North Sydney Girls High School

2025

HSC TRIAL EXAMINATION

Mathematics Extension 1

General

Instructions

e Reading Time — 10 minutes

e Write using black pen

e Working Time — 2 hours

e Calculators approved by NESA may be used

e Areference sheet is provided

e For questions in Section Il, show relevant
mathematical reasoning and/or calculations

Total marks: Section | - 10 marks (pages 2 - 7)
70 e Attempt Questions 1 - 10
e Allow about 15 minutes for this section
Section Il — 60 marks (pages 9 — 15)
e Attempt Questions 11 — 14
e Allow about 1 hour and 45 minutes for this section
NAME: TEACHER:
STUDENT NUMBER:
Question | 1-10 11 12 13 14 Total
Mark
/10 /15 /15 /16 /14 /70




Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10.

1 What is the remainder when P(x)=x"—2x*+x+5 is divided by (x-2)?

A. -13
B. 5
C. 7
D. 8
2 A particle has four ropes attached to it. The ropes are being used to pull the particle in

four directions, as shown in the diagram.
i+4j

NOT TO
SCALE

8i

If the particle is in equilibrium while the ropes are being pulled, what are the values of
a and b?

A. a=-9,b=-8
B. a=-9,b=-1
C. a=-1,b=-9

D. a=-1,b=9



What is the range of y =7z +tan™' (x)?

A. All real y

B. [ZZ
22

How many arrangements in a row of the letters of the word SECRETS begin and end

with E?

|
N 7!
2% 2!
|
B. I
2!
|
c 51
2% 2!
|
p.
2!



5 The graph of y = f(x) is shown below.

y=f(x)

Which of the following best represents the graph of »* = f/(x)?

A. B.




The surface area of a sphere is increasing at a rate of 0.05mm?/s .

At what rate is the radius changing when it is 4 mm?

A ;mm/s

1607
1

B —— mm/s
6407

C. !
12807

D. 3 S
51207

5 2
What is the magnitude of the projection of u = [ J onto v = (9} ?

1
A —
85
19
B. —
/85
c. L
85
1
D. —
J26



Which expression is equivalent to j; dx ?

N7 —4x

2x

A —sin”'| == |+ C
&

B Lgin-t (% +C




10

Two particles move simultaneously along the curves y = f (x) starting from A4 and

y=f" (x) starting from B respectively on the Cartesian plane as shown below.

When the particle on y = f (x) reaches P, it is one unit vertically above the origin.

At that moment, the particle on y = [ (x) reaches point Q and is one unit to the right

of the origin. The velocity vector of the particle at Q is also shown.

vy y=/(x)

P P At C)

If the velocity vector of the particle at Q is [\/lgj , which of the following could

represent the velocity vector at P?

N 2
3

. 1
3

End of Section I



Section 11

60 marks

Attempt Questions 11-14

Allow about 1 hour and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet

X >3,

a Solve
(a) 5.

(b)  Find the derivative of y = xarctan(2x).

(©) The parametric equations of a curve are given below.

Find the Cartesian equation of this curve, stating any restrictions on the domain
and range.

(d) Two prefects sit around a circular table with six other students.

(1) Find the number of possible seating arrangements.

(i1) Find the number of seating arrangements if the prefects are not seated
together.

In6
X
e

(e) Use the substitution u =¢e* +3 to find —dx.

0 (ex + 3)E

€3] Using the substitution ¢ =tan @, solve sec260—-2tan20 =1 for 0<O<r.

End of Question 11



Question 12 (15 marks) Use a SEPARATE writing booklet

. : 5 —4 3
(a) (1) Evaluate (g +§)-g , given that a =[ J, b =[ ) ) and ¢ = [J .

(i1)  Hence, find the size of the acute angle between g+b and c.

Give your answer to the nearest degree.
(b)  Determine the coefficient of x* in the expansion of (3—2x)(2+ x)4 .

