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Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Four cubes are placed in a line as shown on the diagram.

....................................................

Which of the following vectors is equal to AB + @ ?

A.  AQ
B. CP
C. PB
D. RA

2 Which expression is equal to jxs e™dx?

A. lxseh - if)c“e%‘dx
7 7

B. 1xse7x - Efxse%‘a,’x
7 7

C. §x4e7x - éJx“ehdx
7 7

D. é)c4€7x - éste%‘dx
7 7



Which of the following is a vector equation of the line joining the points A(4, 2, 5)
and B(-2, 2, 1)?

4
A r=|2|+1{2
5 3
4 3
B. r=|2|+1{0
5 2
1 4
C. r=|2[+4
3 5
3 4
D. r=[0]+4]2
2 5

Consider the statement:
‘For all integers n, if n is a multiple of 6, then 7 is a multiple of 2’.
Which of the following is the contrapositive of the statement?

A.  There exists an integer n such that n is a multiple of 6 and not a multiple of 2.
There exists an integer n such that n is a multiple of 2 and not a multiple of 6.

For all integers n, if n is not a multiple of 2, then n is not a multiple of 6.

o 0w

For all integers n, if n is not a multiple of 6, then »n is not a multiple of 2.

Which of the following statements is FALSE?

A. Va beR, a<b = a<b’
B. Va beR, a<b = e%>¢?
C. Vabe(0,+), a<b = Ina<lInb
D. Va, belR, witha, b#0, a<b = é>%



Which polynomial could have 2 + i as a zero, given that k is a real number?

A X0 —4x® + kx
B. X —4x*+kx+5
C. x2—5x*+kx

D. xX—5x>+kx+5

Which diagram best shows the curve described by the position vector
r(t)=-5cos(t)i + SSin(t)Z +tk for 0<r<4x?

A. AZ B. A<
15 15
y y
15 15 -5 0 15
0
—15 15 =15 15
X X
-15 —15
C A2 D. AZ
15 15
=< : < :
—15 A 15 —15 15
0 0
15 15 . 15 15 .
-15 —15




8

A particle is travelling from A on the curve joining A to B. At a particular time, the
particle is at point P and has velocity v, as shown in the diagram.

v

A

The speed of the particle is increasing.

Which of the following diagrams shows an acceleration, a, which would allow the
particle to follow the curve to B?

a



9

10

Four cards have either RED or BLACK on one side and either WIN or TRY AGAIN on
the other side.

Sam places the four cards on the table as shown below.

TRY
WIN BLACK AGAIN RED

Card 1 Card 2 Card 3 Card 4

A statement is made: ‘If a card is RED, then it has WIN written on the other side’.

Sam wants to check if the statement is true by turning over the minimum number of

cards.

Which cards should Sam turn over?

A.

B
C.
D

1 and 4
3 and 4
1,2 and 4
1,3 and 4

Consider the two non-zero complex numbers z and w as vectors.

Which of the following expressions is the projection of z onto w?

A.

Re(zw)
[ w]

w

4

w

Re(%jw
Re(z)
Wl "

w




Section I1

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (16 marks) Use the Question 11 Writing Booklet

T T
i— i—
(a) The complex numbers z=2¢ 2 and w = 6e © are given. 2
Find the value of zw, giving the answer in the form re'®.
5
(b) Find ()", 2
n=1
2 -3
(c) Find the angle between the vectors ¢ =| O | and b=| 1 |, giving the angle in 3
4 2
degrees correct to 1 decimal place.
(d) (1) Find the two square roots of —i, giving the answers in the form x + iy, 2
where x and y are real numbers.
(ii) Hence, or otherwise, solve z2+2z+1+i=0 giving your solutions in 2

the form a +ib where a and b are real numbers.

(¢) The complex numbers z=5+i and w=2 —4i are given. 2

.z . .
Find 1, &iving your answer in Cartesian form.

2 —_—
(f)  Express 37 =5 as a sum of partial fractions over R. 3

(x— 2)(x2 +x+ 1)




Question 12 (15 marks) Use the Question 12 Writing Booklet

2
(@ Find |22 gy
X7 +2x+2

(b) Consider Statement A.
Statement A: ‘If n? is even, then 7 is even.’
(i) What is the converse of Statement A?

(i1)) Show that the converse of Statement A is true.

-2 1 4 p
(c) Two lines are givenby r;,=| 1 |+A| O | and r,=| -2 |+ u| 3 |, where p
3 2 q -1

and g are real numbers. These lines intersect and are perpendicular.

Find the values of p and q.

(d) Prove by mathematical induction that Jn! > 2" for integers n = 9.

() The diagram shows the pyramid ABCDS where ABCD is a square. The diagonals
of the square bisect each other at H.

(i) Show that HA + HB + HC + HD = 0.
Let G be the point such that GA+GB+GC+GD+GS = 0.
(i1)) Using part (1), or otherwise, show that 4GH + GS = 0.

(iii))  Find the value of A such that HG = 1HS.

_8—



Question 13 (15 marks) Use the Question 13 Writing Booklet

(a) The location of the complex number a + ib is shown on the diagram on page 1
of the Question 13 Writing Booklet.

On the diagram provided in the writing booklet, indicate the locations of all of
the fourth roots of the complex number a+ ib.

Vi3
(b) Use an appropriate substitution to evaluate J x>\x? = 9dx.
Jio

Question 13 continues on page 10



Question 13 (continued)

(c) @

(i)

e
The integral [ is defined by I, = J (Inx)" dx for integers n > 0.
1

Show that [, =e—nl,_, for n>1.

