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Reading time — 10 minutes

Instructions . Working time - 3 hours

+ Write using black pen
« Calculators approved by NESA may be used
+ A reference sheet is provided at the back of this paper

 For questions in Section Il, show relevant mathematical reasoning
and/or calculations

Total marks: Section | - 10 marks (pages 2-6)

100

2500

+ Attempt Questions 1-10
« Allow about 15 minutes for this section

Section Il - 90 marks (pages 7-15)

+ Attempt Questions 11-16
« Allow about 2 hours and 45 minutes for this section



Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1  Let R be the region in the complex plane defined by 1< Re(z) <3 and %S Arg(z) < %

Which diagram best represents the region R?

A. A : B. A
0]V . o -
1 3 1 3
C A D. Y
oL _ 0 _
1 3 1 3 }




2

The following proof aims to establish that —4 = 0.

Let a=-4

= a’=16 and da+4=-12 Line 1
=  d’+4a+4=4 Line 2
= (a+2)%=22 Line 3
= a+2=2 Line 4
= a=0

At which line is the implication incorrect?

A. Linel
B. Line2
C. Line3
D. Line4

Let A, B, P be three points in three-dimensional space with A # B.
Consider the following statement.

If P is on the line AB, then there exists a real number A such that AP = 1 AB.
Which of the following is the contrapositive of this statement?

A. If for all real numbers A, AP = /lﬁ, then P is on the line AB.
If for all real numbers A, AP # lﬁ, then P is not on the line AB.

If there exists a real number A such that AP = /lﬁ, then P is on the line AB.

o N w

If there exists a real number A such that AP # lﬁ, then P is not on the line AB.

Of the following expressions, which one need NOT contain a term involving a logarithm
in its anti-derivative?

A X2
2 +4x+5
B X*tZ
¥ —4x-5
C. x—1
B-xl+x-1
D. x+1

B -xl+x-1



If J F(t)dr = g(x), which of the following is a primitive of /(x)g(x)?

a

1 2
A. E[f(x)]

1 ., 2
B. E[f(X)]

1 2
C. E[g(x)]

1, 2
D. E[g(x)]

It is known that a particular complex number z is NOT a real number.
Which of the following could be true for this number z?

A. iz
|2

C. Re(iz) =Im(z)

all
Il

B.

Al
Il

D. Arg(z3) = Arg(z)

Consider the statement P.

nn+1)

P: For all integers n =1, if n is a prime number then is a prime number.

Which of the following is true about this statement and its converse?

A. The statement P and its converse are both true.
The statement P and its converse are both false.

The statement P is true and its converse is false.

O N w

The statement P is false and its converse is true.



As a projectile of mass m kilograms travels through air, it experiences a frictional force.
The magnitude of this force is proportional to the square of the speed v of the projectile. The

constant of proportionality is the positive number k. The position of the particle at time ¢ is

denoted by (i) The acceleration due to gravity is g m s72.

Based on Newton’s laws of motion, which equation models the motion of this projectile?

Let A and B be two distinct points in three-dimensional space. Let M be the midpoint
of AB.

Let S, be the set of all points P such that AP - BP =0.
Let S, be the set of all points N such that ‘ ﬁ’v] = ‘ MN ’
The intersection of S, and S, is the circle S.

What is the radius of the circle S?

| 4B|
A —
2
| 4B
B. ——
4
3| 78|
c. ——-
2
J3| 4B |
D. ———
4
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A particle is moving vertically in a resistive medium under the influence of gravity. The
resistive force is proportional to the velocity of the particle.

The initial speed of the particle is NOT zero.

Which of the following statements about the motion of the particle is always true?

A.
B.
C.

If the particle is initially moving downwards, then its speed will increase.
If the particle is initially moving downwards, then its speed will decrease.

If the particle is initially moving upwards, then its speed will eventually approach
a terminal speed.

If the particle is initially moving upwards, then its speed will not eventually
approach a terminal speed.



Section I1

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (16 marks) Use the Question 11 Writing Booklet

(a) Express 5 — l in the form x + iy, where x and y are real numbers. 2
+1
(b) Evaluate Jsin3 2x cos2x dx . 2
(©) (i) Write the complex number ~J3+iin exponential form. 2
.. . AO L .
(ii) Hence, find the exact value of (—\/§ + l) giving your answer in the 2
form x + iy.
(d) A triangle is formed in three-dimensional space with vertices A(1, -1, 2), 3

B(0,2,-1) and C(2, 1, 1).

Find the size of ZABC, giving your answer to the nearest degree.

(e) Let /, be the line with equation (i) = (_71) + l(;j, LeR. 2
The line ¢, passes through the point A(—6, 5) and is parallel to .
Find the equation of the line /, in the form y = mx + c.

(f)  Using the substitution ¢ = tan%, find 3

dx
1+ cosx —sinx

_7



Question 12 (15 marks) Use the Question 12 Writing Booklet

(a)

(b)

(c)

(d)

(e

For real numbers a, b = 0 prove that a ; b > Jab.

