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Section 1

10 marks

Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which of the following vectors is perpendicular to 37 +2j — 5k?

A.

B
C.
D

i+ k

(A -

i+tj—k
—2i+3j+k

3i—2j+k

2 Consider the following statement written in the formal language of proof

vVoe (g, 7Z'> Jdge <7r, 37”), sinf = —cosg.

Which of the following best represents this statement?

A.

There exists a € in the second quadrant such that for all ¢ in the third quadrant
sinf = —cosg.

There exists a ¢ in the third quadrant such that for all 8 in the second quadrant
sinf = —cosg.
For all € in the second quadrant there exists a ¢ in the third quadrant such that
sin@ = —cosg.

For all ¢ in the third quadrant there exists a 0 in the second quadrant such that
sinf = —cosg.



Consider the statement:
‘If a polygon is a square, then it is a rectangle.’
Which of the following is the converse of the statement above?

A. If apolygon is a rectangle, then it is a square.
If a polygon is a rectangle, then it is not a square.

If a polygon is not a rectangle, then it is not a square.

o 0=

If a polygon is not a square, then it is not a rectangle.

A monic polynomial, f(x), of degree 3 with real coefficients has 3 and 2 + i as two of
its roots.

Which of the following could be f(x)?

A f(x)=x> =7 = 17x+ 15

I
kw

|
~
>‘<l\)
+
P—
~J
=

!
P—
9]

)
B )
C. f(x)=x+7x%-17x+15
D )

A particle is moving in simple harmonic motion with period 10 seconds and an amplitude
of 8 m. The particle starts at the central point of motion and is initially moving to the left
with a speed of Vm s_l, where V > 0.

What will be the position and velocity of the particle after 7.5 seconds?

A. At the central point of motion with a velocity of V m !

At the central point of motion with a velocity of —V ms™!

B
C. 8 m to the left of the central point of motion with a velocity of 0 ms™!
D

8 m to the right of the central point of motion with a velocity of 0 ms™!



6 A light string passes over a smooth pulley. Attached to the ends of the string are masses
of 9 kg and 5 kg, as shown.

The acceleration due to gravity is g m 572,

What is the acceleration of the 9 kg mass?

A —
78
B lg
7
C. —
28
D 4g

7  Itisgiventhat |z —1+i|=2.

What is the maximum possible value of ‘ b4 | ?

A, A2
B. 410
C. 2442
D. 2—42



Which of the following is equal to %, where z = x + iy with x and y real numbers?

A, €

B. ¢*¢

C. ¥
D. X

Consider the solutions of the equation =-9.
What is the product of all of the solutions that have a positive principal argument?

A. 3
B. -3
C. 3i

D. -3i

Three unit vectors ¢, b and ¢, in 3 dimensions, are to be chosen so that ¢ 1. b, b L ¢ and

the angle 6 between a and g + b + ¢ is as small as possible.

What is the value of cos@?

A. 0
B.%
c.%
D.%



Section II

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (16 marks) Use the Question 11 Writing Booklet

(a) Find Jxex dx. 2

(b) Letz=2+3iand w=1-5i.

(1) Find z+w. 1

(i) Find z2. 1
1 4

(c) Find the angle between the two vectors ¥ =| 2 |and y =| —4 |, giving your 2
—2 7

answer 1in radians, correct to 1 decimal place.

T

2
(d) Evaluate J ;d@. 3
o sin@+1
(e) (1) Write the number ﬁ + i in modulus-argument form. 2
(i1) Hence, or otherwise, write <«/§ + z) in exact Cartesian form. 2
(f)  Sketch the region defined by | z| < 3 and 0 < arg(z — i) < g 3



Question 12 (14 marks) Use the Question 12 Writing Booklet

1 2
(a) The vector gis| 2 |and the vector bis| O
3 —4
o png 22,
nd —b.
W Hndy 7,8
a-b

(i) Show that g — b is perpendicular to b.

