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Mathematics Extension 1

General Instructions Total marks - 70

* Reading time — 5 minutes Section | — 10 marks (pages 2-6)

* Working time — 2 hours ¢ Attempt Questions 1-10

» Write using black pen e Allow about 15 minutes for this section

e NESA approved calculators may be used Section Il — 60 marks (pages 7-10)

¢ A reference sheet is provided e Attempt Questions 11-14

* In Questions 11-14, show relevant e Allow about 1 hour and 45 minutes for this section
mathematical reasoning and/or calculations
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Section |

Write your answers on the multiple choice answer sheet provided.

1. The solution to the equation2* +2""' =8 is:
(A) x=1
(B) x=3-log,3
(C) x=log, 5

1
(D) X—Z

2. A polynomial equation has roots «, f and y, where
a+f+y=0; afy=1; af+ay+py=1
Which polynomial equation has rootsa , # and y

(A) x3+x—-1=0
B) x3+x+1=0
(C) x3—x+1=0
D) x3—x—-1=0

3. D, C, and E are points on a circle with centre A.
DC is parallel to AE. AD intersect CE at F. /DFE =105°

E
D @A Not to scale

The value of ZFAE is

(A) 75°
(B) 52.5°
(C) 70°
(D) 105°
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4. Consider the function f(x) = e**2 and its inverse function f~1(x). What is the value of
f(e?)?
(A) f(x) = e—(€¥)-2
(B) f71(x) = e(®*?
@ f*)=0
(D) f~(x) = 4

. x-3 .
5. The value of %ggm is:
(A) 4

(B) O

(C) Not defined

(D) 1

6. The graph describes the velocity v of a particle at time t.

V'

Which of the following
statements is true? 2

(A) The particle is at the origin at A and B.
(B) The particle moves in a positive direction and changes direction after 3 seconds.

(C) The particle has a negative acceleration throughout the last second of its trajectory.

(D) The particle returns to the origin after 4 seconds and comes to rest.
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7. A particle is moving along a straight line so that initially its displacement is x = 1, its velocity
is v=2, and its acceleration is a =4.
Which is a possible equation describing the motion of the particle?
(A) v=x*+2x+4
(B) v?=4(x*-2)
(C) v=2+4Inx
(D) v=2sin(x-1)+2

8. The following curve is the graph of the function y = ™™

The graph is translated vertically and horizontally so that the resulting graph describes an even
function which touches the x-axis, as shown:

LN N

A possible equation for the resulting graph is:

(A) y = esin(x—g) —e
(B) y=e

(C) y = esin(x+§) _ 1

(D) y=e
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9. The following curve is the graph of which of the following function?
y

T

W

-Tr+

1 X

A =-3sin” —
(A) y 5

(B) y=-3cos™' 2x

(C) y=3cos™' 2x

(D) y= %cos_1 3x

10. Let f(x) = ax™ and g(x) = bx™, where a, b, m and n are positive integers. For both fand g,

the domain is all real x.

If f'(x) is a primitive of g(x), then which one of the following must be true?

m .

(A) — is an integer
n
n., .

(B) —is an integer
m
a . .

(Q) 5 is an integer

b .
(D) p is an integer

Section Il begins on the next page
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Section Il

60 marks

Attempt Questions 11-14

Allow about 1 hour and 45 minutes for this section

Start each question on a new page. Extra paper is available.

In Questions 11-14, your responses should include relevant mathematical reasoning and/ or calculations.

Question 11 (15 marks) Start a new page.

2
(@) Find the exact value ofjcosxsin2 xdx
0

(b)

The points D, C lie on a semicircle with 4B as diameter.
AC, BD produced intersect at F; AD, BC intersect at E.

(i) Prove that CEDF is a cyclic quadrilateral.
(ii) Prove that FE is perpendicular to 4B.

(c) Let a,p and y, be the three angles of a given triangle.
(i) Show that tan(a + f) =—tany

(i) Hence, or otherwise, prove that: tan  + tan £ + tan ¥ = tan @ x tan f x tan y
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(d) (i) Show that the equation In(x) =cosx has a solution between x=1 and x=2 1

(ii) Using one application of Newton’s Method, with x =1.5 as your initial value, find a better 2
estimate for this solution. Present your answer accurate to three decimal places.

(e) The velocity, v, measured in centimetres per second, of a particle moving in simple harmonic

motion along the x axis, is given by v =16x — 4x° + 20
(i) Show that ¥=—4(x—2) 2

(ii) Find the maximum speed of the particle. 2
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Question 12 (15 marks) Start a new page.