The diagram shows two regions.
Region A is bounded by y=1and x>+ y*>=1 between x=0 and x=1.
Region B is bounded by y=1and y=Inx between x =1 and x = e.

v

2

N.B

-
=Y

-3 -2 -1 1 2 3
1
y=Inx
2
-3

The volume of the solid created when the region between the curve

y = f(x) and the x-axis, between x = a and x = b, is rotated about the
b

x-axis is given by V = ﬂJ [f(x)]zdx.

a

The volume of the solid of revolution formed when region A is rotated
about the x-axis is V.

The volume of the solid of revolution formed when region B is rotated
about the x-axis is Vj.

Using part (i), or otherwise, show that the ratio V,: Vg is 1: 3.

Question 13 continues on page 11

~10 -



Question 13 (continued)

(d) An object is moving in simple harmonic motion along the x-axis. The
acceleration of the object is given by % = —4(x — 3) where x is its displacement
from the origin, measured in metres, after ¢ seconds.

Initially, the object is 5.5 metres to the right of the origin and moving towards
the origin. The object has a speed of 8 m s7!as it passes through the origin.

(1) Between which two values of x is the particle oscillating?

(1) Find the first value of ¢ for which x =0, giving the answer correct to
2 decimal places.

End of Question 13

Please turn over

—11 =



Question 14 (14 marks) Use the Question 14 Writing Booklet

T
2]

(a) Evaluate —dx
0 3+5cosx

(b)  An object of mass 5 kg is on a slope that is inclined at an angle of 60° to the

horizontal. The acceleration due to gravity is g ms~2 and the velocity of the

object down the slope is v m s

As well as the force due to gravity, the object is acted on by two forces, one of
magnitude 2v newtons and one of magnitude 2v? newtons, both acting up the
slope.

(i) Show that the resultant force down the slope is

53

EN g—2v- 2v? newtons.

(i1)) There is one value of v such that the object will slide down the slope at
a constant speed.

Find this value of v in ms™, correct to 1 decimal place, given that g = 10.

(©) (i) Using de Moivre’s theorem and the binomial expansion of

(cos @ + isin6)°, or otherwise, show that

c0850 =16¢0s°0 — 20c0s°0 + 5cos f.

iﬂ]: 5+\/§

(i1) By using part (1), or otherwise, show that Re[elo 2

—12 —

()



Question 15 (15 marks) Use the Question 15 Writing Booklet

. Xty (Do NOT
. [xy <
(a) For all non-negative real numbers x and y, \/xy < 7 prove this.)

(i) Using this fact, show that for all non-negative real numbers a, b and c,

2 2
[abe S#.

(i1)) Using part (i), or otherwise, show that for all non-negative real numbers
a, b and c,

2

6

al+b%+c

e < +a+b+c
aoc > .

. ) . 1
(b) For integers n 21, the triangular numbers 7, are defined by ¢ n=@,

giving 1, =1,1,=3,1;= 6, t, =10 and so on.

For integers n2>1, the hexagonal numbers £, are defined by h, = 2n* —n,
giving h; =1, h,=6, h, =15, h, =28 and so on.

(i) Show that the triangular numbers ¢,, 75, t5, and so on, are also hexagonal
numbers.

(i)  Show that the triangular numbers ¢,, #,, to> and so on, are not hexagonal
numbers.

Question 15 continues on page 14

13—



Question 15 (continued)

(c) An object of mass 1kg is projected vertically upwards with an initial velocity
of u m/s. It experiences air resistance of magnitude kv? newtons where v is the
velocity of the object, in m/s, and k is a positive constant. The height of the
object above its starting point is x metres. The time since projection is ¢ seconds
and acceleration due to gravity is g m/s.

(1) Show that the time for the object to reach its maximum height is

arctan|u |— | seconds.
gk g

(i1)) Find an expression for the maximum height reached by the object, in
terms of k, g and u.

(d) Prove that 2"+ 3"#5" for all integers n > 2.

End of Question 15

— 14—



Question 16 (15 marks) Use the Question 16 Writing Booklet

(a)

)

(ii)

(1)

The point P(x, y, z) lies on the sphere of radius 1 centred at the origin O.

Using the position vector of P, OP = xi+yj+zk, and the triangle
inequality, or otherwise, show that |x |+ |y|+]z]|>1.

a, b,
Given the vectors a=|a, | and b=| b, |, show that
b3

as

2 2 2 2 2 2
| b, +ashy +ashy| < \Ja? + ) + a2 b2 + b2 + b7

As in part (i), the point P(x, y, z) lies on the sphere of radius 1 centred at
the origin O.

Using part (ii), or otherwise, show that | x|+ |y |+]z|<+/3.

Question 16 continues on page 16

~ 15—



Question 16 (continued)

(b)

(c)

A particle which is projected from the origin with initial speed » ms™' at an
angle of O to the positive x-axis lands on the x-axis, as shown in the diagram.

The particle is subject to an acceleration due to gravity of g m s72.

Y

=Yy

0

The position vector of the particle, r(¢), where ¢ is the time in seconds after the
particle is projected, is given by

utcos@

r(t)=| gt* ‘ . (Do NOT prove this.)
5 + utsin@

For some value(s) of 8 there will be two times during the time of flight when the
particle’s position vector is perpendicular to its velocity vector.

Find the value(s) of @ for which this occurs, justifying that both times occur
during the time of flight.

Sketch the region of the complex plane defined by Re(z) > Arg(z) where Arg(z)
is the principal argument of z.