Ay
S

(b) Use partial fractions to find

3x2+2x +1 i
(x— 1><x2 + 1) '

(¢) Consider the equation | Z | =z + 8 +12i, where z = a + bi is acomplex number
and a, b are real numbers.

(1) Explain why b =—12.

(ii)) Hence, or otherwise, find z.
(d)  Explain why there is no integer n such that (n + 1)* — 792 = 2.

(e) The line £ passes through the points A(3,5, —4) and B(7,0, 2).
(i) Find a vector equation of the line £.

(ii) Determine, giving reasons, whether the point C(10,5,—2) lies on the
line /.



Question 13 (16 marks) Use the Question 13 Writing Booklet

(a) The point A has position vector 8 — 6 Jt 5k. The line £ has vector equation
xi+yj+zk=1(i+ j+2k).
The point B lies on £ and has position vector pi + p Jt 2pk.
(i) Show that | AB|” = 6p* — 24p + 125.

(i1) Hence, or otherwise, determine the shortest distance between the point A
and the line /.

(b) A particle is moving in simple harmonic motion, described by ¥ = —4(x +1).
When the particle passes through the origin, the speed of the particle is 4 m s

What distance does the particle travel during a full period of its motion?

(c) A particle of unit mass moves horizontally in a straight line. It experiences a
resistive force proportional to v2, where v ms™! is the speed of the particle, so
that the acceleration is given by —kv>.

Initially the particle is at the origin and has a velocity of 40 ms™' to the right.
After the particle has moved 15 m to the right, its velocity is 10 ms~! (to the
right).

(i) Show that v = 40¢™~*.

(i1)) Show that k= %

(iii) At what time will the particle’s velocity be 30 ms™' to the right?

(d) It is known that for all positive real numbers x, y

x+y=2yxy. (Do NOT prove this.)
1
Show that if a, b, ¢ are positive real numbers with — + Z + —=1 then
a c

a«/ﬁ+b@+c ab < abc.



Question 14 (15 marks) Use the Question 14 Writing Booklet

(a) Prove that if a is any odd integer, then a® —1 is divisible by 8.

(b)  Use mathematical induction to prove that 2ne < 22"=2 for all integers n = 5.

(¢) For the complex numbers z and w, it is known that arg(%) = —g.

Find

=W
Z+w

(d) The following argument attempts to prove that 0 =1.

1
We evaluate J;dx using the method of integration by parts.

‘[idx = fl X ldx
X X

So we have

1
We may now subtract J;dx from both sides to show that 0 =1.

Explain what is wrong with this argument.

Question 14 continues on page 10



Question 14 (continued)

() The diagram shows triangle OQA.
The point P lies on OA so that OP: OA =3:5.
The point B lies on OQ so that OB: 0Q =1:3.
The point R is the intersection of AB and PQ.

The point 7 is chosen on AQ so that O, R and T are collinear.

A

NOT TO
b SCALE

0 B 0
Let g = OA, b= OB and PR = kPQ where k is a real number.
(i) &mwmméﬁzgm—km+3@.

Writing AR :hA_B: where h is a real number, it can be shown that
OR = (1 — h)a + hb. (Do NOT prove this.)

(i1) Show that k = é

(iii) Find OT in terms of @ and b.

End of Question 14

—10 =



Question 15 (15 marks) Use the Question 15 Writing Booklet

(a) Consider the three vectors a = OA, b= OB and c= OC, where O is the origin

and the points A, B and C are all different from each other and the origin.

1 —
The point M is the point such that 5(@ + lg) =OM.
(1) Show that M lies on the line passing through A and B.

1 —
(i) The point G is the point such that §<C~Z +b+ g) =0G.

Show that G lies on the line passing through M and C, and lies between
M and C.

(iii) The complex numbers x, w and z are all different and all have modulus 1.

. .. . 1 .
Using part (ii), or otherwise, show that 3 (x +w + z) is never a cube root

of xwz.

a .1 1
(b) Let In=J K2 (a — x)? dx, where n>0.
0

Show that (2n+4)I, = a(2n+1)I,_,, for n > 0.

