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North Sydney Boys High School Year 12 Mathematics Extension 1

Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1. Consider the graph on the right. Which function does the graph represent?

y
1 } AR i
A y= (x—1)(x—2) i i
B =22 é i
)y (x—l)x(x—Z) =135 E E -
o ey
SRR ; |

[4+44cos?2
2. Which of the following is equivalent to the expression %?
—Ccos2x

A) 2cot’x
B) 2cotx
C) 2tanx
D) 2tan’x

3. The diagram shows the graph of a function. Which function does the graph represent?

y
A) y:%—sin*1(2x—l) m
. NOT TO
B) y:5+sin*1(2x—|—1) L SCALE
2

C) y=cos '(2x+1)

D) y=cos ' (2x—1) 1

Yy I
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4. In a class of 15 students, there are 9 boys and 6 girls. The class elects four representatives for
the student council. How many different groups of representatives are possible?

A) 1365
B) 3240
C) 5005
D) 32760

1 1 1
5. Let a, B and ¥ be the roots of 3x> 4 8x— 1 = 0. What is the value of o +—=+=?

B v

1\ 12
6. What is the coefficient of x% in the expansion of <2x3 — —) ?
X

A) —12Cg x 24
B) 2Cg x 2*
0) Py x2’
D) —2C; x2°

1
7. What is the exact value of / v/ 4 — x2dx? Use the substitution x = 2sin 6.
-1

T 3
A) — 4+ ¥~
S

T V3
B) 2+ Y~
)3t

21

@) ?—l-\/g
4

D) ?”Jrzﬁ

8. The projection of vector u = 2i — j onto vector i+ j is

1 1

A) —i+—j

)21+2J
1

B) i L

) i L
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and the initial velocity is 20 metres/second. What is the

3
: . 4 : . .
maximum height above the ground reached the particle? Equation of motions are j = —10 and

y=—10t+Vsin6.

9. A particle is projected from a window 9 metres above the horizontal ground, at an angle of 6
above the horizontal, where tan 6

A) 6.5 metres
B) 7.2 metres
C) 15.5 metres
D) 16.2 metres

A
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Section 11

60 marks
Attempt Questions 11-14
Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11. (15 marks) Use the Question 11 Writing Booklet
) ) ) ) 3
(a) What is the solution to the inequality ——— > 17 3
x(2x—1)

(b) The diagram below shows the graph of f(x). It cuts the y—axis at A(0, —4), has a local minimum
at B(—2,0) and a local maximum at C(—0.5,—3). The equation of the horizontal asymptote is

y = 1, and the vertical asymptotes are x = —1 and x = 1.
) y A !
i y=1f(x)
y=1 ! i
B0 i O =
C(-0.5,43 |
( ; ) A(0,-4)
x=-11 : x=1
Sketch, on a separate diagram, the graph of
Y= f), 3

stating clearly the equations of all asymptotes, coordinates of any points of intersection with
both axes and the coordinates of the points corresponding to A, B and C (if any and when pos-
sible).

(c) Consider the vectors given by a = mi—f—j andb =1+ mj, where m € R. Find the value(s) 2
of m if the acute angle between a and b is 60°

Assessment Task 3 Page 4 Term 2 2025
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Question 11 continues on next page

(d) The letters from the word VOLUME are placed at random on the circumference of a circle.
Each letter is used only once.

(i) Find the number of different arrangements that can be formed. 1
If one of the arrangements is chosen at random, find the probability that

(i1) all the vowels will be together, 2

(iii) the vowels and consonants will alternate. 1

(e) Express y as a function of x, by solving the differential equation

V2 —x2 4 _
dx

1
E, given y(l) =0. 3

Assessment Task 3 Page 5 Term 2 2025
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Question 12. (15 marks) Use the Question 12 Writing Booklet

(a) Evaluate

5,
/ sin“ 3x dx 2
0
1—cos6 0
(b) (1) Use t-formulae to show & =tan— 1
sin 6 2
(ii) Hence, find the exact value of tan 15° 1
(c) Show that
(1)
5—4¢" — ™ =3 (¢ +2)% 1

(i1) hence, find

ex
/ ——dx 1
V5 —4e* —e2x
. . . 1 4
(d) What is the solution to the equation 5 <COS (x -+ tan §>) =0.5 for0<x<2m,
2

T
and 0 < o < =, where o = tan ™! 5? Leave your answer correct to 2 d.p.