End of paper

—16 -
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Start here for
Question Number:

(a)

13

Indicate the locations of all of the fourth roots of the complex number a+ ib.
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Additional writing space on back page.
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<= Tick this box if you have continued this answer in another writing booklet.
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REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(l+r)
[ = i X 27r
360
Sequences and series
Area
A= s T,=a+(n-1)d
360
A=ﬁ(a+b) Sn:g[2a+(n—1)d]:g(a+l)
Surface area T =aqr!
A =272 + 27rh
all-r" alr'*-1
A = 47r? S = ( ): ( ),r;tl
n 1-r r—1
Volume
a
V=1an S=q Il
3
V= i75;’3
3
Functions Logarithmic and Exponential Functions
_ —b++/b* —4ac log,a* = x = %8>
2a
log, x
For ax> +bx>+cx+d=0: logax = logba
b
o+ ﬁ Tr= _E X xlna

C
af +ay+ fy="

and affy = —g

Relations

(o + -4 =

1261

}’2

a e




Trigonometric Functions

sinA =%, COSA:a—d‘]’ tan A =ﬂ
hyp hyp adj
1
A =—absinC o
2 2 45
a b c
= = 450
sinA sinB sinC —IE
c?=a*+b*-2abcosC
2 2 2
a+b°—c
cosC=——— o
2ab 30
2
=16
A= %rZQ 60°
1

Trigonometric identities

secA = , cosA#0

COS

cosecA = , sSinA #0

Sin

COSA
COtA =

S

, sinA #0

2

cos?x + sinZx = 1

Compound angles
sin(A + B) = sinAcos B + cos Asin B

cos(A + B) = cosAcos B — sinAsin B

tan(A N B) _ tanA + tan B
l—tanAtan B
If tztané then sinA = 2
2 1+ ¢
1— 2
COSA = !
1+ ¢
tanA = 2
1-¢

cosAcosB = %[COS(A — B) +cos(A + B)]
sinAsinB = %[cos(A —B) —cos(A + B)]
sinAcosB = %[sin(A + B) + sin(A - B)]

cosAsinB = %[sin(A + B) — sin(A - B)]

sin’nx = %(1 — cos 2nx)

cos’nx = l(1 + cos 2nx)

Statistical Analysis

An outlier is a score

o less than O, — 1.5 X IQR
or

more than Q5 + 1.5 X IQR

Normal distribution

e approximately 68% of scores have
Z-scores between -1 and 1

e approximately 95% of scores have
Z-scores between -2 and 2

e approximately 99.7% of scores have
z-scores between -3 and 3

E(X)=pu
Var(X) = E[(X - )] = E(x?) - u?

Probability

P(AnB)=P(A)P(B)
P(AUB)=P(A)+P(B) - P(ANB)
P(A|B) = %, P(B)#0

Continuous random variables

P(X<r)= J S(x)dx

b
Pla< X <b) =J F(x)dx

Binomial distribution
P(X=r)="Cp'(1-p)""
X ~ Bin(n, p)
= P(X=x)

- (Z)px(l PP x=0,1, ...
E(X) =np
Var(X) = np(1-p)

, n



Differential Calculus

Function

y=f(x)"

y = g(u) where u= f(x)

y =sin f(x)
y = cos f(x)
y =tan f(x)
y=e/®

y=1Inf(x)
y=a/®

y=log, f(x)

y=sin"! £(x)

y=cos f(x)

y= tan_lf(x)

Derivative
d , _
=/ @
X
dy dv du
—=u—+v—
dx dx dx
dy _dy du
dx du dx
Jdu_ dv
ﬂ _dx dx
dx V2

? = £7(x) cos f(x)
X

? = () sin ()
X

D pa)sec? f(x)
dx

L= e’
&y _ S
dx )

L (ina) /'(x)a’™
dx

& F
dx (Ina)f(x)

dy __ f(x)

dx 1—[f(x)]2

dy _ f'(x)

dx 1—[f(X)]2

dy _ f'(x)
dx 1+[f(x)]2

Integral Calculus

J SO =[] e

where n # —1

J'(x)cos f(x)dx =sin f(x)+c

J

Jf’(x)seczf(x)dx =tan f(x)+c

~

f’(x)ef(x)dx =/

PM X = X)|+c
J f(x)d In| £(x)|+

( f(x)
f’(x)af(x)dx _
J Ina

+c

/(%)
a> [/

dx = sin

(8

J—f'(x) dx = ltan‘lM-% c
612 +[f(x)]2 a a

b
J f(x)dx

b—a
2n

where a = x,, and b= X,

S (x)sin f(x)dx =—cos f(x)+c

_1@+c

{f&ﬁ%;f@0+2[j(ﬁ)+-n—kf(

xn—l

)



Combinatorics

Vectors
‘l;t‘:‘x£+y2‘ =\/x2+y2

u-y=[ul[y|cosd =xx, + 37,
where u = xji +yj

and y=x2£+y21

r=a+i

1S

Complex Numbers

z=a+ib=r(cos+isinh)
= re'?
[r(cos 0 + isin 9)]" =r"(cosnf + isinnb)

— rnelne

Mechanics

a2 dr dx drl2’

Lx_dv_ dv_ (1)
x=acos(nt+0/)+c
x=asin(nt +a) + ¢

i=-n*(x-c)

© 2021 NSW Education Standards Authority
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NESA 2021 HSC Mathematics Extension 2 Marking Guidelines

Section |l

Question 11 (a)

Criteria Marks
* Provides correct solution 2
* Finds the correct argument 1
Sample answer:
(5+%)
i\ —+—
w=(2x6)e 2 6
i2m
=12¢ 3
Question 11 (b)
Criteria Marks
» Provides correct solution 2
» Expands the notation and provides the correct expression with 5 terms
OR 1

» Correctly evaluates i or i*

ori

5

Sample answer:

DO =i+ @+ + D)+

n=1
=i—1-i+1+1i

=i

Page 2 of 37




NESA 2021 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (c)

