NORTH SYDNEY BOYS
HIGH SCHOOL

MATHEMATICS EXTENSION 1

2018 Preliminary Course Yearly Examination
12th of September, 2018

General instructions

e Working time — 2 hours 30 minutes @UESTIONS 1'@
(plus 5 minutes reading time)

Where | ® Commence each new question on a new

e Write using blue or black pen.
page. Write on both sides of the paper.

diagrams are to be sketched, these may be

done in pencil.

e All necessary working should be shown in
every question. Marks may be deducted for

o Attempt all questions. illegible or incomplete working.

e Board approved calculators may be used.
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9)

f)
9)

Start EACH question in a SEPARATE answer booklet.

Question 1 (18 marks)
Fully factorise 2x3 — 128
Solve 2£ > 1

5—x

Solve |2x — 1| < 3x + 2

2 1

Solvexzs+x3—6=0

Start a NEW booklet

Given sin§ = %and g < 6 < r find sin 26

. .¢ €0s(270-6)
Slmp“fy cos(180-0)

Solve 2tan 30 — 3tan?H — 2tan 6 + 3 = 0 for 0° < 6 < 360°, giving your answers to the

nearest minute, where necessary

Question 2 (24 marks)

Show that sin (x + %) =

Hence or otherwise solve

Start a NEW booklet

sinx+cosx

V2

V2

Snxreost - P for 0 < x < 360°

cos 26

sin 26

Prove that —— + = cosec 6@

sin 6 cos @

Find the size of the acute angle between the linesy = 2x +3and4x—y+1=0

The point (8, —5) divides the interval AB e
(—1,4), find the coordinates of B(x, y).

Sketch the region of the number plane where y < 1 and y < |x — 2| hold simultaneously

1000

as power of 2

21001+

Write

xternally in the ratio 3: 2. If A is the point

v

154
v O(1.-16)

i) The above graph has equation f(x) = ax(x — b)(x + ¢)%. Find the values of a, b, c d

ii) Write down the domain of y = \/f(x)

Marks

Marks



b)

Start a NEW booklet
Question 3 (13 marks)

Differentiate and fully simplify

)y =x(1—-x)

i)y =x.Vx
(i) y =25

Find the value of a given that the gradient of the tangent at (2, 4) on
y=3x%—2ax+1 is—1.

For what values of x is the curve y = 4x — x3 concave upwards?
Differentiate from first principles f(x) = 3x? — 2x

Start a NEW booklet
Question 4 (11 marks)

x+1
x2+3

Consider the function f(x) =

1) Find the x and y intercepts

i) Find the coordinates of any stationary points on the curve y = f(x) and determine

their nature
iii) Find lim 2=

x—o00 X2+3

iv) Sketchy = f(x)

If « and 8 are the roots of the equation 4x? — 2x — 1 = 0 find (without solving for x)

. 1 1
I) E;'+'EE
i) a?+ p?
ii) |a — B|
Start a NEW booklet
Question 5 (9 marks)

Find the values of k for which (k + 1)x? — 2(k — 1)x + (2k — 5) is a perfect square

Find the coordinates of the vertex, focus and equation of the directrix of the parabola
x2+6x+8y—7=0

Write down the Cartesian equation of the locus of a point P(x, y) where x = 2 cos 8 and
y = %sin 0

Marks

Marks

Marks



Start a NEW booklet
Question 6 (9 marks) Marks

In the diagram Q is the point (—1,0), R is the point (1,0), and P is another point on the
circle with centre 0 and radius 1. Let ZPOR = a and £PQR = 3, and let tan § = m.

a) Explain why AOPQ is isosceles, and hence deduce that @ = 28 2
b) Find the equation of the line PQ in terms of m 2
c) Show that the x-coordinates of P and Q are solutions of the equation 2

1+m?»)x?+2m?x+m?—-1=0
d) Write an expression for the sum of the roots of this quadratic equation 1

e) Hence or otherwise find the coordinates of P in terms of m 2



a)

c)

Start a NEW booklet

Question 7 (11 marks) Marks
A

E NOT TO SCALE

F

B

In the figure, AOB is the diameter of a circle centre 0. D is a point on chord AC such that
DA = DO and OD is produced to E on the circumference. AF is the bisector of ZBAC and
cuts BE at G.

Draw the diagram into your answer booklet

Prove that
i) GA =GB 3
i) AOGE is a cyclic quadrilateral 2
iii) If CE is joined, then CE || AF 1
A man standing on level ground at A notices two vertical towers BD and CE.
The foot of tower BD, B, is due North of A and the foot of tower CE, C, is on a bearing of 8
from A.
The height of BD is h metres and the height of CE is twice the height of BD.
The angle of elevation from A to the top of both towers is £.
The angle of elevation to the top of CE from the top of BD is a

»rE

NOT TO SCALE g

1) Show that AC = 2h cotf8 1
ii) Find similar expressions for AB and BC 2
iii) Using the cosine rule, or otherwise, show that 2

5cot? B —cot’ a
4 cot?

cosf =



Start a NEW booklet
Question 8 (8 marks) Marks

a) A -right cylinder of radius x and height y is inscribed in a sphere of fixed radius R.

(The volume of a sphere is V = gnr"’ and the volume of a right cylinder is V = mrr2h)

i) Show that the volume of the cylinder V, in the diagram above can be written as 2
wy3
V= T[Rzy - T
il) Prove that the maximum volume of the cylinder occurs when y = % 3
iii) Find the maximum volume of the cylinder V in terms of R in simplest form 2
iv) Show that when the cylinder has maximum volume, the ratio of the volume of the 1

cylinder to the volume of the sphereis 1 : /3.



Start a NEW booklet
Question 9 ( 7 marks) Marks

The point P(2at, at?) lies on the parabola 4ay = x2.
The equation of the normal to the parabola at the point P is given by

1
y=—?x+2a+at2

a) Find the coordinates of the points A and B, the x and y intercepts of the normal and 3
hence find the coordinates of their midpoint M

b) Find the equation of the normal to the normal in part a) that passes through the midpoint 2
M

¢) The normal in part c) cuts the parabola at D and E. Without finding their coordinates, find 2
the locus of their midpoint, stating all restrictions.
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