A particle is moving in a straight line with acceleration a =12 — 6¢. The particle
starts from rest at the origin.

What is the position of the particle when it reaches its maximum velocity?

A particle with mass 1 kg is moving along the x-axis. Initially, the particle is at
the origin and has speed u m s to the right. The particle experiences a resistive
force of magnitude v + 3v> newtons, where v ms™! is the speed of the particle
after ¢ seconds. The particle is never at rest.

(i) Show that dv _ —(1+ 3v).
dx

(i1) Hence, or otherwise, find x as a function of v.

n

. ) . 4+ x .. .
Using partial fractions, evaluate J dx, giving your answer in

2(1—xX4+xﬂ

the form %IH(L)ZJ , where #(n) is a function of n.

8(n—1)

2_

) ; Z
Given the complex number z = e’g, show that w = 5
77+

is purely imaginary.



Question 13 (14 marks) Use the Question 13 Writing Booklet

(a) Prove that for all integers n with n > 3, if 2" — 1 is prime, then n cannot be even.

(b)  The numbers a,, for integers n =1, are defined as
4=
as =v2 +m, and so on.

(Do NOT

. . 2
= > .
These numbers satisfy the relation a;, , =2 +aq,, for n2>1. prove this.)

— . T .
Use mathematical induction to prove that a, = ZCOSW, for all integers n = 1.

(c) Consider the equation 22 +1=0, where zis a complex number.

(i) Solve the equation z° + 1 =0 by finding the 5th roots of —1.

(ii) Show that if z is a solution of z° +1=0 and z# —1, then u =z + 1 is a
Z

solution of u? —u —1=0.

(i11) Hence find the exact value of cos%ﬂ.



Question 14 (15 marks) Use the Question 14 Writing Booklet

(a) (i) The two non-parallel vectors i and V satisfy A +uv = 0 for some real
numbers A and u.

Show that A =u =0.

(ii) The two non-parallel vectors i and V satisfy A, +u,V = A, + u, v for
some real numbers A, A,, 4, and ,.

Using part (i), or otherwise, show that A, =4, and u, = p,.

The diagram below shows the tetrahedron with vertices A, B, C and S.
The point K is defined by SK = iﬁ + %ﬁ, as shown in the diagram.

The point L is the point of intersection of the straight lines SK and BC.

\

(iii))  Using part (ii), or otherwise, determine the position of L by showing that
BL = ~BC.
7

(iv) The point P is defined by AP = — 6 AB — 8 AC.

Does P lie on the line AL? Justify your answer.

Question 14 continues on page 11

~10 -



Question 14 (continued)

1
(b) LetJ = J x"e™*dx , where n is a non-negative integer.

0
. 1
(i) Show that J,=1-—.
e
(i) Show that J < .
n+1

(iii) Show that J, =nJ, _, —l, for n>1.
e

(1v)  Using parts (i) and (ii1), show by mathematical induction, or otherwise,
that for all n >0,

n
J =n!- n_' l .
" e !
1
(v) Using parts (ii) and (iv) prove that e = lim 2—'.
n—>°<>r:0 r!

End of Question 14

Please turn over

—11 =



Question 15 (15 marks) Use the Question 15 Writing Booklet

(a)

A machine is lifted from the floor of a room using two ropes. The two ropes
ensure that the horizontal components of the forces are balanced at all times. It
is assumed that at all times the machine moves vertically upwards at a constant
velocity.

The machine is located in a room with height 4 metres.

One of the ropes is attached to the point P on the machine and to the fixed
point C on the ceiling of the room. The point C is a distance d metres to the left
of P. Let the vertical distance from P to the ceiling be / metres and let 8 be the
angle this rope makes with the horizontal.

The other rope is attached to the point P and to the fixed point F on the floor of
the room. The point F is a distance 2d metres to the right of P. Let ¢ be the angle
this rope makes with the horizontal.

Let the tension in the first rope be T newtons, the tension in the second rope be

T, newtons, the mass of the machine be M kilograms and the acceleration due

to gravity be g m s72.

d
C - =
A 9 :
! 0
T\ |
h P\ -
T2
r @
2d F
\J
Mg

(i) By considering horizontal and vertical components of the forces at P,
show that

Mg

tan@ =tan¢ + .
T, cos¢

(i1)) Hence, or otherwise, show that the point P cannot be lifted to a position

%h metres above the floor.

Question 15 continues on page 13

—12 —



Question 15 (continued)

(b) The diagrams show two positions of a single piston in the cylinder chamber of
a motorcycle. The piston moves vertically, in simple harmonic motion, between
a maximum height of 0.17 metres and a minimum height of 0.05 metres.

@)
T @
0.17m
"
]
Maximum
i)
Minimum

The mass of the piston is 0.8 kg. The piston completes 40 cycles per second.

What is the resultant force on the piston, in newtons, that produces the maximum
acceleration of the piston? Give your answer correct to the nearest newton.