« Uses the correct dot product or a correct magnitude in a-b =|a||b|cos6

Criteria Marks
» Provides correct solution 3

» Correctly finds the dot product and both magnitudes

OR 2

» Correctly finds the dot product of the two vectors
OR
» Correctly finds the magnitude of one vector

Sample answer:

2) (-3
Dot product |0 |-| 1 [=—6+0+38
4 2
=2
Magnitudes:
2
0 || =v2%+0%+42
4
=+/20
-3
1 {|=J(=3)2 +12 + 22
2
=14
- V2014 cos6=2
cos@ = 0.1195...
0 = 83.135°...
= 83.1° (1 decimal place)

Page 3 of 37



NESA 2021 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (d) (i)

Criteria

Marks

e Provides correct solution

» Attempts to use the square of (x + iy), or equivalent merit

OR

» Attempts to use the modulus/argument form of —i

OR

* Plots —i on an Argand diagram and attempts to locate the square roots

Sample answer:

Let (x + iy)2 =—i wherex,ye R

xt—=y?=0 and 2xy=-1

N
..y 2x
2
-.xz_(‘_lj:
2x
4x4~1=0
el
4
P=L (xem)
== (S
2 X
1
x=t—
2
" square roots are RN and _—1+L
N 22 2 NG

Page 4 of 37



NESA 2021 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (d) (ii)

Criteria

Marks

* Provides correct answers

» Uses the quadratic formula to obtain z =—1%+/—i , or equivalent merit

Sample answer:
22 +2z+1+i=0

24P 4 +i)

2
—2+2J1-1-i
- 2
=—1+J-i
From part (i):
Z=—1+L—L or z:—l—L+L
22 V202

—(1+42) 1

SRS LY

1 .
= —_— or =
S BN ‘ > 2

Page 5 of 37



NESA 2021 HSC Mathematics Extension 2

Marking Guidelines

Question 11 (e)

Criteria Marks
* Provides correct solution 2
» lIdentifies 7, or equivalent merit 1

Sample answer:
z=5+i w=2-4i
Sz2=5-1i

z_ (5-1i) ><(2+4i)
w  (2-4i) (2+4i)

_10+20i-2i+4
- 4+16
_14+18i

20

14 18,
=—+—

20 20

7 9.
=—+—i

10 10

Page 6 of 37




NESA 2021 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (f)

Criteria Marks
e Provides correct solution 3
« Evaluates one of the three coefficients 2

» Provides a correct expression for the sum of fractions with unknown
coefficients, or equivalent merit

Sample answer:
3x2 -5 A Bx+C
(x=2)(x2+x+1) x—2 x"+x+1
A(2 4 x+1)+(Bx+C)(x-2)
(x=2)(x2+x+1)
. 3x? =5= A(x? +x+1)+ (Bx+C)(x-2)

Let

whenx =2

32 -5=A(2% +2+1)
T=TA
A=1

Equating coefficients of x?
3=A+B
~B=2

Equating constants:

—5=A-2C
20=6
Cc=3
3x2-5 1 2x+3

= +
(x—2)(x2+x+1) x=2 x*4+x+1

Page 7 of 37




NESA 2021 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (a)

Criteria Marks

e Provides correct solution 3

* Integrates one of the correct fractions
OR

2
» Writes the integrand as the correct sum of fractions and completes the
square in a denominator, or equivalent merit
» Attempts to write the integrand as a sum of two suitable fractions, or 1
equivalent merit
Sample answer:
2x+3 2x+2 1
S LR G & S R B
x“+2x+2 xX“+2x+2 x“+2x+2
=In( 2 +2)+ | ———=dx+C
(x +2x ) 1+(x+1)2
=1n(x2 4 2x+2)+tan L (x+ 1) +k

Question 12 (b) (i)

Criteria Marks

» States the converse 1
Sample answer:
The converse is ‘If n is even, then n’is even’.

Question 12 (b) (ii)

Criteria Marks

» Provides correct proof 1

Sample answer:

If n is even then n = 2k for some integer k, then n® = (2k)2 = 2(2k2) which is also even.

Page 8 of 37



NESA 2021 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (c)

Criteria Marks
* Provides correct solution 3
 Finds the value of p or u 2

OR
* Recognises thatr, - r,=0

OR
+ Equates component(s) of r, and r,

» Evaluates the dot product of the direction vectors

Sample answer:

-2 1 4 p
= 1 [+4]0 r,=|-2|+ul 3
3 2 q -1

They are perpendicular .. r;-r,=0
IXp+0x3+2x-1=0
p—2=0
p=2

They intersect .. components are equal

© 2+A=4+pu
@ 1=-2+3u = 3=3usou=1
® 3+42A=qg-u

Substitute g =1 and p =2 into ®
2+ A=4+2x1
A=8

Substitute A=8 and g =1 into @
3+2x8=g-1
19=¢g-1
q=20

sp=2 and ¢=20.
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Question 12 (d)

Criteria Marks
» Provides correct solution 3
» Shows that p(k) = p(k+ 1) is a true statement, or equivalent merit 2
» Establishes initial case, or equivalent merit 1

Sample answer:

Jn!>2% n=9

Prove it’s true for n =9

J9! = 602.39. ..
29 =512
S >2°

s It'strue forn=9
Assume it’s true for n = k: Assume \/F > 2k
Prove it’s true for n = k + 1: Required to prove /(k +1)! > 25!