Question 15 continues on page 12

—11 -



Question 15 (continued)

(c) A bar magnet is held vertically. An object that is repelled by the magnet is to be
dropped from directly above the magnet and will maintain a vertical trajectory.
Let x be the distance of the object above the magnet.

The object is subject to acceleration due to gravity, g, and an acceleration due

27 . C
to the magnet _3g, so that the total acceleration of the object is given by
X
27
a==%—
X

The object is released from rest at x = 6.

2

51 27)
2/

(i) Show that v*> = g(T — -

(i1)) Find where the object next comes to rest, giving your answer correct to
1 decimal place.

(d) Using a suitable substitution, find

J 2x?
——dx.
V2x —x?

End of Question 15

—12 —



Question 16 (14 marks) Use the Question 16 Writing Booklet

(a) Consider the function y = cos(kx), where k > 0. The value of k has been chosen
so that a circle can be drawn, centred at the origin, which has exactly two points
of intersection with the graph of the function and so that the circle is never
above the graph of the function. The point P(a, b) is the point of intersection in
the first quadrant, so @ > 0 and b > 0, as shown in the diagram.

v

y = cos(kx)

The vector joining the origin to the point P(a, b) is perpendicular to the tangent
to the graph of the function at that point. (Do NOT prove this.)

Show that £ > 1.

27

(b) The number w=e¢ 3 1is a complex cube root of unity. The number ¥ is a
cube root of w.

(i) Show that y + ¥ is a real root of 2 —3z+1=0.
14

. . . . 2 4
(ii)) By using part (i) to find the exact value of cosgcosgcos%ﬂ,
2Ny 2I’l+]n_ 2n+2n_

deduce the value(s) of cos 5 cos 9 cos 9 for all integers

n = 1. Justify your answer.

Question 16 continues on page 14

— 13 —



Question 16 (continued)

(c)

Two particles, A and B, each have mass 1 kg and are in a medium that exerts
a resistance to motion equal to kv, where k > 0 and v is the velocity of any
particle. Both particles maintain vertical trajectories.

The acceleration due to gravity is g m s72, where g>0.

The two particles are simultaneously projected towards each other with the

_ 8
same speed, v, ms 1, where 0 <, < ;

2v
The particle A is initially d metres directly above particle B, where d < TO.

Find the time taken for the particles to meet.

End of paper

—14 -
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Measurement Financial Mathematics
Length A= P(l i r)n
= i X 2mr

360

Sequences and series

Area
AziXﬂrz T.=a+(n—1)d

360

h _n _n
A=—(a+b S, =—|2a+(n—1)d|=—(a+1)

S (a+D) 2 [ ] 2
Surface area T =a"!

A =21r? + 2nrh

A =4nr » 11— 1 r#
Volume
1 S= a | r ‘ <1
V=—Ah
3
4 3
V=—
3 nr
Functions Logarithmic and Exponential Functions
_ 2 _ _ . _ Jog,
= b £ b” —4dac log a* =x=a"%"
2a
log,x
3 2 log x =
For ax’ + bx"+cx+d=0: log,a
b
(Z+ﬁ+7:—g ax:exlna

c
of +ay+py=-

d
and offy = -

Relations

(x—h>2+(y—k>2=r2

2491 11—



Trigonometric Functions

sinA=%, cosA=a—dJ, tanA=ﬂ
hyp hyp adj
1
A=—absinC 0
2 J2/
a_ _ b __c 450
sinA sinB sinC
2 =d*+ b*—2abcosC
2 22
COSC — m 300
2ab
2
[=r0
1 o
A=2r0 Ao