(a)
(b)

(c)

(d)

(e)

Find a general solution to the equation sin3x = cos2x where x is measured in radians.

Air is escaping from a spherical balloon at the rate of 2 cm?3 per second. How fast is the surface
area of the balloon shrinking when the radius is 2cm?

. . . 1\" .
If there exists a non-zero constant term in the expansion of (x2 — ﬁ) ,show thatnis a

multiple of 5.

From a group of 6 men and 7 women, a committee of 5 people is to be formed.

(i) What is the probability that in the committee there is at least one man and at least one
woman?

(ii) Three particular women and two particular men are chosen to be on the committee and
the committee members are seated at random around a circular table. What is the
probability that the two men are not seated next to each other?

Points A and B are located d metres apart on a horizontal plane. A projectile is fired from A
towards B with initial velocity u m/s at angle « to the horizontal. At the same time, another
projectile is fired from B towards A with initial velocity w ms™ d at angle 3 to the horizontal, as

shown in the diagram. The projectiles collide when they both reach their maximum height.

The equations of motion of a projectile fired from the origin with initial velocity V m/s at angle

0 to the horizontal are: x=Vtcosf and y =Vt sin@—%gt2 (Do NOT prove this)

usina

(i)  Show that the projectile fired from A reaches its maximum height at time t =

(i)  Show that usina = wsin

(iii) The distance between A and B, is given by: d :ﬂsin(a +f)
g
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Question 13 (15 marks) Start a new page.

(a) John stands at point A and sees a tower due north. The angle of elevation from A to the top
of the tower is 20°. He then walks in a straight line 70 m to point B and notices the tower is

now positioned at a bearing of 330° from him. The angle of elevation from point B to the top
of the tower is now 25°.

Copy the diagram on to your answer sheet showing points A, B and T and relevant lengths
and bearings.

Calculate the height of the tower, correct to 1 decimal place.

(b)

P is the point of intersection between x =0 and x :% of the graphs of y =secx and

y=2cosx, as shown.

0 X

0 Ly
(i) Verify that the x-coordinate of P is % 72\

(ii) The shaded region makes a revolution about the x-axis. Show that the volume of the
72_2
resulting solid is — cubic units.
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(c) Use mathematical induction to prove that for all positive integers n > 1:

I1x2° +2x2" +3x2% +...4+nx2"" =1+ (n—-1)x2"

(d) Four fair dice are rolled. Any die showing 6 is left alone, while the remaining dice are rolled

again.
(i) Find the probability (correct to 2 decimal places) that after the first roll of the dice,

exactly one of the four dice is showing 6.
(i) Find the probability (correct to 2 decimal places) that after the second roll of the dice

exactly two of the four dice are showing 6.

Question 14 continues over the page
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Question 14 (15 marks) Start a new page.

1

xlnx

@ () Findj

dx using the substitution u =1Inx

Ay

|

The curve above is the graph of the function y =
xInx

(ii) The area shaded is bounded by the curve, the x axis and the lines x=2and x=p

is 1 square unit. Using part (i), or otherwise, show that p = 2°¢.

(b)  P(2ap,ap*)and O(2aq,aq’)are two variable points on a parabola x> =4ay .

N

(2ap , ap?)

Q(2aq , aq?)

0

(i) If the variable chord PQis always parallel to the line y =x , show that p+¢g=2 .

(ii) The normals at Pand Omeet at N . Prove that the locus of N is a straight line.
[You may assume that the gradient of the tangent at P is p.]
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(€} Consider the function f(x) = x +vx* +1

y

(i) Copy the graph of f(x) and sketch the graph of f~'(x), the inverse function of f(x), 1
on the same axes.

(ii) Show that fl(x)zé(x—l) 2

X

(iii) By comparing the graphs of f(x) and f'(x), or otherwise, show that:

j.(x+m)i =%(1+\/5+1n(1+\/§))

END OF EXAMINATION
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Sectionl B,A C,C,AB,CC,B
Write your answers on the multiple choice answer sheet provided.