LHS =/(k+1)!
=Jk!xJ(k+1)

> 28 x J(k+1) using the assumption

>2k %2 because vk +1 is greater than 2 for k=9
— 2k+1

= RHS

s J(k+1)! > 281 as required

.. By principle of mathematical induction, the inequality is true for n = 9.
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Question 12 (e) (i)

Criteria Marks

e Provides correct solution 1

Sample answer:

Consider the square base

b ¢ m7 ms':\
H Fc’/ msz\

HA HD
As H is the midpoint of AC and BD,
when you add them head to tail, you
A B end up back where you started.
N N .. HA+HB+HC+HD =0
HB HC -

Question 12 (e) (ii)

Criteria Marks
* Provides correct solution 2
 Writes ﬁ:@+m, or equivalent merit 1

Sample answer:

GA = GH + HA

GB = GH + HB

GC = GH +HC

GD = GH + HD

Adding these

GA +GB +GC +GD =4GH + HA + HB + HC + HD
~GS =4GH + 0

- 4GH +GS = 0
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Question 12 (e) (iii)

Criteria

Marks

e Provides correct solution

Sample answer:
S

From part (i1)
4GH+GS = 0
AGH+GH + HS = 0

5GH + HS = (
HS =-5GH
= 5HG

— 1
HG =~ HS

5

A=t

5
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Marking Guidelines

Question 13 (a)

Criteria

Marks

* Provides appropriate sketch

* Indicates one correct argument
OR
* Indicates correct modulus

Sample answer:

21525 523 and z 4 represent the fourth roots.
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\F\‘ —’A’
! =—t1--- \
/ \
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Question 13 (b)

Criteria Marks
» Provides correct solution 3
» Obtains correct primitive OR correct definite integral in terms of u, o
or equivalent merit
» Attempts to use a suitable substitution 1
Sample answer:
(13 3 5 Let u=vx>-9
I= x’Vx*—=9dx X
JJ10 du = ——=dx
x2-9
13 X ) )
= 2(x2_9)——dx and wu"=x"-9
) X (X 9)m
When x=+10, u=+10-9=1
2
( ) 2 When x=+13, u=+13-9=2
= | (u?+9)u”du

J1

r2
= | u*+9u?du
J1

5 2
=[u—+3u3}
5 1
5
:2—+3x23—(l+3j
5 5

:£—l+24—3
5 5
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Question 13 (c) (i)

Criteria Marks
* Provides correct solution 2
* Uses integration by parts, or equivalent 1

Sample answer:
e

I, :J (Inx)" dx, n=0
1

Let wu=(Inx)" and Vv =1

. n(lnx)"!
w=—

x
e e
o I= [x(lnx)”} —J n(lnx)"" dx
11
=e(lne)" —(In1)" —nl, _,
=e—0-nl,_,

=e- nln_1
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Question 13 (c) (ii)

Criteria Marks
* Provides correct solution 4
» Shows V, =1, or equivalent 3

e Obtains volume VA

» Writes volume V, or V, as a difference of volumes involving an integral 2
expression

» States volume of a relevant sphere OR hemisphere OR cylinder
OR 1
» Provides correct integral expression for a relevant volume

Sample answer:

rl Now [, =e-2I,
Vy=n| (1)*=(1-x2)dx
JO 11=€—IO
rl e
=m| x*dx IO=J ldx
Jo 1
3 1 e
:nl:x_jl =|:.X:|
3 0 1
_n' :e—l
3

nl=e-2[e—(e-1)]=e-2
SVp=m(e—1)—m(e—-2)

e
V= 7{ (1)? = (Inx)* dx
1 =-m+2n
e ¢ =T
:n[x} —nJ (Inx)? dx T
! 1 "'VA:VBzg:”
=n(e-1)-rl, from part (i) 13

Page 16 of 37



NESA 2021 HSC Mathematics Extension 2 Marking Guidelines

Question 13 (d) (i)

Criteria Marks
» Provides correct solution 2
» States the amplitude of the motion, or equivalent merit 1

Sample answer:

X=—4(x-3)

on?= 4, centreisx=3
n=2

period=—=r

when v=8,x=0

64=4(a>-(0-3))

16=a%>-9
a® =25
a=>5

... The particle oscillates between
x=3+5 and x=3-5
=8 =-2
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Question 13 (d) (ii)

Criteria

Marks

e Provides correct solution

» Finds the displacement function, or equivalent merit

Sample answer:
Consider x = acos(nt+ o)+ c, where
a=5, n=2, c=3
~ x=5cos(2t+a)+3
When (=0, x=5.5
5.5=5coso+3

— =cos«
5

_1(2.5j
o = COS —
5

=1.04719...radians

0=5cos(2r+1.04719...)+3

cos(2t+1.04719...)=—

5
2t+1.04719...=2.214...radians
2tr=1.167...
t=0.583...

.. First value of t when x =0 is # = 0.58 seconds (2 decimal places).
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Question 14 (a)

Criteria Marks

e Provides correct solution 4

» Applies partial fraction to the correct integral, or equivalent merit 3

. Corr_lpletes t-substitution, including the limits of integration, or equivalent >
merit

« Attempts to use a r-substitution, or equivalent merit 1

Sample answer:

T

2 1 x 1-12
——dx let t=tan— ..cosx= 3
0 3+5cosx 2 1+¢
when x=0, =0 dtzlsecz(i)dx
pis 2
x=—, t=1
2
2
sodx = 2dt
1+1¢
rl
1 2
.. Integral = . dt
& 3+5(1—t2) 141
70 1+¢2
rl ’

1
( 1

————dt
2= +1)

1
1 1 1
=—| —+—dt
4 2—t 2+t

1[ 2+t:|1
=—|In| =2
0

2—t
= l(1n3 —Inl) = lln3
4 4
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Question 14 (b) (i)

Criteria

Marks

e Provides correct solution

» Finds appropriate component of force due to gravity
OR
* Provides appropriate diagram, or equivalent merit

Sample answer:
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Question 14 (b) (ii)

Criteria

Marks

e Provides correct solution

+ States that the resultant force is 0, or equivalent merit

Sample answer:

Constant speed = Resultant force =0

53

T o =2y + 22
5 8

g=10 253 =2v+20°

212 +2v-25J3=0

_ 2% J4+4(2)(2543)
4

=4.1798... or —5.1798...

