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SYDNEY GRAMMAR SCHOOL TRIAL EXAMINATION 1997
3/4 UNIT MATHEMATICS FORM VI
Time allowed: 2 hours (plus 5 minutes reading) Exam date: 15th August, 1997

Instructions:

All questions may be attempted.

All questions are of equal value.

Part marks are shown in boxes in the left margin.

All necessary working must be shown. .

Marks may not be awarded for careless or badly arranged work.

Approved calculators and templates may be used.

A list of standard integrals is provided at the end of the examination paper.

Collection:

Each question will be collected separately.

Start each question in a new answer booklet.

If you use a second booklet for a question, place it inside the first. Don’t staple.
Write your candidate number on each answer booklet.
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QUESTION ONE (Start a new answer booklet )

Marks

@ (a) Solve the inequality sc -8

> 1.

@ (b) Solve sin2z = —1, for 0 < z < 2.

n

(2] (c) Show that / atan:cdx=%log3.

ol

0-4
. 3dx
(2] (d) Find / T

@ (e) Simplify tan (2cos™! 1
; HINT: Let a = cos™!

N

), giving your answer as a fraction reduced to lowest terms.

als @l

QUESTION TWO (Start a new answer booklet)

Marks

1
(a) Use the substitution z = 2sin @ to evaluate / V4 —ztde.
0

@ (b) Consider the function y = £1/2 — 22, with domain — v2 < z < V2.
(i) Show that the function is odd.

.. dy 2-2z?
(i1) Show that i ot

(iii) Find the coordinates of any stationary points and then determine their nature:

. d? 2z — 6
Y 1 may use without proof the fact that ¢yv_= i

de? (9 _g2)3

d _
(iv) Notice that E:% — —0O as T — (\/5) (that is, as =z approaches V2 from the left).

What does this fact tell you about the shape of the curve near z = /27

(v) Draw a sketch of the curve, showing all z-intercepts, y-intercepts and stationary
points.

(vi) Use the substitution u = 2 —z? to find the area between the curve and the z-axis
from z = 0 to ¢ = V2.
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QUESTION THREE (Start a new answer booklet)

\ Marks 4
% . . 1 . . .
EZ] (a) Write out the expansion of (3x3 + ;) , giving the coefficients as integers.

EZ] (b) Sketch the graph of the function y = |z — 5| — 2, showing the coordinates of all
significant points, including z-intercepts and y-intercepts.

(2] (o)

A *' B M

The point M in the diagram above divides the interval AB externally in the ratio
1: k. Find k.

(6] (d)

e
?

Q(2aq, ag”)

A(a,0)

In the diagram above, the points P(2ap, ap®) and Q(2aq, ag?®) lie on the parabola with
equation z? = 4ay.
(i) Write down the coordinates of the midpoint M of the chord PQ.
(i1) Show that the equation of the chord PQ is y = (i-—g—q)ﬁ — apq.
(ii1) Show that the condition for the chord PQ produced to pass through the point

A(a,0) 1s:
p+q=2pg.

(iv) Find the cartesian equation of the locus of M, as the points P and Q move on
the parabola subject to the constraint that PQ pass through A(a,0).
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QUESTION FOUR (Start a new answer booklet)
Marks

(a)

The diagram above shows two tanéents of equal length ¢t drawn from a point T outside
a circle, touching the circle at A and B. A secant through T meets the circle first
at P and then at @), where TP = s. The sides of the cyclic quadrilateral APBQ are:

AP =a, BP=b, AQ=12z, BQ=y.
(i) Write a careful proof that AATP || AQTA.

(i) Hence express the ratio 2 in terms of the lengths s and t.
x .

. . b
(iii) Write down the corresponding expression for —, and hence prove that ay = bz.
Yy

, area AAPQ  a?
(IV) Prove that m = b_2 .
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QUESTION FOUR (Continued)

(b)

The diagram above shows a horse trough which is in the shape of half a cylinder, with
length ¢ and radius r. It is partly filled with water, and the surface PQRS of the
water is a distance h below the top K LM ‘N of the trough. Let M be the midpoint
of PQ, and O be the midpoint of K L.

(1) Express the length PM in terms of h and r.
(i1) Hence show that the area A of the surface of the water is given by:

A =20\/r? — h2.

