Sydney Girls High School

YEAR 12

MATHEMATICS EXTENSION 1

HSC Assessment Task 3

2022

Reading time : 5 minutes

Writing time : 60 minutes

Total marks : 50

Topics: Mathematical Induction; Further Calculus; Motion, Forces and Projectiles

General Instructions:

There are four (4) questions which are of approximately equal value.

Attempt all questions.

Show all necessary working. Marks may be deducted for badly arranged work or
incomplete working.

Start each question on a new page. Write on one side of the paper only.
Diagrams are NOT to scale.

Board-approved calculators may be used.

Write using a black or blue pen.

White-out or correction tape is NOT to be used.

A correct answer without working may be awarded a maximum of 1 mark.
A Mathematics reference sheet is provided.
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Question 1 (13 marks)

(a)

(b)

(©)

(d)

(€)

Differentiate: y =4sin"1x
Find: I2x sec’ (X*) dx
Find: j dx_

16 +9x

Use the substitution u = x? + 1 to evaluate:

1
ng(x2 +1)*dx
0

A ball is projected horizontally from the top of a 15 m high cliff with a velocity
of 20 m/s. Assume g = 10 m/s? .

Q) Prove the following expressions for x and y, interms of t:
x=20t and y=-5t*+15

Hence, find:

(i) the time taken to reach the water. (Answer to 2 decimal places).

(iii)  the horizontal distance travelled. (Answer to 1 decimal place).

(iv)  the acute angle the ball makes with the horizontal when it hits the water.
(Answer to the nearest degree).
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Question 2 (12 marks)

@ Find the derivative of: y=cos™v1-X.
Express your answer without negative indices.

(b) The diagram below shows an ellipse which has the equation 4x? + y? = 16.
Find the exact volume of the solid formed when the area inside the ellipse is
rotated about the X -axis.

> <

(©) Prove by mathematical induction that for all integers n>1.:
9" +3 is divisible by 6

Question 2 continued on next page
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Question 2 continued

(d) In still water, Bella can swim at 3 m/s. Bella is at point A on the edge of a canal, and
considers point B directly opposite. A current is flowing from the left at a constant
speed of 0.8 m/s.

N
B
——> |
current 0.8 m/s !
0
A
Q) If Bella dives in straight towards B, and swims without allowing for the current,

what will her actual speed and direction be? Answer to 2 decimal places.
(i) Bella wants to swim directly across the canal to point B. At what angle should

Bella aim to swim in order that the current will correct her direction and what
will Bella’s actual speed be?
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Question 3 (12 marks)

@ Find the equation of the tangent to the curve y = e@n ' x at the point where the
curve cuts the y —axis.

(b)  The diagram shows three forces which act in the same plane and are in equilibrium.

6N 0

4&

v

(i) Find the magnitude of the force F.

(i) Find the value of 8, correct to the nearest degree.

(© Prove by mathematical induction that for all positive integer values of n:
1 1 1 1 n
+ + + o+ =
1x3 3x5 b5x7 2n-)(2n+1) 2n+1

(d) The parabola y = 4x — x? and the line y = 2x intersect at the points (0,0) and (2,4).
The region between the curves is rotated about the y —axis to form a solid of
revolution. Calculate the exact volume of this solid.
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Question 4 (13 marks)

(@)

(b)

(©)

Find:

f cos 3x (tan 3x — sin 3x) dx

Using the substitution x = 2sin8 — 1, find:

f\/l—x\/x+3dx

A volleyball player serves a ball with initial speed ry

V' metres per second at an angle of projection of
45° to the horizontal.

The ball is 1 metre above the ground at the moment

of projection. 45°

For the following, assume that g = 10 m/s?.

(i)
(i)

(i)

(iv)

0

State in component form a(t) , v(0) and 7(0).

Hence, show the vector displacement of the ball is given by:

At the moment of projection, the horizontal distance of the ball from the
net is 9 metres. The ball just clears the net, which is 2 metres high.
Calculate the amount of time it takes for the volleyball to reach the net.
Give your answer in seconds, correct to 2 decimal places.

Determine the time the volleyball takes to travel from its maximum height
to the ground.
Give your answer in seconds, correct to 2 decimal places.

End of paper
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Question 2 (12 marks)

~~1.~—~ (a)  Find the derivative of: y=cos” ' v1-x. : L

Express your answer without negative indices.
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(b)

The diagram below shows an ellipse which has the equation 4x? + y? = 16.
Find the exact volume of the solid formed when the area inside the ellipse is .
rotated about the x -axis. 3 T )
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1 ©

Prove by mathematical induction that for all integers n >1

9" +3 is divisible by 6
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(d)

In still water, Bella can swim at 3 m/s. Bella is at point 4 on the edge of a canal, and

considers point B directly opposite. A current is flowing from the left at a constant
speed of 0.8 m/s . ( — B

N O E

—_—
current 0.8 m/s
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(1) If Bella dives in straight towards B, and swims without allowing for the current, L _v__E
X what will her actual speed and direction be? Answer to 2 decnnal places. 2 E

