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Section II
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1

Let f (x) =cosec x.
The graph of f'is transformed by

e avertical dilation by a factor of 3, followed by
e atranslation of 1 unit horizontally to the right, followed by

. - I
e ahorizontal dilation by a factor of 7

Which of the following functions is the transformed graph?

A. g(x) = 3cosec(2x—1) B. g(x) = 3cosec(%— 1)

-1
C. g(x) = 3cosec(2(x—1)) D. g(x) = 3cosec(x 5 )

1
2 Which of the following is the inverse function of f (x) = 2x 4 ?

=
&=

A =

B. f~lx=

C. f~lx-=

D. flx)=

= = — | =
oln =t 5|1 5|



3 Which of the following sketches best represents |y | =arctanx ?

A.
y
x
B.
y
x
C.
y
x
D.
y




T
Which of the following is equivalent to f ® sinSx cosx dx, after applying the substitution u =sinx ?
0

T

A. f6u5 du

0

d
Given that f (x) = e*— 1 and y= f ~!(x) , which of the following is an expression for d_i?

1 1
B.

eX—1 x+1

C. In x D. In(x+1)

. 3z
What is the value of arcsin( cosa) , where 7 <a < 7 ?

3
A L _a B. Zia
2 2
3 3
C a- = D. = _a
2 2
a
If y=sin~ '(—) then which of the following is —, where a is a constant?
X
A - B. -——
w2 x2— 42 w2 2= 2
C. D.



8

10

Which of the following could be the graph of y =arccos( 2— bx) , where b > 0?

A. B.

Yy y

A A

/ g \ g

C D.

y y

A A

> x » x

What is the domain of fwhere f ( x) =cos~!(In( bx) ) , where b > 0?

1 e 1 e”
A. —, — B. -, —
| b b b b
1 e 1 e~
C _—, — D. _— —
| be b | be b

A given function f(x) has an inverse /~!(x).

The derivatives of f(x) and #~'(x) exist for all real numbers x.

The graphs y=f(x) and y= #"!(x) have at least one point of intersection.
Which statement is true for all points of intersection of these graphs?

A.  All points of intersection lie on the line y = x.

B. None of the points of intersection lie on the line y = x.

C. At no point of intersection are the tangents to the graphs parallel.
D

At no point of intersection are the tangents to the graphs perpendicular.




Section III — Part A

Label your Answer Booklet as Section III Part A

Part A — 15 marks
Attempt Questions 11 — 15

Your responses should include relevant mathematical reasoning and/or calculations.

11

12

13

The area, 4, of a given square can be represented by the function

PZ
A(P)=—,P20,
16

where P is the perimeter of the square.

The graph of the function 4, for 0< P < 20, is shown below.

(a)
(b)

(c)

Area (A)

Il | | Il Il
T T T T T >

4 8 12 16 20 24

1
T

Perimeter (P)
Find the value of A( 20) .

Copy the diagram to your Answer booklet, and on it draw the graph of the inverse
function, A~ L.

In the context of the question, explain the meaning of A ~1( 4) =8.

Sketch the function f (x)=3arcsin(2x) .
Clearly show any intersections with the coordinate axes and endpoints.

(a)

(b)

Given that x2+ 4x+ 5= (x+ a) 2+ b2, find g and b.

1
Hence, using the substitution u =x + a, find / — dx.
x24+4x+5



14

15

Let f (x) =n + arccos(2x—1) — 2arccos(\/;) for x e [0, 1].
(a) Show that f'(x) = 0.

(b) Hence, find a simplified form of f ( x) .

The function fis defined as f(x) = sec x for 0 < x < %

(a) State the domain of the inverse function f !(x).

(b)  Show that £ ~'(x) = cos~ 1(%) .

End of Part A



Section III — Part B

Label your Answer Booklet as Section III Part B
Part B 15 marks
Attempt Questions 16 — 18

Your responses should include relevant mathematical reasoning and/or calculations.

1
16 Use the substitution x =cot @ to evaluate / — X dx.
2 2
(x + 1)
. d 5
Y ou may use without proof that d—( cot x) = — cosec-x.
X
o Inx2+2
17 Use the substitution # =xIn x to evaluate — dx.

1 (xlnx+ 1)2

18 Consider the function 4: h(x) = |1n( 2x) |+ 1,0<x< A, where A€ R .

(a) By means of a simple graph, show that the maximum value of 4 for which

. . . . 1
the inverse function of 4 exists is A = 7

1
b LetA=—.
(b) 5

(i) Find 2~ !( x) and state its domain.
(i)  Sketch the graph of y=(ho h=1) (x) .

(iii)  Find the solution set for A( x) = h~1(x) .

End of paper
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Section II Multiple Choice Solutions

1 Let f (x) =cosec x.
The graph of f'is transformed by

e avertical dilation by a factor of 3, followed by
e atranslation of 1 unit horizontally to the right, followed by

: I 1
e ahorizontal dilation by a factor of 7

Which of the following functions is the transformed graph?