(ii1) The water in the trough is evaporating in the hot Summer sun in such a way that
the distance h from the top of the trough to the surface of the water is increasing
at a constant rate.

The trough measurements are { = 250cm and r = 50cm, and the surface is
descending at a constant 0-3cm per day. Find the rate at which the surface area
is decreasing when the surface of the water is 40 cm below the top of the trough
(express your answer in units of cm® per day).
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QUESTION FIVE (Start a new answer booklet)
Marks

@ (a) (i) Use long division to divide the polynomial f(z) = z* — z® + 22 — 2 + 1 by the
polynomial d(z) = z* + 4. Express your answer in the form:
f(z) = d(z) q(z) + r(z).

(1) Hence find the values of the constants a and b so that z* — 2% + z% + az + b is
divisible by z? + 4.

@ (b) Consider the binomial expansion of (3 + 11z)'9.

‘ (1) Let Ty be the kth term in the expansion (where the terms are written out in

} increasing powers of z). Show that:
T 112(20 — k)
Ty 3k

(ii) Find the greatest coefficient in the expansion. Express your answer by giving the
prime factorisation of this coeflicient.

@ (¢) Consider the binomial expansion:

wemr= () () () () ()

(i) Use a suitable substitution to find the value of:

(0)+2(1)+2 (5) +-+2 ().

(ii) Differentiate both sides of the identity, and then use a suitable substitution to
find the value of:

(3)-2() 3+ o).
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QUESTION SIX (Start a new answer booklet)
Marks

(a) The velocity v of a particle moving on the z-axis is given by:

v? = —32% + 20z + 7.

Show that the particle is moving in simple harmonic motion, and find the centre,
amplitude and period of that motion.

@ (b) Solve 2.cos®6 + cosf =1, for 0 < 4 < .

5 ©

In the diagram above, O is the centre of a circle of constant radius r. A variable
chord XY subtends an angle 26 at the centre O. Let P be the point on the major
arc XY so that AXPY is isosceles with X P =Y P. Let PO meet XY at M, so that
PM is the perpendicular bisector of the chord XY.

(1) Prove that the area A of AXPY is given by:
A =r*sinf(1 + cos 9).

d’A
(ii) Show that %{01- =r%(2cos® @ + cos § — 1), and find ok

(iii) Use part (b) above to show that AXPY has maximum area when it is an equi-
lateral triangle.
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QUESTION SEVEN (Start a new answer booklet)

larks

5] (a) Y

~2

~

It is desired to find approximations to V2 by applying Newton’s method to find the
roots of the function f(z) = 2? — 2 sketched above. Let the initial value be ;.

(1) State for which initial values z, the successive approximations given by Newton’s

method will eventually get close to V2, for which initial values they will eventually
get close to —v/2, and for which initial values the method will fail entirely.

(i1) Show that for the initial value z,, the next approximation z, is:
.'1212 +2
21‘1

Ty =

(ii1) Using the initial value z; = 2, apply Newton’s method three times, giving each
successive approximation as a rational number without further rounding. Do not
use decimal notation at all in this question.

Q (b) Use the method of mathematical induction to prove that for all integers n > 2, the
expression 9" — 8n — 1 is divisible by 64.

il (c) Consider the sum:
a+d+a+2d+a+3d+a+4d+___+a+nd

T r? rd rt ™

Sn:a+

y

where a, d and r are constants, with |r| > 1, and n is an integer.
(i) Write down the expression for r5,.
(ii) By subtracting the expressions for S, and for rS,, find a formula for S,.

(111) Hence show that:
) _rlar —a+d)
nh—ongo Sn - (1‘ — 1)2

WMP
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3/4 UNIT MATHEMATICS FORM VI

Solutions

QUESTION ONE

Marks

@ (b) sin2z = —%, where 0 < z < 2w, that is, 0 < 2z < 4,
iy w

(a) Given S 8 > 1,

x 2% 322 — 8z > z* andm;éO
222 — 8z >0 and T#0

2z(z —4) >0 and =z # 0

z<0orz>4 [/ (one mark is for excluding 0)|

I 1r 19 23

2z = G, 5, g or g @
— Ir 11w 197w 23w

v= 1545 o B [V

EZ] (c) /3 tanz dr = —/3 LA
% ®

- [Iog(cos z)]

~log 3 + log(%\/g)

ol wla

=log2 —log2 + 3 log3 h/ (or some explanation — it’s a proof ﬂ

= 1 log3.