(¢)  Using the substitution x = tan’ 6, evaluate

1
sin”! [ X dx.
0 1+x

(d) The complex number z satisfies

z—i‘=2.
Z

Using the triangle inequality, or otherwise, show that | z | </5 + 1.

End of Question 15

13—



Question 16 (15 marks) Use the Question 16 Writing Booklet

(a) A square in the Argand plane has vertices
5+ 5i, 5 -5i, -5-5i and -5 +5i.

The complex numbers z, =5 + i, z; and Zc lie on the square and form the
vertices of an equilateral triangle, as shown in the diagram.

Ve
5 +5i o2 5+5i
=3 +i NOT TO
SCALE
—5-5; 5-5i
ic

Find the exact value of the complex number z.

(b) A projectile of mass M kg is launched vertically upwards from a horizontal
plane with initial speed v, ms~' which is less than 100 ms™!. The projectile

experiences a resistive force which has magnitude 0.1Mv newtons, where

vms! is the speed of the projectile. The acceleration due to gravity is 10 m s72.

The projectile lands on the horizontal plane 7 seconds after launch.

Find the value of v, correct to 1 decimal place.

Question 16 continues on page 15

— 14—



Question 16 (continued)

(c) Itis given that for positive numbers x,, x,, Xgsones X, with arithmetic mean A,
Xp XXy X Xy X oo XX,
Al’l

<1. (Do NOT prove this.)

Suppose a rectangular prism has dimensions a, b, ¢ and surface area S.

3

(i) Show that abe < (%)2 .

(i) Using part (1), show that when the rectangular prism with surface area S
is a cube, it has maximum volume.

(d) Find all the complex numbers z,, z,, 23 that satisfy the following three conditions
simultaneously.

[a]=]z|=|4]
y+t+t=1

712523 =1

End of paper

~ 15—
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REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(l+r)
[ = i X 27r
360
Sequences and series
Area
A= s T,=a+(n-1)d
360
A=ﬁ(a+b) Sn:g[2a+(n—1)d]:g(a+l)
Surface area T =aqr!
A =272 + 27rh
all-r" alr'*-1
A = 47r? S = ( ): ( ),r;tl
n 1-r r—1
Volume
a
V=1an S=q Il
3
V= i75;’3
3
Functions Logarithmic and Exponential Functions
_ —b++/b* —4ac log,a* = x = %8>
2a
log, x
For ax> +bx>+cx+d=0: logax = logba
b
o+ ﬁ Tr= _E X xlna

C
af +ay+ fy="

and affy = —g

Relations

(o + -4 =

2491

}’2

a e




Trigonometric Functions

sinA =%, COSA:a—d‘]’ tan A =ﬂ
hyp hyp adj
1
A =—absinC o
2 J2 45
a b c
= = 450
sinA sinB sinC —IE
c?=a*+b*-2abcosC
2 2 2
a+b°—c
cosC=——— o
2ab 30
2
=16
A= %rZQ 60°
1

Trigonometric identities

secA = , cosA#0

COS

cosecA = , sSinA #0

Sin

COSA
COtA =

S

, sinA #0

2

cos?x + sinZx = 1

Compound angles
sin(A + B) = sinAcos B + cos Asin B

cos(A + B) = cosAcos B — sinAsin B

tan(A N B) _ tanA + tan B
l—tanAtan B
If tztané then sinA = 2
2 1+ ¢
1— 2
COSA = !
1+ ¢
tanA = 2
1-¢

cosAcosB = %[COS(A — B) +cos(A + B)]
sinAsinB = %[cos(A —B) —cos(A + B)]
sinAcosB = %[sin(A + B) + sin(A - B)]

cosAsinB = %[sin(A + B) — sin(A - B)]

sin’nx = %(1 — cos 2nx)

cos’nx = l(1 + cos 2nx)

Statistical Analysis

An outlier is a score

o less than O, — 1.5 X IQR
or

more than Q5 + 1.5 X IQR

Normal distribution

e approximately 68% of scores have
Z-scores between -1 and 1

e approximately 95% of scores have
Z-scores between -2 and 2

e approximately 99.7% of scores have
z-scores between -3 and 3

E(X)=pu
Var(X) = E[(X - )] = E(x?) - u?