1.
2+2"x2=8
2"x3=8

-8
3

x =log (Sj
=log,| =
3

x=log,8—-1log,3
x=3-log,3

2. A polynomial equation has roots o, # and y, where

a+f +y=-B apf+ay+ fy=C afy=D
B=0
Cc=1
D=-1
X +x-1=0
E
3.
3x=105
x=35 D g Not to scale
LFAE =2x=170 \V
C
4, y=e*t?
x = eV*2
y =In(x) — 2

f7Hx) = In(x) — 2
f1(e?)=In(e?)—2=0
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6. The particle moves in a positive direction and changes v

x=3 ><Vx+1+2

lim
=3 x+1-2 Jx+1+2

(x—3)(\/ﬁ+2)
x+1-4
(x—3)(M+2)

x-3

(x-3)(ﬁ+2)
x—3

lim(m + 2)

x—3

1}331(«/@2) —4

lim

x—3

direction after 3 seconds.

0 1 2 N4
v=2sin(x —1) +2 v?=4[sin(x — 1) + 1]? -
At x=1V=2
_ vt _dor 2
Usea =——=—2 [sin(x — 1) + 1]
a = 4[sin(x — 1) + 1]cos(x — 1)
At x=1 a=4
So, D
8. The following curve is the graph of the function y = e™""
2-/\/\/
\_/o ’
4 2 0 Z 4 6 g 10 12
2.
—1<sinx <1
. N T .. - -1 3z 1
Maximum pointisat y =e E,e Minimum pointisat y=e =
e
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9. The following curve is the graph of the function:

y
-
0 X,
05 0 5 1 i
.
3z -1
At x=0 y=—7 So y=-3cos 2x So, C

10.

m—1=mn+1...(1) (equate powers)
b

am =
n—+1

(2) (equate coefficients)

Solving simultaneous equations:
b
1) =—
m(n+ 1) .
Since m, n + 1 are both integers (i.e. € Z7),
=m(n+1)e Zt
b
~—=m(n+1)e Z*
a

= D
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Extension 1 TRIAL Term 3 2019 JRAHS
Question 12
(a)
sin 3x =-cos 2x
cos (E _3 x) — cos 2x For e;.(pre.ssing the given
2 equation in a form that
will enable one to obtain
T .
5~ 3x =2an+2x,n € Z the general solution.
T
3x+2x = 57 2nn
T 2nn
=0"§ o «x =—-—2nn
For both correct solutions
®
cos 2x = cos(n 3x)) > x= 2m I or x = z 2m
BV ~75 T 10 "
(i1)
T
. —ein (T oy =
sin 3x = sin (2 Zx) X 3T =Dz
(iii)
Z
. T b . 2
—_ ] = =
| sin (2 Zx) sin 3x X 2 + (D73
@(iv)
sin(2x + x) = cos 2x
= 4sin®x—2sin2x—3sinx+1=0
R sinx =1 or sinx= —1++5 This step is needed for
4 the 1% mark
> x= g or x = 1—’; (or 18%) or i—g (or 54°) [ acute angles]




(b)

4
V= '§7TT3

v _adv._dr
dt ~ dr = dt

d
= —2 = 4nr? ><—z
dt

_dr_ 1
“dt 8m

But A = 4mr?
dA _dA_ dr
dt  dr~ dt

=omx (~50)
= Onr o

=—r

dA
Whenr = 2, e -2

Therefore the balloon is shrinking at 2 cm? /s

Note:

For recognising that the
rate of volume change is
negative AND showing
use of the related rates
concept.

Find the rate of change of
the area.

For answering the
question i.e. rate at which
the balloon shrinks

Maximum 2 marks if
negative rate AND/OR
concluding statement
omitted.




(©

n—k

(- 2) =3 (o (-)

k=0

Tyr = (Z) (x)* (— %)

n Lo
— ( )ka(_l)n—kx 5(n—k)
k
5 1
For non-zero constant Ek —on= 0

Which gives n = 5k
But k € Z, and hence n is a multiple of 5

k
Note: If Tyyq = ()™ F (— \/%) ,thenn = % = 5(%),

which still implies that n is a multiple of 5

For the compact form of
the binomial expansion
or the general term,
including the
consideration for the
negative in the 2™ term
of the binomial.

For correctly equating
the power of the term in
X to zero.

(d)
1) Sample space with no restrictions: (153) = 1287

P(IM,1W) = 1 — (P(all M) + P(all W))
&+
(5)

=1-

140

T 143

OR (4M, 1W), (3M, 2W), (2M, 3W), (1M, 4W)

p = @x@+ExG)+ExE)+Ex()
B ()

1260
1287

140
T 143

Sample space - no
restrictions

Correct probability




(i)

With no restrictions, 5 people in a circle can W
Be arranged in 4! Ways.