0-4 3d N 0-4
2 @) [ g = e [ 5]
(

:;] (e) To simplify tan (2cos™"

\' e

T

let a =cos = =%

then cosu =

and
and so tana = —5— .

So tan2a =

3l Sle 3l

[
<] &

—
N

):

—
w

-1 12
13

o -
I/\
l/\
Nla

2

— tan
(—%—)
119

“11 —tan™! 0)

144
19
= T%“ {\/ (or1 1}9, but i1t must be cancelled)J
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QUESTION TWO

Marks

1
@ (a) / V4 —2%dx Let ¢ = 2siné,
| 0

z : then dz = 2cos8d6b,
= /6 4cos’ df ||/ (integrand) / (limits)]
0

and 4 —2? =4cos?9,

=/6(2+2cos20)d9 0 \/4—22=2cos.
0 When z =0, § =0,

whenz =1, 6= L.

= [26+sin26]°
0
= (§ +sin §) — (0 + sin0)
=5+3v3 [V
27 + 33
5 :

@ (b) (1) Let f(=) =zv/2 - 22
then f(—z) = —z/2 — (—z)?
= —zV/2 -2
= —f(x), [\/ (it’s a proof)l

so the function is odd.

(i) y=zv2-2? . Let u=z

_‘g_:‘{ =2 - 22 + z(—2z) and v=+v2-2z2,
dzx 2V2 — z2 du
9 _ 22 _ 22 thenga;=1
T2 _
2 — 2x2x I\/( f)] and % = —————2\/22:6_2 .
= . it’s a proo -z
V2 — 2

(iii) S.: dy/dz has zeroes at 1 and at —1,
and is undefined at £ = V/2 and at = = —V/2.

When z =1, y=1,
d?

and when ¢ = 1, (—ix—z = —4

<0,

so (1,1) is a maximum turning point,
Since the function is odd, (—1, —1) is a minimum turning point.

d -
(iv) The fact that Y, —casy — (\/5) means that the curve will become vertical

dz
as it gets near z = V2.
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(v) Yy
1 .
5 - |
| b2
A ~1
ﬁ .
(vi) Area = z\2—z?dz Let w=2-—z?,
’ V2 then du = -2z dz,
1
:—5/0 (—2z)V2—2%dz and /5 " 22 = b
0
= -—%/ u? du L\/ (for integrand)| Whenz =0, u=2,
2 when z = V2, u©=0.

- 2
=-1(0-2v2)
= %\/Q square units. @

‘ QUESTION THREE
Marks ‘ 1 1 1 1
@ (a) (3:1:3 + —) = (3z%)* + (4 x (323)3 x —-) + (6 x (3z3)? x —5>
T x z
1

1
3
+(4X3x X;g)'i*;;

1
= 812'% +108z% + 54z* + 12 + = |V (powers of z) v/ (coefficients)|

V/ (for shape)

@ (b) Giveny = |z — 5| — 2, ’\y
3

y+2=|z -5
: This is y = |z|, shifted 2 down, [V (for all intercepts)|
5-:'““ " and 5 to the right.

(c) Since AM : MB = 8:3, the point M divides AB externally in the ratio 8 : 3.
But 8:321:%, sok:%.
NOTE: Whereis Mifk < 0,iffk=0,if0<k < 1,ifk=1,ifk > 1, and if k = c0?
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[6] (d) (i) The midpoint of PQ is M = (a(p+q), a—(’if—q—z—)).

2

ap? — ag?

(ii) First, gradient of PQ = m
_ap-9)p+9)
2a(p — q)
_ Pty
2 b
So the chord PQ is y — ap® = p-;—q(w — 2ap)
+ q)x
y—ap’ = (_P__zi)_ —(p+ qlap
+ gz
y —ap® = gp—;g)——apz—oumz
+4q)z 0
Y= (—Iz—# - qpq. [\/ (it’s a proovfﬂ

&

(ii1) Substituting A(a,0) into the equation of the chord PA:

P sk L
‘2
0=%g—pq (since a > 0)

p+q=2pq. !\/ (it’s a proof)l

(iv) The locus of M is given by the three simultaneous equations:

z = a(p+4q), (1)
2 2
y = a(p 2+q ) (2)
p+q=2pqg. (3)
Squaring (1), z? = a’(p* + ¢ + 2pq),
and using (3), z? = d’(p* + ¢°) + d’(p + q).