(e) Two tugboats are applying simultaneous forces to a container ship as it attempts to come
in to port. One tugboat is applying a force of 3500 N in a westerly direction and the 2
second tugboat is applying a 2400 N force directly north. What is the magnitude and
direction of the resultant force being applied to the container ship?

(f) An ingot of aluminium is placed in a room with a surrounding air temperature of 25°C and

allowed to cool. It loses heat according to Newton’s law of cooling, e —k(T —A) where

T is the temperature of the metal in degrees Celsius at time ¢ minutes, A is the surrounding air
temperature and k is a positive constant. The initial temperature of the aluminium is 1350°C.
After 10 minutes the temperature of the aluminium is 720°C.

dT
(1) Show that T = A +Be X , where B is a constant, is a solution of I = —k(T —A). 1

(i1) Find the value of k. 2

(iii) What total time elapses for the aluminium to cool to 50°C? 2
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Question 13. (15 marks) Use the Question 13 Writing Booklet

(a) (1) Graph, on the same axes: y =secx and y = tanx for 0 < x < % 2

(i1) The area bounded by the positive y-axis, the curves y = secx and y = tanx, and the 2
T
linesx =0,x =N, where 0 < N < > 1s rotated about the x-axis. Find the volume of

revolution in terms of N.

T
(iii) Find the volume as N approaches 5 1

(b) In acertain country, the population of deer was estimated in 1990 to be 150 000. The population
growth is given by the logistic equation
dP —
o 1P<C P )
dt

where ¢ is the number of years after1990 and C is the carrying capacity. In the year 2020, the
population of deer was estimated to be 900 000. Prove that

P
P(C—-P) P C-P 1

(i1) to show that the carrying capacity is approximately 1 220 000. 4

(c) A particle is projected horizontally from a point P, & metres above O, with a velocity of V
metres per second. The equations of motion of the particle are ¥ = 0 and j = —g with the

1
position of the particle at time 7 given by x =Vt and y =h — > gt (do not prove these).

yA
P \%

»
Ld

0 X

A canistor containing a life raft is dropped from a plane to a stranded sailor. The plane is
travelling at a constant velocity of 216 km/h, at a height of 120 metres above sea level, along a
path that passes above the sailor.

(1) How long will the canister take to hit the water? (Take g = 10 m/sz.) )

(i) A current is causing the sailor to drift at a speed of 3.6 km/h in the same direction
as the plane is travelling. The canister is dropped from the plane when the horizontal
distance from the plane to the sailor is D metres. What values can D take if the
canister lands at most 50 metres from the stranded sailor?

3
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Question 14. (15 marks) Use the Question 14 Writing Booklet

(a) (1) By considering the sum of the terms of an arithmetic series, show that

1
(1—|—2+3—|—...—|—n)2:an(n—i—l)z. 1

(1i1) By using the Principle of Mathematical Induction prove that

P42 433+ 4+ =(1+2+3+...4+n)% foralln>1. 4

(b) N monic quadratic trinomials are given,

y=x>+ajx+b,

y=x>+ax+b,
y:x2+a3x—|—b3,

2
Yy =X"+anx + by,
with their zeros xg and x1, xg and x2, xo and x3, ... , xo and x,,, respectively, where
X0y X1, X2, ory Xp € R

For the quadratic trinomial

:x2+ ar+a+az—+... +anx+ bi+by+bs+...+b,
Y n n
(i) prove that xq is one of the zeros, 2
(ii) hence, find the other zero. 2

Question 14 continues on next page
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_+
(c) Let points 0, A, B and C be points on the same plane and let a = OA, b = 5§ and ¢ = O% .
Assume that a and b are not parallel. If points A, B and C are collinear and

¢=oa+ fbwherea, f € R.
(i) show that @ +f3 = 1.
In the figure, the point G is the centroid of a triangle (i.e. the point where the lines joining each
vertex to the midpoint of the opposite side meet).