Probability

P(AnB)=P(A)P(B)
P(AUB)=P(A)+P(B) - P(ANB)
P(A|B) = %, P(B)#0

Continuous random variables

P(X<r)= J S(x)dx

b
Pla< X <b) =J F(x)dx

Binomial distribution
P(X=r)="Cp'(1-p)""
X ~ Bin(n, p)
= P(X=x)

- (Z)px(l PP x=0,1, ...
E(X) =np
Var(X) = np(1-p)

, n



Differential Calculus

Function

y=f(x)"

y = g(u) where u= f(x)

y =sin f(x)
y = cos f(x)
y =tan f(x)
y=e/®

y=1Inf(x)
y=a/®

y=log, f(x)

y=sin"! £(x)

y=cos™ f(x)

y= tan_lf(x)

Derivative
d , _
=/ @
x
dy dv du
—=u—+v—
dx dx dx
dy _dy du
dx du dx
Jdu_ dv
ﬂ _dx dx
dx V2

? = (x) cos f(x)
X

? = () sin ()
X

D p)sec? f(x)
dx

L= e’
&y _ S
dx )

L (ina) //(x)a’™
dx

& F
dx (Ina)f(x)

dy __ f(x)

dx 1—[f(x)]2

dy _ f'(x)

dx 1—[f(X)]2

dy _ f'(x)
dx 1+[f(x)]2

Integral Calculus

J SO =[] e

where n # —1

J'(x)cos f(x)dx =sin f(x)+c

J

Jf’(x)seczf(x)dx =tan f(x)+c

~

f’(x)ef(x)dx =/

PM X = X)|+c
J f(x)d In| £(x)|+

( f(x)
f’(x)af(x)dx S
J Ina

+c

/(%)
a>-[f))

dx = sin

(8

J—f'(x) dx = ltan‘lM-% c
612 +[f(x)]2 a a

b
J Sf(x)dx

b—a
2n

where a = x,, and b= X,

J(x)sin f(x)dx = —cos f(x)+c

_1@+c

{f&ﬁ%;f@0+2[j(ﬁ)+-n—kf(

xn—l

)



Combinatorics

Vectors
‘gt‘:‘x£+y2‘ =\/x2+y2

u-y=[ul[y|cosd =xx, + 3,7,
where u = xji +yj

and y=x2£+y21

r=a+i

1S

Complex Numbers

z=a+ib=r(cos+isinh)
= re'?
[r(cos 0 + isin 9)]" =r"(cosnf + isinnb)

— rnelne

Mechanics

a2 dr dx drl2’

Lx_dv_ dv_ (1)
x=acos(nt+0/)+c
x=asin(nt +a) + ¢

i=-n*(x-c)

© 2022 NSW Education Standards Authority
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NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Section |l

Question 11 (a)

Criteria

Marks

¢ Provides correct solution

or equivalent merit

» Multiplies top and bottom by the conjugate of the denominator,

Sample answer:
3—i 3—-i 2-i
= X
241 241 2-1i
_6-2i-3i-1
4+1

_5-5i
5
=1-i

Question 11 (b)

Criteria

Marks

¢ Provides correct solution

» Chooses a suitable substitution, or equivalent merit

Sample answer:

Jsin3 2xcos2x dx

= i J4sin3 2xcos2x dx

4 2

= %sin4(2x)+C

Page 2 of 36




NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (c) (i)

Criteria

Marks

e Provides correct solution

» Obtains correct modulus
OR
» Obtains correct argument

Sample answer:

Imi

—\/§ Re

St

—B+i= 2¢ 6

Question 11 (c) (ii)

Criteria

Marks

¢ Provides correct solution

» Attempts to apply de Moivre’s theorem, or equivalent merit

Sample answer:

sz \l0
(—\/§ + i)lo = [Zel 6 ] from part (i)

iSOn’
— 2106 6

x
=293

=210 l+£i
2 2

=22 +2°/3i

Page 3 of 36



NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (d)

Criteria Marks

e Provides correct solution 3

» Obtains correct dot product OR attempts to use the cosine rule using
3 correct lengths

» Obtains one relevant vector OR obtains one relevant length 1

Sample answer:
A(la _1’ 2) B(Oa 27 _1) C(27 17 1)

1-0 1
a=BA=| -1-2 |=|-3
2 — (1) 3
2-0 2
b=BC=| 1-2 |=|-1
1-(-1) 2
cos ZABC = a2 = 2+3+6
la|-|b] V1+9+9 -Jd+1+4
11
3J19
11
o ZABC =cos™'| ——
(Nﬁj
~ 33°

Page 4 of 36



NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (e)

Criteria

Marks

e Provides correct solution

+ Finds equation of /, in any form OR finds the correct slope of /, OR
equivalent merit

Sample answer:

X -1 3
0y = +A

y 7 2

Ly H (£, passes through (-6, 5)

o (L)

x=—-6+3u
y=5+2u
2x =—12+6u
3y=15+6u
Subtract
3y—-2x=27
3y=2x+27
2
=—x+9
y 3x

Page 5 of 36




NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (f)

Criteria Marks
» Provides correct solution 3
» Obtains integrand in terms of ¢ in simplest form, or equivalent merit 2
» Correctly replaces dx in terms of t and dt, or equivalent merit 1

Sample answer:

X
f=tan— =
2

dx
1+ cosx—sinx

( 2dt

1—¢2

(&

2dt

J

=—In|1-1|+k

=—In

1+12  1+17?