Now using (1) and (2), 2? = 2ay + az.

NOTE: Rearranging, (z — %a)2 = 2a (y + za), so the locus is a parabola pointing

upwards, with vertex (%a, —%a) and focal length %a. But the locus of M is not
the whole parabola z* = 2ay+az — what restriction on z and y is needed (I don’t
think this is easy, as lines through A with large positive gradient cut through the

parabola again)?

For 4 unit people only, is a restriction needed if complex values of all the variables
are allowed? This answer will need an algebraic and a geometric interpretation.
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QUESTION FOUR
Marks

(a)

(1) In the triangles TAP and TQA:
1. LATP = /QTA (common),
2. LPAT = LAQT (alternate segment theorem), [\/ (for using @
0 ATAP || ATQA (AA). [/ (it’s a proof)]

AP .
(ii) Hence 04 == % (matching sides of similar triangles),

that is, %:l:-

(i11) Similarly,

80 | o
@Wloe b

‘ and so

ay = bz, [V (it’s a proof)|

that is, the products of the pairs of opposite sides are equal.

NOTE: It's not hard now to prove the converse result, and so show that the property
proven in (iii) is in fact a characterisation of a cyclic quadrilateral in which the in-
tersection of the tangents at one pair of opposite vertices is collinear with the other
two vertices. It follows then that if this happens with one pair of opposite vertices,
it happens with both. Can you complete the statement and proof of all this?

For 4 unit people only, how do this theorem and its proof relate to the geometric
interprctations of the 4 unit Trial’s last question Q8(b), which defined the cross
ratio of four complex numbers and applied it to whether or not the four points or
their four images were concyclic? Can you prove the theorem above using complex
numbers, or the 4 unit Trial theorem using Euclidean geometry? How do both of
these theorems relate to the two parts of Q7 ui iast year’s 4 unit SGS Trial? Can
you provide a Euclidean proof of Sylvester’s theorem in last year’s Half Yearly?

(iv) Now area AAPQ = lazsin A, (sine rule), @

and area ABPQ = %by sin B.

But A+ B = 180°, (opposite angles of cyclic quadrilateral),
SO sin A = sin B, (the sines of supplementary angles are equal),
also . (—;, (since ay = bz).

Y

area AAP a? —
Mﬁ% = 57 - |(it's a proof)
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(b)

< © L

!
7
4 i
Vs
<, 5'Y
/
7/

|
f
h
4 \T_/Q
(i) By Pythagoras, PM? = r% — b,

(i) So PQ=2\/r? — h?,

and A= 20/r2 — h2. L\/ (it’s a proof)l

dA dA dh )
(iii) Hence oo a (chain rule)
_ 2¢(-2h) dh .
= ﬁﬁ o (chain rule)
¢h dh
= - 7\/_3——_-__7-5 e [\/ (the signs must be correct)l
In units of centimetres and days, € = 250, r = 50, dh/dt = 0-3 and h = 40,
dA 20 000
S %03
@ T 7 /3500 - 1600 |
20000
= —200.

So the surface area is decreasing at 200 cm? per day.
QUESTION FIVE

(4] (@ () -z -3
x2+4\x4—$3+ 2 — o4+ 1

zt + 42?2 [\Zl

— 23 -3z22- z+4+ 1

-z — 4z
-3z +3z+ 1
- 3z? —12
3z +13

Sozt— 2 +2? —z+1= (2" +4)(a? — 2 —3)+(3z +13).
(ii) We know z* —2® + 22 — 2 +1 = (2? + 4)(2® -z — 3) + (3¢ + 13),

SO et — 2 +2? — 4z —12 = (22 + 4)(2® — 2 - 3),

and so a = —4 and b = —12.
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g (b) (i) In the binomial expansion of (3 + 11x)"%:
Tip1 = 19C, 3104 (113,)k!
and Ti =1°C,_,3%°* (11:&)“_’,
Tip1 190 x (20— k) x (k= 1)1 319k (11z)k

Te (19— k) x k!'x 19! 320k (11g)k-1
112(20 - k) X —
=gy required. (\/ (“1t s a proofﬂ
e coeff T4,
—_— >1
| (i1) Put codf T, > 1,
11(20 — k)
then 202K
220 — 11k > 3k
220 > 14k
k<153
k <15.