(©) Use mathematical induction to prove that, for integers n>1,

1n($)+ln[2—i2j+ln(%%jf..ﬂn(nzzj=h{(nT2(n+2)J

Question 12 continues on page 11

10



Question 12 (continued)

(d)

(e)

An 11-metre ladder rests with one end against a wall and the other end on horizontal
ground, which is level with the base of the wall, and x metres from the bottom of the
wall. The end that is in contact with the ground is sliding away from the wall at a

constant rate of 0.1m/s .

wall

Find the rate at which the angle, @, in radians, between the ground and the ladder is

decreasing when the ladder is 6 metres away from the wall.

An ice-cream parlour offers five flavours of ice-cream. Patrons can choose to have
one, two or three scoops of ice-cream, and can choose any of the flavours for each
SCO0DP.

On a busy day, 500 patrons bought at least one scoop each from this ice-cream parlour.

Explain, using the pigeonhole principle, why at least 10 patrons bought the exact same
combination of flavours.

End of Question 12

11



Question 13 (16 marks) Use a SEPARATE writing booklet

(a) (1) Show that 2sinSxcosx =sin6x+sin4x .

(i)  Hence, find fwdx.
cos4x+cosbx

(b) (i)  Write V3cosx+sinx in the form Rcos(x—a), where R>0 and 0<a < % .

(i) A region bounded by the curve y = V3 cosx+sinx+2 and the coordinate

. ) T
axes is shown below. The curve touches the x-axis at x = ? .

NOT TO
SCALE

y=14/3cosx+sinx+2

Hence, or otherwise, find the volume of the solid formed when the shaded

region is rotated about the x-axis.

Question 13 continues on page 13

12



Question 13 (continued)

(©)

(d)

(1) Show that sec(2 sin”' (x)) can be expressed as el
-2x

(i)  Hence, sketch the function f (x)= sec(zsin‘1 (x)) :

In the diagram below, the points 4 and B have respective position vectors a and b,
relative to a fixed point O.

The vector AB is extended to a point C such that ‘E‘ ‘E" =1:4.

The vector OB is extended to point D such that ‘@| : |@‘ =1:k, where k is a positive

constant.

NOT TO
SCALE

If the vectors AB and CD are perpendicular, show that

P 3|a|2 —7a-b+4|b|2
b|’ —a-b

End of Question 13

13



Question 14 (14 marks) Use a SEPARATE writing booklet

(a) A projectile is launched from the origin at ground level with an initial velocity V' m/s

at an angle @ above the horizontal.

m/s

)

The displacement vector of the particle # seconds after launch is given by

Vtcos@

r(t)= ) Do NOT prove this.
(1) —%gt2+Vtsinl9 ( P )

(1) Show that the maximum height attained by the projectile is given by
V?sin® @
2g

(i)  Hence, determine the set of values of @ for which the maximum height

reached by the projectile is less than its range.

Give your answers to the nearest degree.

Question 14 continues on page 15

14



Question 14 (continued)

(b)

(©)

1+ kx

The function f(x)=——is continuous in the domain —1<x<1.
X

Find the values of k such that the inverse function 7~ (x) exists.

The equation px’ +¢gx+7 =0 has a double root.

(1) Show that 27 pr’ +4q° =0.

(i1))  Hence, find the exact value of the y coordinates of the stationary points

on the curve y =2x’ —3x—1 without the use of calculus.

End of paper

15
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Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10.

1 What is the remainder when P(x)=x"—2x+x+5 is divided by (x—2)?

A. -13
B. 5
(S
D. 8
2 A particle has four ropes attached to it. The ropes are being used to pull the particle in

four directions, as shown in the diagram.
i+4j

NOT TO
SCALE

8i

If the particle is in equilibrium while the ropes are being pulled, what are the values of
a and b?

A, a=-9b=-8

B. a=-9,b=-1

@ a=-1,b=-9

D. a=-1,b=9



What is the range of y = +tan™' (x) ?

A. All real y

%)
272

How many arrangements in a row of the letters of the word SECRETS begin and end

with E?

|
A 7!
21x 2!
!
B, L
2!
|
C. 5!
21x 2!

21



5 The graph of y = f (x) is shown below.

y=/x)

Which of the following best represents the graph of y* = f(x)?