A line passing through G meets ZX and ZY at points H and K respectively, with ZH = hZX
and ZK = kZY .

Z

(i1) Prove that

z?:%z_Mi, 3

by firstly proving that centroid G divides each of segments ZM{, XM, and Y M3 in the ratio

2 : 1, that is:
76:GM =21,
XC:GMy=2:1,
ﬁ:GM;;:Z:l,

where M, M;, M3 are the midpoint of the opposite sides to vertices Z, X, Y, respectively.

(ii1) Using the results of (i) and (ii), find the value of
1 1

n Tk 1

End of Examination
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i1d)

(i) Number of Different Arrangements

For a circular arrangement of n distinct items, the number of distinct arrangements (accounting for
rotational symmetry) is (n — 1)!. Here, the word "VOLUME" has 6 distinct letters: V, O, L, U, M, E.

¢ Number of letters: n = 6.

+ Number of distinct circular arrangements: (6 — 1)! = 5! = 120.

Thus, the number of different arrangements is 120.

(ii) Probability that All Vowels Are Together

To find the probability that all vowels are together, we first count the number of favorable
arrangements where all vowels (O, E, U) are adjacent, then divide by the total number of

arrangements.
* Identify vowels and consonants:
* Vowels: O, E, U (3 vowels).
* Consonants: V, L, M (3 consonants).
* Treat vowels as a single "block":
* Group the 3 vowels (O, E, U) into one super-unit (a "vowel block").
¢ This reduces the problem to arranging 4 units in a circle: the vowel block, V, L, and M.

« Number of circular arrangements of 4 distinct units: (4 — 1)! = 3! = 6.
¢ Arrange the vowels within the block:
» The 3 vowels (O, E, U) can be arranged among themselves in 3! = 6 ways.

* Total favorable arrangements:

» Total number of arrangements where vowels are together: 6 x 6 = 36.

Probability:
¢ Total arrangements: 120 (from part (i)).
¢ Probability = Favorable arrangements / Total arrangements = % = %.

Thus, the probability that all vowels are together is %.



l 1 d (iii) Probability that Vowels and Consonants Alternate

For vowels and consonants to alternate in a circular arrangement, the letters must be placed such
that each vowel is followed by a consonant and vice versa. Since there are 3 vowels (O, E, U) and 3

consonants (V, L, M), we can have two possible patterns in a circle of 6 positions:
« Pattern 1: Vowel, Consonant, Vowel, Consonant, Vowel, Consonant (V-C-V-C-V-C).

» Pattern 2: Consonant, Vowel, Consonant, Vowel, Consonant, Vowel (C-V-C-V-C-V).

These two patterns are distinct in a circular arrangement because rotating one does not produce

the other (e.g., V-C-V-C-V-C cannot be rotated to C-V-C-V-C-V).
» Calculate arrangements for Pattern 1 (V-C-V-C-V-C):
* Arrange the 3 vowels in the 3 vowel positions (1Ist, 3rd, 5th).
o Number of ways to arrange O, E, U: 3! = 6.
» Arrange the 3 consonants in the 3 consonant positions (2nd, 4th, 6th).
o Number of ways to arrange V, L, M: 3! = 6.
» Total arrangements for Pattern 1: 6 X 6 = 36.
« Calculate arrangements for Pattern 2 (C-V-C-V-C-V):
¢ Arrange the 3 consonants in the 3 consonant positions (1st, 3rd, 5th): 3! = 6.
« Arrange the 3 vowels in the 3 vowel positions (2nd, 4th, 6th): 3! = 6.
» Total arrangements for Pattern 2: 6 x 6 = 36.
» Total favorable arrangements:
« Since the two patterns are mutually exclusive, add the arrangements:
o Total=36 + 36 = 72.
* Probability:
« Total arrangements: 120 (from part (i)).

