indicate that you have done so.

18
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Section I1

: . 1 1
1 What is the exact value of sin™' (T]cos‘l (5]
2
A z B. L C
12 24

C or D must have the right answer due to the “7z°”.

o 1 (1Y # xm &
sin” | —= [cO0S | — |[=—X—=—
2 2) 473 12

2 What is the domain of y = %arccos(l - 3x) ?

>
o
IN
=
IN
(SR

C. 0<x<2r D.

B or D must have the right answer due to the “3”.
—1<1-3x<1=-2<-3x<0

LOSxS%
3

1
3 What is the derivative of tan™ (—j ?
X

1
. ®
1+x2 e
2
X
C. - D.
1+x

Students hopefully remember that tan™' x + tan™ (

2

1+ x?

1
— |=constant, x #0
X



4

Which of the following functions is the inverse of f (x) =3 1

_2x+6

_ 1 _ 1
fx)=3-5 B fM(x)=dr
C )= D)=

Asymptotes “switch”, so the answer has to be A or B.

1
- :2x+6=—L
2x+6 y=3

2= 6m— =3
y=3 2y—6

1
v ()= 3
o f (x)— 3 TG

y=3

What is the range of the function f (x) = arcsin x +arctan x ?

A [-ZE B [-ZZ
22 22

C. (—71', n') _—377[, 377[}

Both functions are odd and 1 : 1.
The common domainis —1<x<1.

. /4
arcsinx : —ISxSI,—ESxS

SNBSS

T
arctanx : —ISxSI,—ZSxS



6 Which of the following functions best describes this graph?

YA
7[ —_ e e e e e e e —
|
|
|
|
I
T |
= |
2 |
|
|
|
|
|
N
T >
0 1 2 x
y= arccos(l - x) B. y = arccosx
C. y= arccos(x — 1) D. 1—arccosx
The domain, 0 < x <2, dictates the answer.
7 Which of the following is true about the identity sin”' (sinx) =x?
A. False for all real x. B. True for all real x.
T T
C. False for | ——,—|. ") True for | ——,—|.
[ 22 } [ 22 }

Definitions!

8 Which integral is obtained when the substitution u =1—2x is applied to J xN1-2x dx?

© %J ur(u=1) du D. %J Jut (=1 du

u=1-2x=du=-2dx

J x1-2x dx=J “—_21\/5.—%@



10

4
What is the number of solutions to sin™' (3%) +sin™ (?xj =gin”' (x) ?

A0 B. 1 c. 2 3

0 is an obvious solution.

. . . . . : .3 . 4
x =1 is a solution, either by calculator, or realising, that using a diagram, sin l(gj and sin l(gj

. . _ T
are complementary angles (or using sin~' x+cos™ x = 5 ).

Given the point symmetry (odd) of sin™' (x) then —1 is also a solution.

The function f (x) = x"—4x+7 has an inverse function [~ (x) in the domain [2, oo).

What is the value of f' ( f (m)) , where m is a real number such that m<0?

A 2-m B.  2+4m @ 4-m D.  4+m

Draw a diagram and then use symmetry of the parabola about x = 2.

H
1 . H N | . | " +
} + + : + } + >

—2 2 4 6

Now x=2+2—-m=4—m is in the required domain.

()= (fd=—m))=4-m



Section III Part A Solutions

Question 11 (4 marks)

The graph of y = g(x) is shown below.

(a) Sketch the graph of y=g™ (x) on the axes above.

(b) Given that g(x) = %(x— 4)2 -3, where x <4, find the rule for g™’ (x)

x—4=24yy+3

g_l(x)=4—4\/x+3,x2—3

Comment
Part (a) was generally well done
With Part (b), only the students who included the domain got full marks.



Question 12 (3 marks)
Let y= arccos(gj .

. dy
Find —.
(a) in o
dy _

e
) 1-(3)

1

arccos f] dx.
. 2

The required area is shown in the diagram below

(b) Evaluate J

y

paiN
2

w|y

X
y= arccos(E] =>x=2c0sy.

The area is given by:
2 :
J 2cos y dy+§= [2siny]; +§

3

=2—\/§+%

Alternative solution over the page



Question 12 (b) Alternative solution

This is using the principle of integration by parts.

1 1
arccos X dx= | lxarccos X dx
0 2 0 2
1 1 1
=[xarccos(£ﬂ —j XX —— dx
2 0 0 4_x2

r 1" —2x

3 2 0V4—x2

dx

:§+2—\/§

Comment
The question was done very well if students saw to work with the inverse i.e. looking sideways.
Some students used integration by parts.



Question 13 (3 marks)

1
Evaluate J 4t(2t - 1)5 dt by using the substitution u =2¢—1.

2

u=2t—1:>du:2dt:>dt:%du

2=u+1=4t=2(u+l1)

1
t: —~1
2

u: 0~1

1
2

1 1
J 41(26-1) dtzJ 2(u+1)u’ .%du

Comment
Students need to set their work out neatly.