Men can be together in 2! Ways W

Women can be arranged in 3! Ways W

= P(men NOT together) = 1 — P(men together)

For sample space

21 x 3!
Y
2
1
2 Correct probability
M
OR
W W
Fix Man:
So 2 spots for Him.
Woman in 3! Ways
W
So P(not together) = % = %
(e)
) y=utsina—%gt2
y=usina — gt
Bu at maximum height y =10 For using y and 7 to get
. time of flight
Hence u sina — gt = 0, from which ¢t = 2222
(1) By similar arguments to (i), the time for the second particle to NOTE: reaching the

reach maximum height is t = wsing

As both particles are fired simultaneously, their flight times to

collide are equal.
usina _ wsinf
g

Hence

From whichusina = wsin 8

same maximum height
does not necessarily
mean that their flight
times are equal.

Equating their vertical
heights is another way to
get the resultie. y, = yp




(i)

As distances are involved, there is no need to consider
direction
Nowd = x A + Xpg

= uty cos a + wtgcos f§

=u (Ws;nﬁ) cosa +w (us;#) cosf

usinae _ wsinfg
g a

since t; = tp,

uw
ad= i (sinf cosa + sina cos )

uw

= ?sin(a + )

This step must be shown
to get the 1 mark

The reason for the
transformation of the
distance equation to
include sines and cosines

NOTE: This is a SHOW
question and as the
algebra is trivial, all
working/reasons MUST
be included
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MATHEMATICS Extension 1 : Question..l3...

Suggested Solutions

Marks

Marker’s Comments

O\) ' V\ /Nl
D

ﬁ(\ Z

LN, BT = 2607 - 2307 (angles obout q

=

= 30

pomﬂ
LATR = 3 ( allernake angles

parallel lin esw

In_ AATH ln ARTH
h N
+tan A0 = BT +on&5 = BT
N _n
AT = 4andO = a5
—-PO (-{-an%) ('\'an?.g) - (—\-qn203<‘+an'25\ oS0
" \ql = —:’“O
1 JR _ 2 cos 30

+an?20 4an’2s Fan20tn2s;

= 2522 . FHRLET .

o e 50O, 22697FL.

= 50.2 wm ClO"F>>

b)) ) secx = Jcosxn

| = Qcosx

C,OS’)(,:—

o]

A
COSI = Nz

[l
=y

¥ = o O & £

_F
ﬂﬁﬁ

OR when  x =

SQQ(H—>:3§

andd QcoSQ"—E—) = QX:J%

= J2

a s
IEC. & T D coS L

. . iz
¥ —cooradinate. of P s o

rememiboy To usk

deqeks .- AR




&

true &:()r n= Q‘\‘\

) o v =)
e \2 2% ny2 s . R¥2" 4 (p—nﬁx',lh
R4

Tl x2 -
LHS = \x 2%+ ax2' 4., = ke x 2% 4 (V) x2
= e (- x2P+ (o)) x2°

-

(by  assumphion )
h s )
L+ 27 (w~-tx “\R—\-\\

+ OR (oK)

\
__\_‘_ D_\Q'\'\X\Q

Z _RHS

-,
-

Tyue ‘FO’f n=\e x \

_the stedement is tvue o the

process, b wnotemnadic ol inducdchion

MATHEMATICS Extension 1 : Question..\3...
Suggested Solutions Marks Marker’s Comments
W) V= T gi}* (Beos®2 — sec™) dx \
= T Y,:I‘Lf (\Qc,os;'b( + Q- Seczxwdx \
as_cos® = 3 (cos2x +\) e
= 1t [sin2% + 2 — +anx Jj \
= T [_'S'\r\% '\'% “hn%* O]
= (1+ 3 =) |
= i u3
C\ \x 2+ 2742'«—%74211- e hX’_Z‘\’\’-: \«-G\-\)KSZ
’ Prove tue Lor n=z |
LU = \ x 2°
= |
RUS = \+ (=1 x2'
= 110
= |
LHS = RUS
o dove foe =l \ Jeor'.ez—r
‘ASSU:Y‘Q +v‘ue for n:\i,ﬁ‘\czé”lf - : ;awﬂemg
e, 2" +ox2'+. .. Rk x2 " = 1+ (-1)x2
Pvove

of n=w, n=Rr)

_\O\jo(ssu\m?‘\'\' °on
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MATHEMATICS Extension 1 : Question..!3...
Suggested Solutions ° Marks Marker’s Comments

A D_P (one_ )= Crx €x(@)>3
125

32

= ©:.3¥S30.