Trigonometric identities

SecA = , CoSA#0

COoS

1
, sinA #0
sinA 7

cosecA =

A
COtA = cos , sinA #0

N

2

cos2x + sinZx = 1

Compound angles
sin(A + B) = sinA cos B + cosAsin B
cos(A + B) = cosAcosB — sinAsinB

tanA + tan B
tan(A + B) = anAwtanb
1—tanAtanB
A ) 2t
If +=tan— then sinA = 5
2 1+¢
)
COSA = 1-¢
1+ ¢
2t
tanA = 3
1—1¢

cosAcosB = %[COS(A — B) + cos(A + B)]

sinAsinB = %[COS(A — B) —cos(A + B)]
sinAcosB = %[sin(A + B) + sin(A — B)]
Iyp. .
cosAsinB = 5[sm(A + B) —sin(A — B)]
S, 1
sin“nx = 5(1 — C0s 2nx)
2 1
cos“nx = 5(1 + cos 2nx)

Statistical Analysis

An outlier is a score

less than Q| — 1.5 X IQR
or

more than O, + 1.5 X IQR

Normal distribution

approximately 68% of scores have
z-scores between -1 and 1

approximately 95% of scores have
Z-scores between -2 and 2

approximately 99.7% of scores have
Z-scores between -3 and 3

E(X)=u

Var(X) = E[(X — p)?| = E(X*) — 2
Probability

P(ANB)=P(A)P(B)
P(AUB)=P(A)+ P(B) — P(ANB)

(ANB)

P(A|B) =PP(B> ,P(B) #0

Continuous random variables

P(X<r)= Jrf(x)dx

Pla<X< b)=J'bf(x)dx

Binomial distribution
P(X=r)="Cp(1-p)""
X ~ Bin(n, p)

= P(X=x)

( )px(l _p)n—x, X
E(X)=np
Var(X) = np(1 = p)

n

0,1,...

N
X

_2_



Differential Calculus

Function

y=f(x)"

y = g(u) where u= f(x)

y = sin f(x)
y = cos f(x)
y =tan f(x)
y=e/®
y=Inf(x)

y= A

y =log, f(x)

y=sin"! f(x)

y=cos™ f(x)

y= tan_lf(x)

Derivative

D)

dy dv du
= uUu— _|_ _
dx dx dx
dy _dy  du
dx du dx
Jdu_ dv
ﬂ _ dx dx
dx V2
d ,
d—y= f'(x)cos f(x)
x
d , ]
& _ f(x)sin f(x)
dx
B f(x)sec? £ (x)
dx
Do e
dx
dy _ f')
dx  f(x)

% (Ina) f"(x)a’™

X

dy _ (¥

dx (Ina) f(x)
dy_ )

dx 1— [f()C)]2
dy_ [

dx 1— [f(X)]2
dy _ (%)

dx 1+[f(x)]2

Integral Calculus

n+l

ff’(»c)[f(x)]”dx —— [+

where n # —1

ﬁf'(x)Sinf(x)dx =—cos f(x)+c¢

Ff'(x)cosf(x)dx =sinf(x)+ ¢
Jf'(x) sec? f(x)dx = tan f (x) + ¢
Jf’(x)ef(x)dx =e/Wy ¢

J%dx:1n|f(x)|+c

na

J /) 5 dx = sin
@ =[f)

J—f'(x) dx = ltan_IM +c
@+ [f(x)]2 a a

J’u@dx =uv —Jv@dx
dx dx

b
Jf(X)dx
b—a

2n

where a = x,, and b= X,

Q

{f(a)+f(b)+ 2 £ ()

Cc

+ (o)



Combinatorics

n!

n n!
:nC =V
(7”) " ol (n—r)!