» Probability = Favorable arrangements / Total arrangements = % = %

Thus, the probability that vowels and consonants alternate is %

Final Answer

(i) Number of different arrangements: 120.
(ii) Probability that all vowels are together: %. //

(iii) Probability that vowels and consonants alternate: %

/
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>
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5(cos(x+tan™" g)) =0.5

cos(x+tan™ g) =0.1

x+tan™ % =1.470628906, (27 —1.470628906) / /

x=0.543336876, 3.885261184
=0.54, 3.89



12 C} @

2400N

3500N /

Resultant force =+/3500% +2400% =100v1801 =4244 N

0=tan"! 20 =tan~! il =55°34' /
2400 24

Resultant force is 4244 N in the direction N55°34'W

IlJ

4) T = A+ Be ¥ satisfies the equation CZ—T =—k(T - A) ( )
t
l.l' A =25 (surrounding air temperature). Also t =0and T =1350
T =20+Be™
1350 =25+ Be ™
B=1325

Also t=10and T =720 /

720 = 25+1325¢
ok _ 695
1325

—10k =log, 139

265 |/
1 139

ke =——log, ~— = 0.064525589...
- 10 —° 265

a( 50 = 25 413250 0-064525589.¢

e—04064525589..4xt = 25 /
1325
25
—0.064525589...xt =log, ——
1325

£ = log, 2> +—0.064525589...= 61.53 minutes
1325
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(1) V 16 km/h 3600 m/s = 60 m/s

h=120 m, g =10 m/s°.

Canister hits the water when y = 0.
0=120-5¢°
t2=24

t=v2a=2J6s (t#-2J6).

.. It hits the water after 24/6 seconds.
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Sailor drifts at speed of 3-6 km'h
_ 3:6x1000 -
3600
= 1 m/s. d:AYxt:Q\]Z
- Sailor drifts a distance of 2v'6 metres
(=4-9 m) in the time it takes for the
canister to hit the water.
Now, when t=2v6, x=Vt= 60x 26
- x=120V6m. (=29394m)
Without drifting,
120G -50 < D < 120J6 450 /
. With dnifting,
118V6-50 < D < 1186 - 50.

That is, D can take approx. valyes
between 239 m and 339 m. / \/
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Step 1: Base Case
Check the statement for the smallest value, n = 1: |/
o Leftside: 13 =1

* Rightside: (1+2+---+1)2 = 12 = 1 Since 1 = 1, the base case holds.

Step 2: Inductive Hypothesis
Assume the statement is true for some positive integer £ > 1. That is, assume:

B+28 43+ B =(1+2+3+---+k)?

k+1)

We know thesum1 + 2+ .-+ k = K 5 » S0 the right side can be written as:

(k(k; 1)>2




b Step 3: Inductive Step
M 0&3 ‘.&.\ Prove the statement forn = k + 1:
e Left side: 13+23+"‘+k3+(k+1)3

¢ Using the inductive hypothesis, this is:

(1+2+4---+k)?+ (k+1)°

. Substitutethesuml+2+~"+k=@:
k(k+1)\2
(%557) +eewy

e Right side forn = k + 1:

(1+2+--+(k+1))?

Thesum1+2+---+(kz+1):w,so: |/

((k+1)2(k+2))2

Step 4: Show Equality

We need to show:

<k(kT+1))2+(k+1)3 = (wy

¢ Compute the left side:

k(k+1)\> _ k2(k+1)?
2 - 4
(B+1) = (k+1)-(k+1)2
So the left side is:

k(k +1)2
—ijf—L+wk+1f

Factor out (k + 1)2: \/

@+1f<§wwk+n>
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Simplify the expression inside:

k? k> 4(k+1) Kk +4k+4 (k+2)?
4 () 1T 4 4 4

Thus:

o (k+2)°  (k+1)%(k+2)°

(k+1) 4 1

¢ Theright side is:

k+D)(k+2)\?  (k+1)%(Fk+2)?
< 2 )‘ 4 l/

(k+1)%(k+2)*  (k+1)*(k+2)?
4 N 4 /

The base case holds, and the inductive step shows that if the statement is true for n = k, itis true

Both sides are equal:

Step 5: Conclusion

for n = k + 1. By the Principle of Mathematical Induction, the statement 1° 4+ 23 + - .. 4+ n3 =
(1+2+---+n)istrueforalln > 1.
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