A. B.




The surface area of a sphere is increasing at a rate of 0.05 mm®/s .

At what rate is the radius changing when it is 4 mm?

A.

me/s
1607

1

6407

12807

51207«

5 2
What is the magnitude of the projection of u = ( J onto y = [9) ?

ool —
(9]

19

f- 5 g
(@) (V)]



8 Which expression is equivalent to J; dx?

N7 —4x7

7
B —sin™' (ﬁ +C
7
C L sin™ (ﬁj +C
J7 7
D —sin”' (ﬂ] +C
7
9 When expanded, which expression contains a non-zero constant term?

%)

-

-

-

>‘<l\)
|
-
3



10

Two particles move simultaneously along the curves y = f (x) starting from A4 and

y=f" (x) starting from B respectively on the Cartesian plane as shown below.

When the particle on y = f (x) reaches P, it is one unit vertically above the origin.

At that moment, the particle on y = ' (x) reaches point Q and is one unit to the right

of the origin. The velocity vector of the particle at Q is also shown.

y y=f(x)

P v y=r1x)

If the velocity vector of the particle at O is (\/f] , which of the following could

represent the velocity vector at P?

R 2
3

. I
/B

End of Section I



@ u,uflon l ‘

(a) Solve w2

2—x

>3, X 2

Gy Cr-2x) 2z 3C2-x)°
3(2-x)* - 4x(21~x) <0
(2-2) [ 3(2-x)-4%x] ¢o

(2-2) (6-7x) ¢0
C""z) (7x-6) €0
l
o b cxe2 o5 xF2
5

\l|¢~<
N

(b)  Find the derivative of y = xarctan(2x).

o ( xtan™ C22))

dx.

= dan™ (Wx) + x< ‘ ,z)

| +4*

= dan” () + _2x

{« 4*

(c) The parametric equations of a curve are given below.

Find the Cartesian equation of this curve, stating any restrictions on the domain

and range.
;x—_e'q'{: x70
ne
U'/ e - y2-|
%€
- e =

- | x>0, 3>—)



QV'Q.SHon { (

(d)
i)

n=%
D Tokal = (g-D!

= 7_|

Two prefects sit around a circular table with six other students.

Find the number of possible seating arrangements.

= SO&0
i1) Find the number of seating arrangements if the prefects are not seated
together.
W) Prechs Yogebier vas = (7-D1 x 2!
=6 wel

Pefecks wof -b7ef'(o’ = 70 -6'x2

= 3600
(e) Use the substitution u =¢* +3 to ﬁndJ N —dx .
0 (e"’+3)5
Py « x
e 4 ek w>e™ea
o CexTSJt & N ex
Ax
ol
u%_ J-“-'—’ Cx 0{-2:
73
=3
- 51 wr ol
Y
471
. a4
o
-9 L __L]
SIER

0

L
3

x]|o [t

wl4lq



Question Il

() Using the substitution # =tan @, solve sec20—2tan20 =1 for 0<O< .

sec 21D - 2Han20 = | 0cOeT
let €= tunb
(oS 20 = l.-;t-;L +an .—__;6—
o 4 \-€*
N b1 . = 2 -\
€Y v

ke -ge=|-¢t
2t™ -4¢ =0

2t(€-2) =0
. t=20 or £=2
.. 411!4 9’70 (’0"952

6=0,T o=t L2)
= Llo7 C3ey)

SoB= O, T, LI07(3dp)



Queestion 12

. . 5 —4
(@ (i)  Evaluate (a+b)-c, given that g = ( J , b= ( )

(E)+(F)
y

dth

n

n
N

(i)  Hence, find the size of the acute angle between g¢+5 and ¢
Give your answer to the nearest degree.

[of & be a.l?Jc bebueesn iechors.
CQ{_*.’Z)‘.Q = l_?,',b,“!;[cosQ

2 lo = \G)H@))me
Jom® 1 370t o
JZ x J58 cosB

. o)
- Cos 9 = 2
J\( b

_. 9—: . %0...

L0 = 220 (rearnd dogeee)



Question (T

(b)  Determine the coefficient of x* in the expansion of (3—2x)(2+ x)4 .