1—tan£‘+k
2

Page 6 of 36




NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (a)

Criteria Marks
* Provides correct solution 2
» Chooses a suitable strategy 1

Sample answer:

a, b=0 so \/E,\/E are real

(\/E—\/E)zzo
a-2Ja\b+b>0

a+b=2Jab

a-;b >+ab

Page 7 of 36



NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (b)

Criteria Marks
» Provides correct solution 3
» Obtains the displacement of the particle at time ¢, or equivalent merit 2

» Obtains the position of the particle at time ¢
OR 1
» Finds the time at which the velocity of the particle is a maximum

Sample answer:
X=12-6t
t=0, v=0, x=0

ﬂ=12—6t

dt
v=J12—6tdt
=12t-3t2 +¢

t=0, v=0, = ¢=0
v =12 -3¢

%=12t—3t2
x=612-F +c¢

t=0, v=0, = ¢=0

x=6t2—1

Maximum velocity
v =121 - 3¢2

VA

~Y

o 2 4

v is maximum when ¢ = 2.

Position at maximum velocity is
xX=6X 22 - 23

= 16 units to right of origin

Page 8 of 36




NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (c) (i)

Criteria

Marks

e Provides correct solution

Sample answer:

F=ma=1xa=a
a=—(v+3v2)

vﬂ =—y(1+3v) andv=0
dx

dv

—=—(1+3
o= —(1+3)

Question 12 (c) (ii)

Criteria

Marks

¢ Provides correct solution

» Separates the variables from the DE in part (i), or equivalent merit

Sample answer:
dv

—=—(1+3
dx ( V)
dv _ _ | g
1+ 3v
1
§1n|1+3v| = —x+c

Whenx=0,v=u

So l1n|1+u| =c
3
¥ = Lin[143u] = Lin[143v]
3 3

1 (1+3u)
= —In
3 \1+3v

Since 1+3v>0and 1 +3u>0

Page 9 of 36



NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (d)

Criteria Marks
» Provides correct solution 4
» Obtains correct primitive 3
» Obtains the correct partial fraction decomposition, or equivalent merit 2

» Writes the correct general form of the partial fraction decomposition,
or equivalent merit

Sample answer:
4+x A Bx+C

(1—x)(4+x2)_ l—xJr 4+ x?

4+x=A(4+x%)+(Bx+C)(1-x)

x=1 5=5A, A=1
4+ x 1 _4+x—(4+x2)
(1—x)(4+x2)_1—x_(1—x)(4+x2)
_ x—x?
_(1—x)(4+x2)
X
4442

n rn
4+ 1
s dx = —+ s de
2l—x 4+ x

r~n

1 1 2x
= —_— = 5 dx
le—x 2\4+x

1 n
- [—1n\1—x|+—1n\4+x2\]
2 2

= —1n|1—ny+11n|4+n2]—11n8
2 2

= In +11n]4+n2\—11n8
2 2

[n—1]

Y PYR +1n\4+n2|—1n8
2 ‘n—l‘

1 4+ n?
= —In| ———
2 S‘n—l‘

Page 10 of 36



NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (e)

or equivalent merit

Criteria Marks

* Provides correct solution 3

» Uses the properties of complex numbers with modulus 1 to simplify their >
correct fraction, or equivalent merit

» Divides the numerator and denominator by a suitable power of z, 1

Sample answer:

. 1 .
If z=¢", then — =¢7*®
b
zz+1

e’ —e
ei@ +e—i9

cos@+isinf@ —cosfO +isinf

cos@ +isinf + cosf —isinf
_ 2isin®
2cosf

=itanf  which is purely imaginary.

Page 11 of 36



NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 13 (a)

Criteria Marks
» Provides correct solution 3
» Uses the assumption that n = 2k to factor 2" — 1, or equivalent merit 2
* Attempts to use the contrapositive, or equivalent merit 1

Sample answer:

It is equivalent to prove the contrapositive: ‘if n is even, then 2" — 1 is not prime’.

Assume 7 is even. With n = 3, that means n = 2k where k is an integer with k > 2.
2
2" —1=2% —1=(2F) —1=(2F +1) (2% 1)

With k= 2,25+ 1=5and 2~ 1 = 3, 50 2" — 1 has two proper factors so it is not prime.
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Question 13 (b)

Criteria Marks

» Provides correct proof 4

* Proves the inductive step, or equivalent merit 3

» Establishes _the base case and makes some progress with the inductive ”
step, or equivalent merit

» Establishes base case, or equivalent merit 1

Sample answer:

alzx/i a2:\/2+x/§ a3=\/2+\/2+x/§
2 _

a,,=2+a,, n=>1

Consider n =1 case

1
RHS = 2c0s% =2x——==42= a, = LHS, so the result is true forn =1

NA

Assume the result is true for n = k.
Th = 2cos—~ k=1
us, Clk = COSW, =

Prove the result is true forn =k + 1
2 _
Gy =2+ a;

= 2+200$%

=2[1+cos%} 1+cos@=200s29
2 2
= ZXZCOSZ%
2
_ 2 T
=4cos S
T
ak+1 = 2C0$2]€T (ak+l > 0)

Thus if the result is true for %, it is also true for k + 1.