— 1
C. g(x) = 3cosec(2(x— 1)) D. g(x)=3<:osec(x2 )

1
f (2x — 1) Shift 1 unit to the right followed by a dilation horizontally by a factor of 7
1
This is the same as f (2(x —%)) , which is dilating by a factor of B and then shifting

1
to the right by a B unit.

1
f (Z(x - 1)) A dilation horizontally by a factor of B followed by a shift 1 unit to the right
This is the same as [ (2x - 2) , which is translating 2 units to the right followed by a

1
horizontal dilation by a factor of 7

34 students got this question right

1

2 Which of the following is the inverse function of f (x) = 2xI ?
1
1 x4
A. “x)=—
/ 16
16
C f=Nx = x—4
' 8
D f(x) = x—4
' 2
y=2x%:>Z=x%
1,
xX=—
16y

Now swap x and y.



3 Which of the following sketches best represents |y | =arctanx ?
A.

y

With the symmetry about the x-axis for | y | = f(x). It has to be B or D.

f(x)=arctan x has no vertical asymptote.
So B



K]

4 Which of the following is equivalent to f sin’x cosx dx, after applying the substitution u =sinx ?

0

0| -

ud du

D. /

Has to be B or D with the change in upper and lower limits.
As the u-sub is u = sin x then du = cos x dx

B
d
5 Given that f (x) = e*— 1 and y= f ~!(x) , which of the following is an expression for d_)yc?
1
- ©
e*—1 x+ 1
C. In x D. In(x+1)

f(x)=e" -1=x=In(l+y)
s (%) =1In(1+x)

Using:
1

@O @y

cdy 1 1

Tdx &Y x4

OR

f(x)=e"-1=>x=In(1+y)

dy 1
Sy=h(l+x)=>—=——
Y ( ) dx l+x



3
What is the value of arcsin( cosa) , where 7 <a < 7 ?

. . . kY4
As the results are linear, just test the end points 7 and -

arcsin (cos 7 ) = arcsin (—1) = —%
1.€. 3

arcsin(cos 7”) =arcsin (0) =0
s C
OR

o o T T
Now arcsin(sinu) =u if Y Su< By

arcsin (cos ) = arcsin [cos (27— a)]

= arcsin| sin (% -2z - a)ﬂ

= arcsin| sin —7+a

RY/4
=———+a
2
Why?
Tias—= —3—”£—3—”
2 2
P 2T a<0



a d
7 If y=sin~ '(—) then which of the following is d_y’ where a 1s a constant?
X X
A — < B -
. )C2 xz—az - )C2 az—x2
@ _a b ___a
[x]y/x2=a? x|/ a2— x2
. 1
y=sin l(ﬁjj?z——z —
X X X 1_(1)
From here the answer is A or C
d_a 1 a x| _ a
dx x* xP—a’ x* \/)c2—612 |x|\/xz—a2
xZ
8

,

Which of the following could be the graph of y =arccos( 2— bx) , where b > 0?

B.
y
A A
/ g \\ g
C. D.
y y
A
| \\ g .

A reflection in the y-axis with a horizontal dilation factor of

Then a horizontal translation to the right by # units



10

What is the domain of fwhere f (x) =cos~ '(In( bx) ) , where b > 0?
[1 e [1 o7
A. —, — B. — —

| b b:| b b ]

(1 e [1 er

_— D _—

@ | be b] | be b ]

Weneed —1<In(bx)<1=e'<bx<e

..LSxS
be

S|

A given function /(x) has an inverse /~'(x).

The derivatives of /(x) and £~'(x) exist for all real numbers x.

The graphs y= /(x) and y=_/"'(x) have at least one point of intersection.
Which statement is true for all points of intersection of these graphs?

A.  All points of intersection lie on the line y = x.
B. None of the points of intersection lie on the line y = x.

C. Atno point of intersection are the tangents to the graphs parallel.

At no point of intersection are the tangents to the graphs perpendicular.

A is false. Some inverse functions will intersect on y = —x e.g. let f(x) = —x
B is patently false

C is false. Think about f'(x) = x

D is true as the statement is false.

50 students got this question right



ctension 1 Tosk 3 D

—

Se ooy T Lk A,

P/m[ Some ﬂ}/m%/ fs drow H‘n(‘@u\jk.

) A( 4)=8 means et O SJUAR A
orea, & has /ﬂQm‘m Fe &
Tha /éﬂ/y wo e/ hoes 1) <o ’“/‘QX‘P/I which | M’ta 5

Yeu raed 7o refer Jo Als I\QZ( wortAd
applicatrn o e Locmub.