3
(3-2x)(2<x)¥ = 3C2¢2)% -2 (240t
Tem of 2+ = 3x(tomofx™) —2x £ (fem ofx )
= x(‘{)ZQx‘—Z-zw(f;)Zic
= 3¥brFaut - Lyxlhrdxt
= Qat
oo Coefficied of 2“ is 8
(c) Use mathematical induction to prove that, for integers n>1, 3

1n($j+1n(2i2j+1n(3i2j+...+1n(nzzj=1n£mJ

Asswue fm_.{-'y n=k ,kEE , k7l
Tesk n =1

LHS = \r\(""‘ = (%) e WGR)« G« () = b (u){ )

Poe tve for n=lhl

RS = o ()
Q.\-() (V) IQ , LH’L) In .a—?)f -(—L‘E':;r [h (k‘*'> = [n (Qu—vw)
= ln [ =X >
Lx3
. é—) 5= gavge)* M (5) o i
= H$ - \n(i‘—c—’ﬂg- )
(et)Ch+)) (he3)
Trne for n=| = |n C&—&)—(I‘”) = In (w,..?a)@@on))
= [LHS

2. e fr nzhtl when Mg for noh
:‘ Th pefa,H' ‘IS FA& l?y Ma(’lrmﬁc»/ lhﬂ(uf/fzdﬂ.



Question 12

(d) A 11 metre ladder rests with one end against a wall and the other end on horizontal
ground, which is level with the base of the wall, and x metres from the bottom of the
wall. The end that is in contact with the ground is sliding away from the wall at a

constant rate of 0.1m/s .

wall

Find the rate at which the angle, @, in radians, between the ground and the ladder is

decreasing when the ladder is 6 metres away from the wall.

Let x be 0(.‘451[5:1(& of [edder Coot o wall
ooodx o
ol €

MOMI .&-: ig_x_é-
dt dr " dE

x_
[

S
8
O
3}

2> x=|lcosO

~|lsm@
do _ -

die rls;ne

\)

So d8 . -1 o
de'nsf-&x !

W x= b, tosf =4

. Jur-et
N 5”‘9' < ——”'—'

' ”L,Q all xt_ xol = -0.0085 rul
— ——— . - - . S
ST =



@Uﬂsﬁm (Z

(e) An ice-cream parlour offers five flavours of ice-cream. Patrons can choose to have

one, two or three scoops of ice-cream, and can choose any of the flavours for each
SCOop.

On a busy day, 500 patrons bought at least one scoop each from this ice-cream parlour.

Explain, using the pigeonhole principle, why at least 10 patrons bought the exact same
combination of flavours.

(ase | ( Stoop

Wa\ljs = scl = 5—

Cose 7 L sceops

- fc1 1§ = IS

Cse 3. > Scooff

Weys = (all w\'nlw_)-(- (2 Flvows sme) « (el Some)
= S-C 3 + S-Cl)(z -+ 5

0% 20% &
= 35

2. Tolal Vas,s = 35*(5‘4—5-— 6S

5.;09:.0
e

\,JIH\ §5 (,ombma(’wns a+ mosf 4"75- ra}m\—s b
(cecreamy ithouf exCaA"'J ’lp&"w PE wmblmf'wn.

Bud" H\z'rt_wm §o00 pa{wns, 50 af lecaf' one
Combtnalton hus 10 oc more rmeM—S.

Thet 15, at (et [0 Fa-Lm.; musF Aace bom,h/' Mo
exuct same comlﬂlmf wn of ‘ﬁauours



@\Mim (3

@ @

Show that 2sin5xcosx =sin 6x +sin4x

LHS

{\

2 S;n 5 xcosX

2 x ("‘7: C-S;" CS-JL «x) + $in CS-X '74)) Qom relecre ¢leef
sin (6z) + sin(42)

= [LHS

in4x +sin 6
(i)  Hence, find J sin4x +sin 6x
cos4x+cosbx

J‘ sinYse £ sinbx

Cos ‘(’)L + LOSé/C

dx .