;&MM\»} 5+ual.em+s did no-:‘—'\?n»e a 3-aL¢JH~ ‘M’«aﬂ\fg}

CE SN

oS (oo l4u”) B
-

. Bella suins at grtomlsﬁj_m Hhe direction
Nig4°sz3' = o 014—531"/ (4]

Ao diredhion and were not pe : -9241@;:____ - A—H

- answedq 'TL\,J S JLuou.Ld b—cmp‘-e.d 1 A\~ _E
o . N
(ii)  Bella wants to swim directly across the canal to point B. At what angle should |
Bella aim to swim in order that the current will correct her direction and what — (R~ N
will Bella’s actual speed be? 2 =
_ Speed s Vy3t_o0g> = sm@=©°¢
/8

| B s ackval sped 15 289mlS iaHhe divection

=2

©- sl\«\”'(-—-—&)
— = 1S zg't(or /§,4-7>

of Nistoelw o 344732 T or ST {

:k-man:, J'}vaLeuA‘:r 0(40( ot Taael - _ Aoﬁvﬂ»«« 'N

., ound fo olio( ot V‘C—e%{wnfe#%fgmm

e rﬁnd disect on 9—,[ Fe SLdinA %S 7“’9-(‘1‘1?9?\7 s
nca/l\, Yderti cal o FHre SGHS boob(z:f'"

—

e mam v




Ext—4 Yr 12 Task 3 9922
3a) _
7 / ' can M
v = £
0 H'D(’L / v S a .
o % = o a’l: l Tl s oEV/?cZL:D.n e/
- h’Dth./(r* SOMme— A- 44’(/’ ’7L
m - 1 e / <uL.s'|l‘@,@é¢ P o valee
\ £ 0 g e i
— l 4@1‘ ,ID_ST_ MmAr k;
J
y -1 = | (m—0)
y = A 4 | /
d
}a)L)F _-:"'_St..._r..éL.
A J -
\LF‘ = \JQ.C—.I- ?é o K/nu‘: 4VM,7‘70/')’
= £ | W AS L M-JL//
i) j\f
s
£
4 e
G _ 40
C,) ‘P(o\.—g —t—((/e_, ﬁ'ﬁf‘ n = (
7123
3
RAS -
20])+)
= ]
3
lrve /L(.\./ -




Ascvme trve Por 1=k

N . N l _ Kk

|3 3xS Sx7 ( 2he-1)(2he 1) Zkﬂ

P/ovt 'tn/./c_ Lf I’l.:k-f |

LHS - l - ) . + | RAS = K+l
1% 3 Ix @@ﬂygaamﬂ) 20eel) o |
_ e+ |
| ; fl P I e [ 2+ 3
Ix 3 I%S" [0k () (21 )(2e43)
Baacs ‘ J
.k . |
e+l (2k+U@k+3)
o e (2kt3) + |
(e41)(2het3)
. YN P
N ) }
- Al 4 3k + 1 N ﬁ./;/fT«oa WA Aora
(e N et 3 w2/
[ NALATRIP A 7 4
i 2+l t)

(et (2 + Y

ok (e 4D + UetD

(\QJL‘«H)(\-U%S)
REOZO T
(2ef1) (Mt ¥
= ’,k‘f' ) '. l;)w mx/ﬂ-‘mazl’cg [
lk"‘g dlnp[y&ﬁO/! Troe e ﬂ“"

-~ RWUS : all  n.




lhs g ezslivg per ,/pna

/Door//a AY  MmArag fﬁﬁv'ﬁ

Jﬂ/ﬂ/‘l— /’nmnﬁk dﬁ _r‘or/xm

']éb Mﬂzl‘& / /ﬂ.. JV.L ///'(“

’ﬂ\,\ \/a/c/mt._ /974 ﬁrd/m/(

4}m M_.A,\’ui4
d



Question 4

(a) Find:
f cos 3x (tan 3x — sin 3x) dx
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Question 4 (continued)
(b) Using the substitution x = 2sinf8 — 1, find: 3
fx/i—x\/x+3dx
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Question 4 (continued)

(¢) A volleyball player serves a ball with initial speed ry
V' metres per second at an angle of projection of 4
45° to the horizontal.
The ball is 1 metre above the ground at the moment
of projection. : 45°
For the following, assume that g = 10 m/s?.
0 X
() State in component form a(t) , v(0) and 7(0). 1
(1)  Hence, show the vector displacement of the ball is given by: 2
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Question 4 (c) (continued)

(11) At the moment of projection, the horizontal distance of the ball from the
net is 9 metres. The ball just clears the net, which 1s 2 metres high.
Calculate the amount of time it takes for the volleyball to reach the net.
Give your answer in seconds, correct to 2 decimal places.

(iv)  Determine the time the volleyball takes to travel from its maximum height
to the ground.
Give your answer in seconds, correct to 2 decimal places.
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