Question 14 (3 marks)

1

24x7 -1
Evaluate j al

> dx .
o 4x +1

4y %42+Q 2
1 2| 4x -
sz w:J'——————w

o 4x7 +1 0 4x* +1

1

= [x —tan™ 2x]§
_l =z
2 4

Comment
Students who split the integrand were generally successful.



Question 15 (2 marks)

The graphs of y = f(‘ X ‘) and y :‘ f(x) ‘ are drawn below.

f(x) | /()]
2: }:L
1 - 1
X /‘7)6
. | il —2 - fl 2

Given that y= f' (x) exists, sketch a possible graph for y = f (x) on the axes below.
Justify your answer by considering y = ' (x) .

As y=f"' (x) exists, it mustbe 1 : 1

Comment
There is more than one possible graph. The x > 0 part is taken from the top left graph.
The x < 0 part is made so that it will pass the horizontal line test.



~ Question 16 3 marks)  Write your NESA number and write it legibly

10
Evaluate f
2

\/—x— dx using the substitution x =% +1. 3
x—1

(12
2. Ve —l A
o = A4
Ay = 2Fd% |
W hew I
Ko=ie, £7=9, = F=3

/
o - Coruronicu o ke e
P«;"»f\tve (~ee 5'9/ =

:37(72_1_&“ . .
g 7 (2 dp)

= 2 fg_ @z%,)a&#‘
< lL[ B/ F:(E/
S 2 T@4y) — %7 )
e A
* Rumo (o lut 15 L'j\ Mo (Agé,d“uo;,
\eo (\'7« 1o dabey

Lo W L y = 2.
_f[ W(b«u) 3
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Question 17 (4 marks)

. . ) < ] [ n .
Prove, using mathematical induction, that Zarctan (?—k—,—J = arctant—l- for neZ".
A k=1 LK~ n-+ ’

\
+ .
£rq ) where p,¢>0 and pg<1.(Do NOT pro¥)

You may use arctan p+arctang = arctan( l
—Pq

et S0y b Fha propensn Huat
Fow VLQ(Z LHS = W\l(zi)((l) = frey

o = fa “"’)

= R_HS O SCi) (< H‘(Q

A_VQMQ SCr) L& Tk 1
z_, /{_M'-—i )\_; = /H”\( <Z%T'
k.
4-9—14;1&{04/1!43, ptov=— o FCT\ (/t:k-'bl

H=k+|

= Z/ M\*‘( ;—F) ® ”
= _/{“ﬂw\'——‘( z@)“-wzm)

\k/':(jﬁJJ

£, lw Awe v 2 ’ay/\”be‘eg‘;

T
= /*/7\4,(“ W_H (,2 (n~1)> )

/tb M+i 4“2?(%*_[))

Y ‘J“'— g
l -_7\2\4_,\, ' XZCM,‘HP
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Proof

Method 1: Test m=-2: 2(2+1)Y =(=2)=0
2(m+1)3—m=(m+2)(2m2+Bm+l)

Consider the coefficient of m*: 2x3=B+4
2 2(m+1) = m=(m+2)(2m* +2m+1)

Method 2: Long division

Method 3: Expand

LHS = arctan

(m+1)(2m* +2m+1)
2(m+1) —m

= arctan

(m+1D)2m* +2m+1)
(m+2)2m* +2m+1)

m+1
= arctan
m+2

= RHS
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Question 18 (8 marks)

A function fis defined by f(x) = arcsin( al ) where x<0.

S

X +1

(a) ‘What is the equation of the horizontal asymptote? 1

Wo on X <o f£0d <o

S S deciedsing
= (abufies Hhe Critorwewfor
the Iy rsFounee Gaf MMV?/HQ
Cither® One —to—ove
- e AL ceensing -
(i) Why does f"(.\‘) exist?. ’ jl L lnereac Lm?/ s lcj
| | .

) )Cﬁ((.x) 'Q’\C‘s"'g



Question 18 (continued)

(c)  Find arule for /™ (x)

9_— — QW_V ( 10— J
nrt /o
Tuterahang o I amad
0-44/0(, wea ke o 9/ +ho S’Wbé;-g(/{”
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{ —
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. 2
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Y <t
2.
2 = . ¢
k/ +l l\flmél/
)CL = Z R
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= J —(-é\wg:
|\ — (ing{.
- 2 = \+§“/Ly(' ’
9 | —¢inw ’ ’
- — (+Sinn ‘,-|j c O]
9“_ V (—Swmr I i
(d)  State the domain of f~' (x)f | 1
- X o(e_c,vw:owz ’ -
—0O0 ) ¢
M . — < I -

-

4 = f"(&.7 w%zw‘\mga )‘/"}
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