Sydney Girls High School

MATHEMATICS EXTENSION 1
Year 12

HSC Assessment Task 3
2023
Reading time : 5 minutes
Writing time : 60 minutes
Total marks : 50
Topics: Mathematical Induction; Further Calculus; Motion, Forces and Projectiles

General Instructions:

There are four (4) questions which are not of equal value.

Attempt all questions.

Start each question on a NEW page.

Show all necessary working. Marks may be deducted for badly arranged work or incomplete
working.

A correct answer without working may be awarded a maximum of 1 mark.
Write on one side of the paper only.

Diagrams are NOT to scale, unless indicated otherwise.

Board-approved calculators may be used.

Write using a black or blue pen.

White-out or correction tape is NOT to be used.

A Mathematics reference sheet is provided.

Student Name: Teacher Name:
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Question 1 (13 marks)

a) Differentiate:

i) y=cos” (7x)

. X
i1) y =tan (3)

b) Find.

1
i d
l) j16+x2 *

i) J;dx
\J5-2x7

c¢) Evaluate the exact value of |sin’ xdx .

O [N

d) Find the equation of the tangent to the curve y =2sin"' (3x) +% at the point where x=0.

Question 1 continues on page 4
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Dock
D E
A =4 A A
River current RBoat NORTH
- 100 m
3 m/
s Speed
6 m/s Velocity
vector v
B

Breanna has a boat which moves at a top speed of 6 m/s in still water.
From point B, she wants to go due north to point D on the opposite side of the river,
as shown in the diagram above.

Today the current in the river is flowing at 3 m/s.
Due to the current, she drifts from point B down the river and arrives at point E.

1) Taking B as the origin, write down Breanna’s velocity vector in the form xi + yj

and find the magnitude of this vector.
i1) What is the bearing, to the nearest degree, of Breanna’s velocity vector?

i) How far does she travel from B to E?

End of Question 1
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Question 2 (12 marks) Begin writing on a NEW page.

a) Prove by mathematical induction for all integers n > 1:

Ix2+3x4+5x6+..+ (2n-1)(2n)= g(n + 1)(4n-1)

X

e
Ve +1

b) Use the substitution u =" +1 to find J dx .

c) Use the substitution u = tan x to find J‘ sec” xtan® xdx.

d) A projectile is fired from the origin O with limited speed J in metres per second and with

an angle of projection «° . The time is measured in seconds.

The path of the projectile is given by the equations:

. 1 . : .
x=Vtcosa ; y=Vtsina 5 gt’, where g is the acceleration due to gravity.

Y
v
. . .
ol =
T

Show all necessary working for the following:

1) In terms of V and « , find the maximum height / attained by the particle.
i1) Find the range R in terms of V' and « .

4h
1i1) Show that: tana = rE
End of Question 2
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Question 3 (13 marks) Begin writing on a NEW page.

a) The diagram shows the weight force of gravity, W, that pulls straight down on an object of mass
m kg. Two forces of 85 N and 120 N are exerted by cables as shown. The resultant force acting on
the object is zero.

1) Find the angle 6 to the nearest degree. 2

i) Using your answer from part (i), find the weight force W to the nearest Newton. 2

w

b)
) d 4 4 X )
1) Show that: —(x tan x) =tan" (x)+ - . Show all working. 1
dx 1+x
NG
i1) Hence, evaluate find the exact value of J- tan”' xdx. 2

0

Question 3 continues on page 7
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¢) Prove by mathematical induction that 9""> — 4" is divisible by 5 for all positive integers 7.

d)

x—2

The shaded region bounded by the curve y = and y=0, from x=0 to x=2

=
¥

?‘

AN

is shown in the diagram below.

¥
2 Al
, ¥—Z
IR y=
¥+ 4
—2 —1 0 1 2 3 4
., A
v
End of Question 3
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Question 4 (12 marks) Begin writing on a NEW page.

a) Prove by mathematical induction: 1x1! + 2x2! +3x3! +..+nxn!=(m+1)! -1
for all integers n >1.

b) A particle is projected from a point O with speed of V" metres per second at an angle of 4 to
the horizontal. Air resistance is negligible, and the acceleration due to gravity is g ms™.
The particle also passes through the point (4,3).

The displacement-time equations for the projectile are: r(t) =Vt cos Ai + (Vt sin 4 —% gtzj i

'y
|74 (413)

1) Show that the Cartesian equation of the trajectory is given by:

2
_ & 2
y=xtan 4 N (1+tan A).

2

Assume V'’ =8g for part (ii) and part (iii).

ii) Show that the initial angle A of projection is given by: A =tan™'(2).

111) Show that the range R of the projectile is % m.
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Question 4 continues on page 9

k+4

c) For the given graph it is given that I f(x)dx=0.
0

) 4
1 |
|
|
|
|
|
k
2 F——————,—e e —————————
1) Find the value of £ in the exact form. 1

i1) The shaded area is rotated about the x-axis. Find the volume of the solid formed,
leave your answer in the exact form. 2

End of Task.
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Question 2 (12 marks) Begin writing on a NEW page.

a) Prove by mathematical induction for all integers n >1:

Ix2+3%x4+5x6+..+ (2n-1)(2n)= g(n +1)(4n-1)

Lt S0 =204 B e () ot (2001) (20) » 2 ) 1)
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b) Use the substitution u =" +1 to find J \/_e_ dx . 2
e’ +1

” f e "dlx
uze "+ e

du = e dn = cu
Va

= 2w +¢
/
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c) Use the substitution u =tan x to find J‘sec2 xtan® xdx.

U= do > / Ser %o Fexer®s0 doe

A = S&gtxa’x :/7‘-0.,«\(;1 gg&zzc_d%

=/ ut . o
7+C @

\/Cﬂﬂ’eqLMW
= 7"&4/[7')( + C . OAL?, .
/

\)

~|s

d) A projectile is fired from the origin O with limited speed V" in metres per second and with

an angle of projection " . The time is measured in seconds.

The path of the projectile is given by the equations:

. 1 . : .
x=Vtcosa ; y=Vtsina g gt®, where g is the acceleration due to gravity.

Yy
vV
- . "" Q‘ “5'.
ol B
=

Show all necessary working for the following:

1) In terms of ¥ and « , find the maximum height / attained by the particle. 2
ii) Find the range R in terms of ¥ and « . p

iii) Show that: tana = % ) .
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Ruestion 3

120 N

(«) g5
25 giwa 40° 120 siwea
40° 8 -

8 os 40" | 120 ayp°

Vi

(Y Since the resultant Lorce am‘iﬂ]
on  the object s 2ers +he
netr horizontal force s 2ero./

120 cos @° — 85 o5 40° = O

85 cos 40°
20

(osB =

G = cos! ( 85(&;0400)
= 57° [reavest Je]m)\/
[y Net yerbcal force is 2evre.
. B85 sin40% + 1205n 0° — W :O‘/
W 3155 N (veanesd newton) /
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(¢) Base cose: fFor w=lI,
qn+'z_ 4_.4 = q 2- 4'
= 729- 4

= 725
= S X145 /

lAJL\(z(A < J(’stf(olﬁ BJ g.

14+

Assume +eue for n=k:
qk+z_4k - S’P/

wheree P is a pesitive integer.
e. 9" = 5P+ 4k ()
Prove +rur for n=z=lk+(:
3= 4" = (9% - 4(4")
From (*\49(5?4' &)= 4(4%)
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= 5[AP) + 6-[4"")
= 5(9P + 4
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