Hence, using the principle of mathematical induction, the result is true for all k = 1.
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Question 13 (c) (i)

Marks

Criteria

e Provides correct solution

Writes —1 in general exponential form, or equivalent merit

Sample answer:
2+1=0
ZS — _1 — eiﬂ'

; 2k7r+7rj

Z:e( 5
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Question 13 (c) (ii)

Criteria Marks
» Provides correct solution 2
» Uses the given substitution and attempts to simplify, or equivalent merit 1

Sample answer:

Let z be a solution to z° + 1 = 0 with z # —1.

1
Letu=z+-—
Z

2
uz—u—lz(z +l) —(z+l)—l
< <

=z2+2+iz—z—l—l

Z Z
1 1
=2 —z+l-—+—
7 z
_Z4—Z3+Z2_Z+1
2
1(1=(=2) . .
=— ﬁ using Geometric series, as 7 # —1
27 1=(=2)
_ 1+
Z2(1+2)
-0 sincez’ +1=0

1. )
. u=z+—isasolutionof > —u—1=0
Z

Page 15 of 36



NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 13 (c) (iii)

Criteria Marks
» Provides correct solution 3

: , . . 3r
» Uses the connection between one of the solutions in part (i) and cos? 2

» Finds the values of u, or equivalent merit

Sample answer:
3in
By part (i), z=¢ 5 is a solution of z° + 1 =0.

a i 3n
Since e 5 #—1,bypart(ii), u=e 5 + o 2cos? is a solution of u> —u — 1 = 0.
e S
1+ 1-
This equation has two solutions, 2\/5 and T\/E .
1 x

T
cOSs —
J

cos%r<0 whereas 5>O
So 2cos—=i
2
3r 1-+/5
cosS— = ———
5 4
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Question 14 (a) (i)

Criteria Marks

e Provides correct solution 2

» Attempts to use a proof by contradiction or contrapositive, or equivalent
merit

Sample answer:

Assume Aii + uv =0
If A and u are both non-zero, then u = —%\7 and v are parallel.

But u, v are not parallel.
Hence, one of A or u is zero.
Assume the other one is not zero.

—

Without loss of generality, assume A =0 but g # 0 then uv =0.

But v # 0 so u =0, a contradiction.

Hence A=u=0

Question 14 (a) (ii)

Criteria Marks

¢ Provides correct solution 1

Sample answer:

If A+ v = A i+ L,V
Then (iL] - 12)ﬁ+(,u1 - /,Lz)ﬁ =0

SoA -4, =0and g, —u,=0 From part (i)

And hence A, = 4, and u, = i,
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Question 14 (a) (iii)

Criteria Marks

* Provides correct solution 2

« Writes SL or BL as a linear combination of SBand SC, or equivalent 1
merit

Sample answer:

L is on the line SK so SL = ASK for some real number A .

ST=25B+5¢
4 3

Similarly, there exists a real number 1 such that

BL = uBC = —uSB + uSC
SL =SB+ BL
=(1-p)SB+usc

Now, %STB+%§(~?:(1—,LL)ST?+/J§C‘

SB and SL are not parallel, so from part (ii),

&:l—u and %:u

4
A=3u
A=4-4u
3u=4-4u
4
“=3

Hence BL = uBC = %B—C
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Question 14 (a) (iv)

Criteria

Marks

e Provides correct solution

+ Finds the vector AL , or equivalent merit

Sample answer:

Write both AP and AL in terms of AB and AC .
AL = AB + BL
=AB+—BC
O
= AB+—(BA+AC)
7

_ 338+ %4c
7 7

AP =-6AB-8AC
= —14@@ + ffc)
7 7

=—14AL

AP =—14AL,so AP and AL are parallel, and A is common to those vectors, so P lies on

the line AL.
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Question 14 (b) (i)

Criteria Marks
* Provides correct solution 1
Sample answer:
1
Jn:J’x”e_xdx n=0
0
1
n=0 J,= J e “dx
0
1
_ | ,=x
- [e ]0
1
)
e
1
=1——
e
Question 14 (b) (ii)
Criteria Marks
* Provides correct solution 2
» Statesthate™ < 1 for 0 < x < 1, or equivalent merit 1

Sample answer:

<
n
0 0
|:xn+1:|l
n+l1 0
1
n+1
1
. J <
" on+1

1 1
J =J x"e " dx J x"dx since x"e™* < x"* for [0, 1]

Page 20 of 36



NESA 2022 HSC Mathematics Extension 2 Marking Guidelines

Question 14 (b) (iii)

Criteria Marks

* Provides correct solution 2

» Attempts to apply integration by parts, correctly dealing with the limits of 1
integration, or equivalent merit

Sample answer:

1
J, = J’ x"e " dx
0
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Question 14 (b) (iv)

Criteria Marks
» Provides correct solution 2
* Uses part (iii) to write J, _, in terms of J,, or equivalent merit 1

Sample answer:

J =——+nxJ_, nz=0
e
n=>0
‘ 0
RHS = 0! - 921
e ‘1!
1 .
= 1- " =Jy by part (1)
=LHS

. The property is true for n = 0.