SV

. speed =4.1798... as moving down the slope

=42 ms™' (1 decimal place)
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Question 14 (c) (i)

» Expands using De Moivre’s theorem

Criteria Marks
» Provides correct solution 3

» Expands using binomial theorem

AND 2

» Expands using binomial theorem
OR
» Expands using De Moivre’s theorem

Sample answer:

Using De Moivre:

(cosO +isinB)’ = cos50 +isin56

Using binomial expansion

(cosB+isin@)’ = (cosO)’ +5(cos6)* (isinH)
+10(cos6)’ (ising)?
+10(cos6)? (isin6)’
+5(cos0)(isin0)*
+(isin@)’

= 05’0 + 5cos* Osini

—10cos’Osin’ 6
~10cos?Osin® i
+5cos@sin* 0

+sin° 0

Equating real parts:

c0s50 = cos’ 0 —10cos> Osin® 0 + 5cosOsin* O
=05’ —10c0s>0(] - cos26) +5c0s0(] — cos? 9)2
=c0s°0—10c0s*0+10cos’ 0 +5c0s0(1 - 2¢0s20 + cos* §)

=c0s°0—10c0s’0+10c0s> 0 +5c0s0 —10cos> 0 +5¢co0s° O

=16c0s’ 0 —20c0s> 0 + 5cosO
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Question 14 (c) (ii)

Criteria Marks
e Provides correct solution 3
2

* Finds the solutions to the degree 5 polynomial, or equivalent merit

T
» Uses 0 = —in the equation from part (i), or equivalent merit

Sample answer:

T
Re ello = Re(c0s£+ isinl)
10 10

T
=Ccos—
10

When 6 = i, cos50 = cosz =0
10 2
cosi is a root of 16¢0s> 0 —20c0s> 0 + 5c0s0 =0

16c0s°0—20co0s>0 +5c0s0 =0
0059(1600549 —20c0s%0 + 5) =0

cosl;tO
10

cosl is a root of 16c0s*@ —20c0s20+5=0

~20£./400-4(16)(5)

5. c0s%0 =
32
20£445
32
545
8
T 5+45
J.cos— ==
10 8

But roots of cos560 = 0 are:

n 3 S5t 7w 9r¢

1071072710710
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7
so roots of 16¢0s> 0 —20co0s> 0 +5cosO =0 are cosi,cos3—ﬂ,cos£= 0, cos—7r and
10 10 2 10

COS——
10

From the graph of y = cosx, we see that cos% is the largest of these.

T /5+\/§
S.COS— =
10 8

T
Re(ellOJ = >+ \/§

8
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Question 15 (a) (i)

Criteria Marks
* Provides correct solution 2
» Attempts to use appropriate expressions for x and y 1

Sample answer:

Jabe = \/(ab)c ab+c
_ Va2b2 +c
2

a® + b>
2
2

+c

IN

4

Answers could include:

2 2
a - +b
Let x=

Ia +b2
/a c+b2 <4 +b2+2c

Let m=a’c and n=b%

and y=c

a +b2

a’+b*+2c

using the result provided

using the same result a second time

. Jmn = \/azc-bzc = \/a2b202 =abc

/m+n _ a’c + b
2 2

2 2
a‘c+bc
abc < ——

2 2 2 2
. Jabe < /a c;bcga +11+2c
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Question 15 (a) (ii)

Criteria

Marks

e Provides correct solution

» Permutes the result in (i), or equivalent merit

Sample answer:
a’+b%*+2c
4

abc <

a’+c%+2b
4

ach <

b> +c% +2a
4

bca <

Adding

2a% +2b% +2¢* +2a+2b+2c
4

3Jabce £

a+b>+ct+a+b+ce
2

3Jabe <

a+b*+ct+a+b+c .
soalabe < 5 as required
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Question 15 (b) (i)

Criteria Marks

e Provides correct solution 2

* Attempts to use an expression for an odd number in the formula for ¢ , or

equivalent merit

Sample answer:
n(n+1)
t, = ——"
2
The odd numbers 1, 3, 5, ... can be expressed as 2m — 1 where m is an integer.
-, the odd triangular numbers are ¢, =,

hn=2n2—n

Cm-1D2m-1+1)
Iym1 = >
_C2m-1)2m
B 2
=mQ2m-1)

=2m*>-m
:hm

.. The odd triangular numbers are hexagonal.
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Question 15 (b) (ii)

Criteria

Marks

e Provides correct solution

Sample answer:

The even numbers 2, 4, 6 ... can be expressed as 2m where m is an integer.

_2mQ2m+1)
2m 2

=m(2m+1)

=2m*+m

Use proof by contradiction to show it is not hexagonal. Assume it is hexagonal.

2m* +m=2k> -k where k is an integer
m+k =2k* - 2m*
m+k=2(k2 - m?)
m+k=2(k—-m)(k+m)
s 1=2(k—m) since k+m #0

So, 1 is even, which is not true .. the original statement is false.
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Question 15 (c) (i)

Criteria Marks
» Provides correct solution 3
» Integrates to obtain an expression for t in terms of v, or equivalent merit 2
» Provides an expression for the resultant force, or equivalent merit 1

Sample answer:

Force = —-mg — kv?

kv?
a=—-g———
m
a——g—kv2 given m=1
dv 2 . v
—=—g—kv need ¢ in terms of v, souse a = —
dt dt
de 1
dv g+kv2