-
Q. LN
s
_\M/mlmm
N o
Mﬂ
L
ol
R
i
i)
Sl
<S -
&-mwf
SR RS
N
GV
VN ©



(ongar. coolliciedty

Q,’.?;.
f/w\ QL+/7¢2§
br=5-2"
= *|
C\:Q/ b:ﬁ(. (owd #* 4 x5~ ()4 ‘l>-
b) g | P ‘
4Gyt S = P B Za}ld(j:t#)»

= arffcm (u)+ C G C“D

= arctan G42) E C

A_L’Wﬁ_\%s ghode bt 0 /afevmu W&—Jf
U hafp Mo Carreit pt
Soma stusleds  ragd o beons
Mo Aapilar with Ha fﬁhd‘”z
/nfeﬂ/q/s B Yow  <an £ el
. /f»ﬁ@m 7’[1)“(%@‘



| C}Vg) [ () =1+ oweCes (”ZX'Q »l afcecS (JE) o 7@[_0,3

der
ﬁ(; (&RC“’(ZWO); %7& T loh e = et
chn )
S =y
@ G 0 e
5 Fel =
a2 T
N p«(’lw')l
-~ 2
,Of'[’f‘b(
= e
e wal
d _‘09»3 QLU\ M A=
= Z(mwS(ﬁL) 'Cﬂxﬂz i o
O - 7 AR
S - d“b /.-2//")
Zﬁ\SI n ﬁ/ //q)

Ni



Sy Nefon M) o [2) Hob wsn
g0 Losm ) 4o O.
g* /%f’ /\&leﬂ’/@*]/ gec A 90%’

7//)@ dmv\m;\ Yy 1= K4 o)
dy ,/O())’

Notria 4 rourcl /mw‘/@?s on flaesd

U = fee Y
= k=
¢ v
S‘O <oy ﬁ :.),7( - OQQJ
f}d ng' ct bbflf\ J
“lH oz €—( (”)



Part B

Solutions

1
16 Use the substitution x =cot 8 to evaluate / — dx.
(x2+1)2
| d ,
You may use without proof that d_( cot x) = — cosec-x,
X
x = cotf so dx = —cosec?0 dO
1
I = f(xz+1)z dx
— — 2
= f((cot9)2+1)2 . cosec?6 do
-1
- f(csc 6)2 do
= — [(sin6)?d6

= %f(cos 20 — 1)d6

=1_lsin29—9]+C
212
1[ coté
T 2 l(cot0)z+1 6] +C
=1 = —cot‘lx]+C+
2 Lx<+1

Many candidates failed to correctly differentiate the given substitution.
One mark was lost for not putting the answer back in terms of x.

Half a mark was lost for not simplifying the re-substitution.



o Inx2+2
17 Use the substitution u =xIn x to evaluate — dx. 4

| (xlnx+ 1)2

u=xlnx so du = (x.%+ lnx) dx whenx=1,u =0, and whenx =2, u = 2In2
=1+ Inx)dx
_ fz In(x2)+2 _ f2 2(Inx+1)

1 (xInx+1)2 1 (xInx+1)2

_lenz 2
—Jo (u+1)2

2In2

=2 [ "(w+1)du

[_1 2In2
u+1lly

=2 [1 B 1+211n 2]

__ 4In2
14+21n2

~1.16188

Many candidates failed to correctly differentiate the given substitution.
Otherwise this was generally well answered.

Several candidates read In x? as (Inx)? ; they were given marks for any correct working even though
it was leading nowhere. ]



18  Consider the function h:  h(x) = |In(2x) |+1,0<x< 2, where A€ R .

(a) By means of a simple graph, show that the maximum value of 1 for which
1
the inverse function of /4 to exist is 1 = 7

y=|In(2x) |

y=|In2x)| +1

Domain {x: x > 0}
Range {y:y>1}

Clearly A(x), with domain {x: 0 <x < A} is one-to-one only until A = % (horizonal line
test), and hence may be inverted to a function in this domain.

Part marks were lost for not mentioning either one-to-one or the horizontal line test.

1
b LetA=—.
(b) 5

(i) Find 2~ !( x) and state its domain.

Swap x and y: x = |In(2y)| + 1

x—1=1In2y) or 1 —x=1In(2y)
ex—l el—x
Yy == or Yy ==

1-x

z . with Domain {x: x> 1}

Range is {y: 0 <y < 1},s0 the inverse is y =

Many candidates chose the wrong branch, or the wrong domain, and so di not gain marks.



18 (continued)

(b) (i)  Sketch the graph of y=(hoh=1) (x).

|9

y=(heh=1)(x) is the line
of | (or ray) labelled a.

-0.5

One mark was awarded for the whole line y = x, and for the graph y = | x | +1.
The diagonal from (0, 0) to (1, 1) received no marks as the domain and range do not match their
answer.

(iii)  Find the solution set for A( x) = h=1(x) .

The solution set is ¢, the empty set (by inspection).

Many candidates failed to notice that the domains do not overlap.
Overall, many candidates need to make a greater effort at presentation of their answers.
The marker should not have to search amongst illegible scrawling to find something to award

a mark for.

Similarly several candidates need to make their written characters distinct. For instance a “4”
should not look like “u”, and such like.

End of solutions
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