' k
Assume the property holds for k, so J, = k! — k— zi‘
e r!

r=0
By part (iii)
1
‘]k+1:(k+1)']k_z
s Pyl AR
' erzor! e
(k1) - (k+1)!ii L (k1)
- ' e Zrl] e(k+1)

k+1
o ten(§

Thus, the result is true for n = k + 1, if true for n = k.

Thus, using the principle of mathematical induction, the result is proven.
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Question 14 (b) (v)

Criteria

Marks

e Provides correct solution

Sample answer:

From part (i1)

1
n+1

0<J, <

But lim ! =0

n—eo N+ 1

So limJn =0

n—yoo

From part (iv)

I 1

M/ N
! !
n! e yr!
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Question 15 (a) (i)

Criteria Marks

» Provides correct solution 3

» Obtains equations for the forces in both the horizontal and vertical >
directions

» Obtains an equation for the forces in either the horizontal or vertical 1

direction

Sample answer:

cl—4]
6 L

6\ T, cos ¢

Resolving the forces horizontally,
T,cos@ =T, cos¢ @D

Resolving the forces vertically,

T;sin@ = Mg +T,sin¢ 1)
II Mg+ T, sin
a gives, tan6 = Mg +1,51n9
(D cos¢
M
tanf = - tan¢
T, cos¢
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Question 15 (a) (ii)

Criteria

Marks

e Provides correct solution

» Writes the equation from part (i) in terms of ¢, d and i OR shows that

2h
6 > ¢ OR considers the case where P is ? OR equivalent merit

Sample answer:

Mg
T, cos¢

tan@ =

+ tan¢

From the diagram

tanf = L and tang¢ = h=t
d 2d

Therefore £ = Mg + h-t
d T,cos¢p 2d
Mg >0
T, cos¢
Thus
{ h-/
_>—
2d
f>u
2
3¢ h
_>_
2 2
£>ﬁ
3
Soh—€<%

2h
. P cannot be lifted to a position 3 metres above the floor.
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Question 15 (b)

Criteria Marks
» Provides correct solution 3
» Obtains an equation of motion of the piston, or equivalent merit 2
» Finds the period of the motion, or equivalent merit 1

Sample answer:

0.17 —

0.11 -

0.05 —

Amplitude a = w =0.06 m

Period of motion = % =0.025s

Equation of motion simple harmonic motion (SHM) is
¥=-n*(x-b)

2n 2r

n=—=

T 0.025

=80x and

Centre of motion b =0.11
i =—(80m)* (x—0.11)
Acceleration is maximum at an extremity,

i =—(80m)*(0.05-0.11)

m
=38472 ms 2
The maximum force on the piston f = mix

= 0.8 x 38472 newtons

=~ 3032 newtons
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Question 15 (c)

Criteria Marks

» Provides correct solution 4

. Atte_mpts to use integration by parts with the correct integral, or equivalent 3
merit

« Obtains integral in terms of 8, or equivalent merit 2

» Attempts to use the given substitution, or equivalent merit 1

Sample answer:
Let x =tan’0
at x =0 60=0
atx=1 0=2=
4

dx = 2 tan0 sec?0 dO

.1 | x . tan’6
sin =sin 3
I+x sec 0
=sin"'4/sin?0
T .
=0 forOSOSZ,assmGZO
1 2
4
sin™!, [——dx = 20 tanf sec’6 d6 Integration by part
0 1+ x 0

4

N T
= 4
[etanZQJg —J tan26 do

0

/4

4

=£—j —1+sec0do

4 0

. T
- _|_ 4
=7 [ 0+tan0}0
:£+£_1

4 4
_r_,

2
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Question 15 (d)

only | z |, or equivalent merit

Criteria Marks
» Provides correct solution 3
» Uses the triangle inequality to obtain a relevant inequality involving 2

» Correctly uses the triangle inequality, or equivalent merit

Sample answer:
A

ISE N

By triangle inequality

|z| € 2+ —
2]

o
In

2z|+4

I
A
KAl

I

I
IN

0

2+V4+4 x4
2

2++/20
2

1+5

Hence|z|£1+\/§
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Question 16 (a)

OR
lzg—z4l=lzc—24 | =125 -z

Criteria Marks
* Provides correct solution 4
7
 Equates real or imaginary parts from z. -z, =e 3 (ZB - ZA)
3
OR
Obtains a quadratic in x from | z; —z, | =]z, -2, | = | 25— 2|
* Attempts to use either
T
7
e~y =€ 3(ZB—ZA),OF equivalent merit 2

+ Observes that z5 = x + 5i, for some real number x, or equivalent merit

Sample answer:

Let z; = b+ 5i and g =cC— 5i where b and ¢ are real numbers.