Whent=0,v=u
0=- ! tan_l(u\/gj+c
Vgk g
c=——tan | u, |—
8k g
t——l tan_l(u\/gj——l tan_l[v\/gj
V&k g) gk g
. 1 -1 k .
Max height,v =0 .. t = ——==tan™ | u, [— | as required.
8k g

(Either notation, arctan or tan_l, is acceptable.)
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Question 15 (c) (ii)

Criteria

Marks

e Provides correct solution

» Integrates to obtain an expression for x in terms of v, or equivalent merit

» Provides an integral expression for x in terms of v, or equivalent merit

Sample answer:

x_ v
dv g+kv2
1
x=——1In(g+kv?)+c
K (g+%7%)
Whenx=0,v=u

0=—i1n(g+ku2)+c

1
c= ﬁln(g+ku2)

1 1 + ku?
SoX= ﬁ(ln(g+ku2)—ln(g+kv2))=ﬁln§+k:2

Maximum height, subinv =0

2
. maximum height x = iln g+ ku
2k g

Question 15 (d)

Criteria

Marks

¢ Provides correct solution

« Writes 5" =(2+3)" or equivalent merit

Sample answer:
5=2+3
SO 5" =02+3)"

n
=2" 43" 4 (JZX 3" 4 other terms

> 2+ 3"

so 2" 43" 5" ifnz=2
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Question 16 (a) (i)

Criteria Marks
» Provides correct solution 2
. States that OP is a unit vector, or equivalent merit. 1

Sample answer:

Point P is on the unit sphere so

1=| 0P|
=|xi + yj + 2k |
<|xi |+ yj + 2k | (triangular inequality)
<|xi|+|yj|+|zk|  (triangular inequality)
| x|+] y|+]z] i, j, k unit vectors

so | x|+] y|+]z|21

Answers could include:

P is on the unit sphere .- \/xz +y2 472 =1

.'.‘x‘2+‘y‘2+|z‘2 =1

But | x| <1,

slxP<|x], [yP <|y| and | z]* <z

y|<1 and |z| <1

.'.1=‘x‘2+]y]2+‘z‘2

<[ x[+[y]+]z]
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Question 16 (a) (ii)

Criteria Marks
* Provides correct solution 3
+ Obtains | q,b, +azbz+a3b3‘:\/a]2+az2 +a32\/b]2+bzz+b32 cosO ... 2

* Attempts to apply the dot product, or equivalent merit

Sample answer:
a-b=al|bleoso
aby +ayb, + azby =|al| b|cosd
—1<cos6<1
—|al[b] < aby +ayb, +ashy <|al[ b]

SO ‘a1b1+a2b2+a3b3‘é‘ngg‘

_ 2 2 2 2 2 2
—\/al +a,” +a, \/b1 +b2 +b3
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Question 16 (a) (iii)

Criteria Marks

e Provides correct solution 2

» Chooses one suitable vector to use with the result from part (ii), or
equivalent merit

Sample answer:

x‘2+‘y|2+‘z‘2 =1.

If P(x,y,z) is on the unit sphere x* +y*> +z> =1,
Hence Q(| X

2 2

Z |) is on the unit sphere.
x|

In part (i) let a = | | y|

| z]

1
And @: 1

1
Then
x|+ ]yl 2l s glx P+ s+ PP+ P+ 2

3

| x|,] v| and |z| are not negative, so

x|+ v+l =[[x[+]y[+] ][ <3

Answers could include:

P(x,y,z) on unit sphere so x> +y> +z> =1.
Choose b, to be 1 or —1 so that xb; 20 so xb; =|x

, and similarly choose b, and b,

so  yb, 20 and zb; 20.

X bl
Let a=|y |, b= b2
z b,

By part (ii)

| xby + yby + 2by | <22 42 + 2252 + 5,2 + b
=1x1+1+1
-3

x|+ y]+]z][<¥3

| x|,| y|,| z| are not negative so

x| +[ ] +]z| <3
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Question 16 (b)

Criteria Marks
» Provides correct solution, with justification 5
» Shows that the relevant times are positive
OR 4
» Shows that the relevant times occur before the particle lands,
or equivalent merit
» Obtains a quadratic that will identify all possible angles, or equivalent 3
merit
» Uses the fact that the dot product of the two vectors is 0, or equivalent >
merit
» Obtains velocity vector, or equivalent merit 1

Sample answer:

utcos@
Position  r(¢) = 2
~ —g—+utsin9
2
Velocit () ucoso
1 =
coaty LU —gt+usinf

If position vector is perpendicular to velocity vector then

r
utcos@
ucoso
— gt2 . . ‘
—7+MZ'SII'19 [—gt+usm9]

2
= u’tcos’ 0+ (_% + utsin@j(—gl +using)

2.3 2
t u . . .

= u’rcos?9+ 5 gTsm9 — gt2u51n9 +u’tsin’ 6
3ugr’sin@ g%r

2, _ 8 +g

2 2

t
= E(gzt2 —3ugtsinf + 2u2)

During time of flight > 0 so above can only be zero when g%> —3ugrsin@ +2u®> = 0.

y= g2t2 —3ugtsinf + 2u? is the graph of a concave up parabola where y is a function of 7.
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Want two zeros so A= b% —4ac >0 and we also know 0 < 6 < %
9u’g?sin?0—-4x g2 x2u>>0
u*g*(9sin2g —8)> 0
9sin’6-8>0 as u2g2>0

sinZ@ > §
9

sin9>§ (0<9<§ 50 sin9>0)

0>1.23 (2 decimal places)
(70.52°)

This shows that we may have two points during the time of flight if % >0>1.23

2g 2g
9sin%6 — 8 < 9sinZ @ = (3sinH)?
sor>0

. " 2
p= 2ugsINO LugVsin"6 -8 _ u (3sin9i\/9sin29—8)

so both points occur after projection.