A

9_ .Sin 5JL cosx

2 cos Sx cosx

- S ﬁns-x Xx

CosSx

0(.!. n'e feence Jkt‘)c

-~

- -"ij: 'Vl[CosS'xl-\—c,

(b) (@)

Write /3 cosx +sin x in the form Rcos(x—a) where R>0 and O<a <=

-S3 cosx + 5N = [Lcosatcosx + [2 511 x sinx

E@lua("mj coefFiienks Reosa = \F}

@ @\ Lsink - |

Y
Tsin Sk + Mleos' s =R

©
@

@ N
= Cﬁ)x-&( Do =T
= &
o(-uv_ﬂ—- ; DCK.QI
- R=2, k=0 A

EC@;K +5inK = 2@5(%.—%)



(1)) A region bounded by the curve y = \/5 cosx +sinx+2 and the coordinate

. . V4
axes is shown below. The curve touches the x-axis at x = ? ;

NOT TO
SCALE

y= \/Scosx +sinx+2

(0] Tn

Hence, or otherwise, find the volume of the solid formed when the shaded

region is rotated about the x-axis.

<
\\

i
S e ( S3cosx ¢ sinx 1“2) dx

ngf (2es(x-2)e2)% by fom 1)

7
T J ‘@osz(x—%—)-i st(x—%) t l) o

\!

yad
1 [ € (eeaCaeB) | gs(x-T) ) de

3

P4
G r._g_% < —Ll:,s;nCZx—%r) + Z28in (x—%r)] ¢

L~

LHT r3 ’6_ %‘f_g"(z‘{'g)\‘z’;"(?'g) -—(O «-c‘-—es}n(?’?«-h}q(%')}]
€

(3
>‘(—T(

=C'IT {_%T_T *LHT) W’

\t

—'c-(_.s'm (27) « 25 (M) + ¢ 3ing + zsiﬂg’)

O-(-O-(--J—Sz’\'l)



alﬁuﬁan 1%

(¢c) (1))  Show that sec(z sin”' (x)) can be expressed as . !

let sinx = x [ Pobe —lexe|
S Sec () =

Cos K

|
| - 2sin™d
o
T -t
= ‘ZHS

(i)  Hence, sketch the function f(x)= sec(2 sin”™' (x)) :
qc[x) =sec( 2Zsin"x)
e e e )

(- 2xc*

D.. \"29‘1# O .. x#




Question 13

(d) In the diagram below, the points 4 and B have respective position vectors a and b, 4
relative to a fixed point O.
The vector AB is extended to a point C such that |E| : |A—C| =1:4.

The vector OB is extended to point D such that |@’ : ’0—1)’ =1:k,wherekisa

positive constant.

NOT TO
SCALE
If the vectors AB and CD are perpendicular, show that
_3Ja] ~7a-b+4Jp|
~ |p[-a-b
——".) —
AB =h-g OB =k 3a-h -32-8 ¢ (-t b: (4-9)
_ = o) = R OB
AC = 4AB ©b tb Ch,—lf)[b:é -heaf=3lg[*-3a-}
= G(h-2 -
o Uh - 4q Cha-yo= Slalf-3ak
Naw CD = OD-&2 Ll
= k(s%-cazfﬁz) 5[4' ’BQ"k*L‘-
= kb-(a+Uh-4) lbt-a-4
= 3a+(-9h _ 2lal*-3a-4 t 4lH]* -4k
B -~ —» - -5 ‘h\"-’ﬁ.k
Mok e AB bCD => AR-Tb=D
. . 3laf* - Za-b «4[b]"
5 A8 -0 - (2a+(e4)p)-(b-q) =0 |bI*- ok

[1.2) vﬁTA‘lHA



@ M&Sl’ltw\ (¥

(a) A projectile is launched from the origin at ground level with an initial velocity ¥ m/s

at an angle @ above the horizontal.