So coeff Tig > coeff T5, but coeff T17; < coeff Tyg,
so T has the greatest coefficient, and:
coeff Ty¢ = 90,5 x 3% x 1115,
19 x 18 x 17 x 16

—_ 4 15

T 1x2x3x4 x 3 x 11
3x1 4

- 19 >1<7X x 3% x 1118

=22 %35 x 11" x 17 x 19. I\/ (prime factorisation required)J

:] (¢) (1) The expansion is:

(14 2)" = (g)+(711) z+(;’) 1‘2+(g) x3+---+(2) "
Putting z = 2 makes the LHS equal to 3", and so:
(0)+2()+2 Q)+ () =5

(ii) Differentiating both sides of the uriginal identity:

et = (2) () 2en ()3 (0 e

n
Putting z = —1 makes the LHS equal to 0, and so:

()-2()+3() =+ ) -0
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............

QUESTION SIX

Marks
(a) Since v? = —3z% 4 20z + 7,
‘ . d 2
= I (3v%)
= -3z +10
= —3(z - 33),
so the particle is rioving in simple harmonic 1.otion about the centre x = 33.
27
Also n? = 3, so period = —
p 7 V]
~ Zny3. |
Factoring, v? = —(3z + 1)(z = 7),
so the particle is at rest at z = —3 and z =7,
S0 amplitude = 3 (7 + 1)
a2
" (b) Given 2cos? 0 + cos® =1, where 0 <8 <,

2cos?8 +cosf —1 =0 _
(2cos — 1)(cosf +1) =0

cosf=1or —1

2
60=73 or m.
P

()

=== (i) From the diagram, XM = rsin#,
and PM = PO +OM
=r +rcosb,
and A=1x2rsind xr(1+ cosf)

A = r2sin6(1 + cos ). [V/ (it’s a proof)|
OR A = area APOX + area APOY + area AXOY
= %7*2 sin(m — 0) + 1r®sin(r — 6) + ir?sin20 (sine rule)
= r%sin@ + r?sinf cosd

= rZsinf(1 + cos8). l\/ (it’s a proof)]
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B. Suppose k > 2 is an integer for which the result is true.
That is, 9¥ — 8k — 1 = 64¢, where ¢ € Z. (%)
We now prove the result for n = k 4 1.
That is, we prove 9¥*! — 8k — 9 is divisible by 64. |/ (setting up part B)|
9! — 8k —9=9x9" —8k—9
= 9(64£ + 8k + 1) — 8k — 9, by the induction hypothesis (+x)
=9 x 64¢ + 64k, which is divisiule by 64, as required.

C. It follows from parts A and B by mathematical induction that the result is

true for all integers n > 2. | (maximum 3/4 if missing)

NOTE: Modulo arithmetic is not part of the 2/3/4 unit Syllabuses, but the alterna-

tive proof using modulo 16 arithmetic is very quick and makes the result somewhat
more obvious.

- d 2d 3d a+4d
(c) (i) Given Sn=a+a;L poat2d at3d atdd, | atnd

b

r2 7.3 ,r.4 rn
2d 3d + 4d d
r T r T

(i1) Subtracting the previous two lines:

d d d  a+nd
(r=1)Sp=ar+d+ >+ G-+ g — =

rn—-l rn

1-5 d . :
=ar+d ( 5 ) _ 2 tnn , since the middle terms form a GP,

1-% —
50 S, = 1 : (ar + d( = ) _ g +nnd> ) I\/ (unmmphﬁedﬂ

r

(i) lim S, = ! (ar—i—d(lno)-i-()),since};—+0asn~—+oo.

n—no r—1 r

1
= Z::Lf)? (cu"2 —ar + dr)
= E@{,T—:%;-TQ : [\/ (it’s a proof)|

NOTE: The original series is the ratio of the terms of any AP over the terms of
any GP, so it’s nice to be able to find its sum, and to find also the limit of its
sum. What physical situations could be modelled by such an object? What can
be done with the ratio of the terms of any GP over the terms of any AP?

WMP