If we ignore the ground, and consider points on the trajectory below the point of projection.

r(t) Y(t)

Both r(¢) and 7(¢) point into the 4th quadrant so the angle between them is less than %

Thus the two points must occur after projection but before the projectile lands.
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Question 16 (c)

» Obtains the region below <diag>

Criteria Marks
 Provides correct sketch 3
« Considers inequalities involving xtan(x) AND has included or excluded

at least one section of the Argand plane 2

» States that a nominated section of the Argand plane is included in the
required region
OR

» States that a nominated section of the Argand plane is excluded from the
required region

Sample answer:

If z=x+iy and Arg(z)=6
then -1 <0<r

tanezl when x #0
X
Re(z)=x

In 2nd quadrant Re(z)=x <0< % < Arg(z) so 2nd quadrant not in region
In 4th quadrant Re(z) >0 > Arg(z) so 4th quadrant included in region

In 1st quadrant Arg(z) < % soif x > % then z is included in region

In 3rd quadrant —7 < Arg(z) < —% so x <—m excluded and x > —% included.

So far
N
Excluded )
-
- 2
Excluded i 9
| &\\
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fo<x< 2 then tanx is an increasing function

Re(z) > Arg(z)

x>0
y . T
tanx = tanf = = (tan 1ncreases on[O,ED
X
xtanx >y (x>0)

- . .
If -r<x< EY tan also increasing

Arg(z)= arctan(z) -
X

X2 arctan(

= <

)on
)

xX+mw=2 arctan(

= <

tan(x +7) 2 2

X

xtan(x) <y
as tan(x+m)=tanx and x<0
Also,ifz=0andif y=0,x<0,Arg(z)=m>x

.. not included.

l\)|;\~l

Page 37 of 37



NESA 2021 HSC Mathematics Extension 2 Marking Guidelines

2021 HSC Mathematics Extension 2
Mapping Grid

Section |

Question Marks Content Syllabus outcomes

1 1 MEX V1 Further work with vectors MEX 12 3

2 1 MEX C1 Further integration MEX 12-5

3 1 MEX V1 Further work with vectors MEX 12-3

4 1 MEX P1 The nature of proof MEX 12-2

5 1 MEX P1 The nature of proof MEX 121

6 1 MEX N2 Using complex numbers MEX 12—4

7 1 MEX V1 Further work with vectors MEX 12-3

8 1 MEX M1 Applications of calculus to mechanics MEX 12-6

9 1 MEX P1 The nature of proof MEX 12-2

10 1 MEX N2 Using complex numbers MEX 12—4

Section I

Question Marks Content Syllabus outcomes

11(a) 2 MEX N1 Introduction to complex numbers MEX 12—4

11 (b) 5 MEX P2 Further p-roof by mathematical induction MEX 191

MEX N1 Introduction to complex numbers

11 (c) 3 MEX V1 Further work with vectors MEX 12-3

11 (d) (i) 2 MEX N2 Using complex numbers MEX 12—4

11 (d) (ii) 2 MEX N2 Using complex numbers MEX 124

11 (e) 2 MEX N1 Introduction to complex numbers MEX 124

11 (f) 3 MEX C1 Further integration MEX 121

12 (a) 3 MEX C1 Further integration MEX 12-5

12 (b) (i) 1 MEX P1 The nature of proof MEX 12-2

12 (b) (ii) 1 MEX P1 The nature of proof MEX 12-2

12 (c) 3 MEX V1 Further work with vectors MEX 12-3

12 (d) 3 MEX P2 Further proof by mathematical induction | MEX 12-2

12 (e) (i) 1 MEX V1 Further work with vectors MEX 12-3

12 (e) (ii) 2 MEX V1 Further work with vectors MEX 12-3
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12 (e) (iii) 1 MEX V1 Further work with vectors MEX 12-3
13 (a) 2 MEX N2 Using complex numbers MEX 12—4
13 (b) 3 MEX C1 Further integration MEX 12-5
13 (c) (i) 2 MEX C1 Further integration MEX 12-5
13 (c) (ii) 4 MEX C1 Further integration MEX 12-5
13 (d) (i) 2 MEX M1 Application of calculus to mechanics MEX 12-6
13 (d) (i) 2 MEX M1 Application of calculus to mechanics MEX 12-6, MEX 12-7
14 (a) 4 MEX C1 Further integration MEX 12-5
14 (b) (i) 2 MEX M1 Application of calculus to mechanics MEX 12-6
14 (b) (ii) 2 MEX M1 Application of calculus to mechanics MEX 12-6, MEX 12-7
14 (c) (i) 3 MEX N2 Using complex numbers MEX 12—4
14 (c) (ii) 3 MEX N2 Using complex numbers MEX 124
15 (a) (i) 2 MEX P1 The nature of proof MEX 12-2
15 (a) (ii) 2 MEX P1 The nature of proof MEX 12-2
15 (b) (i) 2 MEX P1 The nature of proof MEX 12—-1, MEX 12-2
15 (b) (ii) 1 MEX P1 The nature of proof MEX 12—-1, MEX 12-2
15 (c) (i) 3 MEX M1 Application of calculus to mechanics MEX 12-6
15 (c) (ii) 3 MEX M1 Application of calculus to mechanics MEX 12-6
15 (d) 2 MEX P1 The nature of proof MEX 12-2
16 (a) (i) 2 MEX P1 The nature of proof MEX 12-2
16 (a) (ii) 3 MEX V1 Further work with vectors MEX 12-3
16 (a) (iii) 2 MEX V1 Further work with vectors MEX 12-3
16 (b) 5 MEX M1 Application of calculus to mechanics MEX 12-6, MEX 12-7
16 (c) 3 MEX N1 Introduction to complex numbers MEX 124
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