Vv

" m/s

0

The displacement vector of the particle 7 seconds after launch is given by

[ Vtcos®

: Do NOT prove this.
—%gt2+Vtsin0} ( ¥ )

1) Show that the maximum height attained by the projectile is given by

V?sin® @
2g

v(g)z [ Veos®

- ~q& ¢ Usin D

For  maxinum "‘0—"74‘!", Yy (€)=0
—391‘(/.5'/n9‘=0

{7 = _\/_5319 sub ‘mbo v: %76\1 Y/

_ Lo (Y@ )E _ \eap (Vs
Your = I H55) " Ui (52)

~V%sinth + Wi
24 29

\/‘25("\ 16 @as 1'701-44( .
").0

\/

n



(i)  Hence, determine the set of values of & for which the maximum height

reached by the projectile is less than its range.

Give your answers to the nearest degree.

Fa/ verge, J:O
:,J)_‘faft‘f Véﬁtﬁ =0

-(7 <V5'm9 - '7L_ 3‘!7) =D

S Ez0  or e=29ﬂ§’ﬁ bt € >0

Tewe of flyhF LV%;"_" sub wko 2= Vieod
Cp. 2Wgia
o V“”e( 9 )
__ZvlginecoSG
3
We w-l’ H"‘“‘F <R

Visin'G < U Y sinbeos @

9 N

5in G & Y sinbeos @
c sin'G ~ UsinBeosp <0
L D (5wb - Geosf) 20 asleD&T

-—

llen  ginf € Uewsh
funl « 4
&< 76°



(b)  The function f(x):ljk’i
o

is continuous in the domain —1<x<1. 3

Find the values of k such that the inverse function f~' (x) exists.
& $7(%) exsh,  F(z) mut be a ome —to- one fuchion

/)rlgahru'ua/(j, we consider £ (%) Lo chede for tondities whew $0o) is

monofonically incta or
-F ('Cx—') - k_ Cz‘z_ l) - ZxC ('eh.l) MDﬁQ‘I‘Di“ll;yl(j dwl;?-

(2r-D"
- hoe™ — e -Uoe — etk
Lw."'—f)t
= 'k—xt—Z_z*k
(x*-0"
(e k"l + U + ke 20 OR. Jeoc® + Loc e <0
Coﬂﬁfcdb";ﬂj H(. a‘(‘ur;m'mmf’ A = 21 - L(';Ll
= U-Ypt
= 4 ((-h")
We ‘N}v— 0 ceves .
k=0 ank A <O [psific 2O sl QKo af’Zr.)
Jefine VZE"-“&
‘o k-0
L
L’\_‘L>($o (_h.é"lof l’—}/) ok <O
7
el or Rzl dnd 020 Sl g-

Szl

s h_z\.—{ or hz|l for {—"CI) fo
exst as flz) will be morotonicall
anaﬂu7 / p@eaws}u7



Quedion v

(c) The equation px’ +¢gx+7 =0 has a double root.
(i)  Show that 27pr’ +4¢° =0.

Let pG)= px e gx -

B p6) =0 hac double poot, r'(z)=0 mast
(onbsin o Moot candidote

r’(x)—— 3‘ox"+z
.. x"’: :.L
3p
So "-G Pug*za‘-af‘
Y (‘un"wi) =r
Cp(g) vg)=rt

Y (L)t

A ”eméﬁ;c!g

Let roots be ,x, B

Sum of roots : 2&+f =0
p—_—zo(

Produch o ot @ Fine: KPe2ufz 2

St Yet s -%—
. T _-2
.. X - 3P

Prodoct of roots . o(z[B = _’;'




Qb\es‘rcm 4

(i)  Hence, find the exact value of the y coordinates of the stationary points

on the curve y =2x’ —3x—1 without the use of calculus.

Suppose. thot the stolionory powls  oecur b g <k for fuw vobes of x.
Then  Dx*3-1 =k mast hpe ot dodble  spsof .
te L*-3x-(l+k) =0

Erom 1) , 7pr3-r xt+/20 has o dohle root
Hon 17F"7"t413 =0

fhen 27(2) (W) *<4(-2)’ =0
S4 ([t£)*- 108 =0

(&)= 9
H-L:f 2

S -l #JT er he-[-J2
S-Cow(?mf& of SHlﬂ"y ,alhk e - [3JT