= 0.39 Cilc)\o\ ‘

Hw P (-'\‘l,oo b after '\‘(,QO Y‘O\\S\

P (1st voll no 6's) »_ P (2nd m\\ 0 gs) | = one cosk
+POstvoll one €) x P (2nd vo\\_one €)
+ T (st ol mer P (Qne) o\l _no ‘o\ 23> all cases
Y (' (B s “Rinel
t C( "((») o (_e; x_=C,x ( ( > $O\M*\;‘:rec*

T Gy (B

q

I

—

0 = \ S castsS

125
= O0B5%166229. + Sz22%
25

+ SEaG

= O0.2101S1LORMY-. .
- O. 2% (2&0\




Question 14 (15 marks)

(@ | . du 1
Let = —_— =
() Let u=Inx dx  x xdu = dx - Ignore absolute value on the log
- Must use substitution for the mark
J- 1 dr e jixdu =J--1—du eyt C - Students must make sure they do
xInx xu u not have multiple variables, ie. u
| and x in the integral.
I de=In (ln x) +C - Some students still forgetting the
x].nx +C
Tl
@ 1=[——dx .
A xox - 1st mark for applyl'ng log laws

1=[In(ln x)],

,,,,,,,,,,,,, e 2™ mark

l1=In (IEEJ 4"/’ OR_..— //’

n 2 //" //,

s ] P 7
1=1n(log, P) Thange of base) I e "
___ﬂ_,_l,rl?_.-’r’*””ﬁ 3™ mark
e=log, P S InP=eln2 /
P =2° as required geln _ p /
(e Y =p
26=p
¥
(b) : . . :
(i) Gradient oftheline y=x is1
2 2 N
gradientPQ = o —499
2ap—2agq
2 2 P(2ap , ap?)
gradientPQ = Ap”—q7) 7
2a(p—9q) Q(2a9,09%)
gradientPQ = p-q)p+q) 0 i
2a(p-q)
1=P*4
2
p+g=2 as required

(i) Equation of normals: y—ap”

ap2 —l(x-—Zap) = aq2 —'l(x—Zaq)
b q

'q=q(x=2ap) =ag’p—plx-2ag)

13|Pager

—l(x—2ap); y—aq’
P

—l(x—Zaq) [1%* mark]
q

1 1
Solve simultaneously. y =ap®* ——(x—2ap); y =aq’ ——(x—2aq)
p q

/% pg




ap’q—agq’ p = g(x—2ap) - p(x—2aq)
apq(p’ ~q*)=x(g-p)
apg(p—q)(p+9)=-x(p—q)
—-apg(p+q)=x use: p+g=2

~2apq =x [2" mark for using p+g =21

substitute in y = gp? —l(x—Zap) to find y value
p

1
y=ap® —;(—Zapq —2ap)

y=ap’ +2aq+2a use: p = 2—-.q
y=ap(2—q)+2a(2- p)+2a
y=2ap—apg+4a—-2ap+2a

x
y=-—apq+6a use: —apq = )

[3" mark for eliminating p and g and obtaining straight line in form y=mx+b)]

y= g-+ 6a  asrequired

(c)
fx)=x+x*+1

g i et ; i
4+ When asked to sketch the inverse of a function
' students must ensure that the two graphs are
~= Symmetrical.

B Therefore:

A T o x and y axes must have the same scale
UG IS A S b ERS e = o y =x should also be drawn to show the
(et LA H s line of symmetry
- o intercepts must be clearly labelled
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(i) y=x4++x>+1

(ii)

o a1}

(RN | R

[1%* mark for explaining how to use graph to evaluate integral]

By inspection of the two graphs:

+Z
‘ J:(x+«]x2 +1)dx = Area of rectangle ABCO -%l IZ (x—l}k

1 X

1752 1442
A=1++2-=|=——Inx

' 2
A=1+2 -%[% —In(1+ NG )— (%ﬂ [2" mark for substitution into correct expression]
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A=1+ﬁ_[(1+f)2 _1n(1+\/§)_l]

2 4

A=1+ﬁ-[3+2f‘1_ln(1;ﬁ)]

4=t 2422 In+42)
4 4 2

44422222 I(l++2)
2

4
24242 In(l++/2)
A= +
4 2
1+42 1
A= +£/— + nd ;J—z—) = %[1 +42 + In(1+ \/_2-)] as required  [3'¢ mark for final expression]
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