elg(ZB _ZA) =373

(%+i§j((b—5)+4i) = (c=5)—6i

Equating the imaginary parts, we get

2+§(b—5) = -6
?(b—S) = -8
16
b = S_ﬁ

16 .
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Question 16 (b)

Criteria Marks
» Provides correct solution 4
» Obtains the velocity, or equivalent merit 3
» Attempts to solve differential equation, or equivalent merit 2
» Attempts to obtain the force equation 1

Sample answer:
My =-Mg—0. 1ny
dv

d—ty:—(g+0.1vy)

dv
— = |dr
g+0.1vy

10[ 1n[g+0.13 || = =1+
When =0, vy =V,
101n|g+0.1v| = &
Infg+0.1v, | = —£+ln‘g+0.1v0‘

LA
g+0.1y, 10
1ng+0.lvy t

g+0.1y, 10

t

g+0.1v, = (g+0.1v0)e 10

t
O.lvy = —g+(g+0.1vo)e_E

t
v, = 10[—g+(g+0.1v0)e_10}

= as g+ 0.1v > 0 because all speeds are less than 100 m s~

1
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Integrating with respect to f,

y =10 —gt+(g+0.1v0)e—

t=0, y=0
0 =10[-10(g+0.1vy )] + ¢

¢ = 100(g+0.1v, )

t

y = 10| —gt —10(g+0.1v; )e 10 | +100(g+0.1v,)
t=17, y=0, g=10
0 = 10[=70-10(10+0.1v, )e™7 | + 100(10+0.1v, )
= —700-100(10+0.1v, Je>7 +100(10+0.1v,
700 = 100[10+0.1v, J[1-€7*7 ]
7
10+0.1y) = — 53

7
v, = —-10 | x 10
0 (1_6—0.7 j

39.05... ms~!

V18 39.1 m s~! correct to 1 decimal place.
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Question 16 (c) (i)

Criteria Marks

» Provides correct solution 2

» Attempts to apply given information with three numbers, or equivalent 1
merit

Sample answer:

Consider ab, ac, bc
Then S = 2(ab + ac + bc)

From the given result

3
+ac+
abxacxch(WJ
3
) S
abc)” <| —
(aber <[ )
3
abce < (Ejz
6
Question 16 (c) (ii)
Criteria Marks
* Provides correct solution 2
» Applies part (i) to ab, ac and bc, or equivalent merit 1

Sample answer:

Given a cube, we havea=b=c¢
SoV=abc=d’

And S =2(ab + ac + bc) = 6a’

3 3
F (e
6 6

3 3

So V= (%)2 From part (i) we know that V < (%)2 for all rectangular prisms

Hence a cube has maximum possible volume for a fixed surface area.
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Question 16 (d)

Criteria Marks
* Provides correct solution 3
« Shows, 7,2, + 2,23 + 2,23 = 1 2

« Treats z;, z, and z; as zeros of a polynomial

OR 1
Shows |z, | =1

Sample answer:

As 22523 =1

We have ‘Z1HZ1HZ3‘:1

But ] =]2]=]x]
So ‘z1|3:1
=1
Hence  |1y]=] 5] =] =1
leem, for some 6
I o 6 _ -
Z_lzelezezezl
. 1 —
Similarly — =z,
2
1 —
Z3_Z3
22,23 =1
-
So lezzg:%

Similarly  z;z; =z, and z,z; =7,

Hence Ul + 4%+ 223 =23+ 25 + 4

=t ty
=1

Therefore z|, z,, z; are the zeros of the polynomial
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-2 +7-1=0
(1) 1)=0

z=1, i, =i

In some order z,, z,, z; are 1, i, —i.
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Question Marks Content Syllabus outcomes
13 (c) (i) 2 MEX-N2 Using Complex Numbers MEX12-4
13 (c) (ii) 2 MEX-N1 Introduction to Complex Numbers MEX12-4
13 (c) (iii) 3 MEX-N2 Using Complex Numbers MEX12-4
14 (a) (i) 2 MEX-V1 Further Work with Vectors MEX12-3
14 (a) (i) 1 MEX-V1 Further Work with Vectors MEX12-3
14 (a) (iii) 2 MEX-V1 Further Work with Vectors MEX12-3
14 (a) (iv) 2 MEX-V1 Further Work with Vectors MEX12-3
14 (b) (i) 1 MEX-C1 Further Integration MEX12-5
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14 (b) (iii) 2 MEX-C1 Further Integration MEX12-5
14 (b) (iv) 2 MEX-P2 Further Proof by Mathematical Induction MEX12-2
14 (b) (v) 1 MEX-P1 The Nature of Proof MEX12-7
15 (a) (i) 3 MEX-M1 Applications of Calculus to Mechanics MEX12-6
15 (a) (ii) 2 MEX-M1 Applications of Calculus to Mechanics MEX12-7
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15 (c) 4 MEX-C1 Further Integration MEX12-5
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16 (c) (i) 2 MEX-P1 The Nature of Proof MEX12-7
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