(x+a)'=x"+ (T)x"‘la +eet <"

r

)x"'rar+-~+a”

Vectors

| =i+ yj =T
| =[x+ yj|= P4y

13 |cos€ =X X+ Y1),

u-v=|ul

where u=x,i + ylZ

and Y:x2£+yzj

r=a+

~
(Al

Complex Numbers

z=a+ib=r(cos@+isinb)
= re'?
[r(cose + isin 6)]" = r"(cosnd + isinnd)

— rneme

Mechanics

d> dv  dv d<1 2)
—:—:v—:—av

dr? dt dx dx
x=acos(nt+a)+c
x=asin(nt+ a)+c

¥=-n*(x—c)

© 2024 NSW Education Standards Authority
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NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Section Il

Question 11 (a)

Criteria

Marks

* Provides correct primitive

* Attempts to use integration by parts

Sample answer:
u=x

‘[xexdx = xe* — jexdx
1

=xef—e'+C

Question 11 (b) (i)

Criteria

Marks

* Provides correct solution

Sample answer:

z=2+3i, w=1-5i
z+w=2+3i+1+5i
=3+8i

Question 11 (b) (ii)

Criteria

Marks

* Provides correct solution

Sample answer:

2 =(2+3i)?
=4+ 12i+ 9i?
=—-5+12i

Page 2 of 37



NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (c)

Criteria Marks
* Provides correct solution 2
 Finds u - vy, or equivalent merit 1
Sample answer:
et'y=|zt||y|0089
4—8—14=y1+4+4 -J16+16+49 cos@
—18=3-9cos @
2
cosf=——
0=23
Question 11 (d)
Criteria Marks
* Provides correct solution 3
» Obtains correct integral, or equivalent merit 2

+ Attempts to use the ¢ substitution, or equivalent merit

Sample answer:

I 2dt

T

Jz Lo 1+ 7
o sinf@+1 B 2t 1+ 6=0 =0
o 1+22 1+

L 2 4
S
o (t+1)

= 2{1 (r+1)2dr

0

1

Page 3 of 37




NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (e) (i)

Criteria Marks
* Provides correct solution 2
* Obtains correct modulus or argument, or equivalent merit 1

Sample answer:

ﬁ+i=2(cos€+isin9) ) tan@ =

T 3
=2(cos— + isin— 9
6 6

H
N &‘ﬁ

i

=2e

EN

Question 11 (e) (ii)

Criteria Marks
* Provides correct solution 2
* Obtains correct number in modulus-argument form, or equivalent merit 1

Sample answer:

(/3 +i) = (26'%)

Iz
=128¢ ©

128 .
=7 (6 -i)
= —6443 — 64i

Page 4 of 37




NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 11 (f)

Criteria Marks
* Provides correct sketch 3
* Provides correct shading of the interior of the region, or equivalent merit 2
 Provides correct sketch of interior of either | Z | <3or

1

0<arg(z—i)=< % or equivalent merit

Sample answer:

S
o
=Y

Page 5 of 37




NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (a) (i)

Criteria

Marks

* Provides correct answer

Sample answer:

ab 10 2

Question 12 (a) (ii)

Criteria

Marks

* Provides correct solution

b
« Finds g — ﬁ b, or equivalent merit

N

Sample answer:

-1 2

2 —4

Vectors are perpendicular.

2
a—| 0 || b=[2](0|=4+0-4=0
1

Page 6 of 37




NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (b)

Criteria Marks
* Provides correct primitive 3
» Obtains correct integrand, or equivalent merit 2

. . . A Bx+C : .
+ Attempts partial fractions using + 22 , Oor equivalent merit

x—1 x?+1

Sample answer:

dx

J 3x2+2x +1
(x—l)(x2+l>

32+ 2x+ 1 A  Bx+C

_|_
(x—l)<x2+1) x=1  x2+1
32+ 2+ 1=A2+1)+ (Bx+C)(x—1)

x=1 2A=6
A=3

x=-1 24+ (-B+C)(—2)=2

6+2B—4=2
2B =0
B=0

3x2+2x + 1 dx:f 3 +J 2 0
(x—1)<x2+1) x—1 X +1

=3ln|x—1 |+2tan_1x+C

Page 7 of 37



NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (c) (i)

Criteria

Marks

* Provides correct explanation

Sample answer:

|z|=z+8+12i
LHS real so a+ bi+ 8 +12i real
s (b+12)i=0
b=-12

Question 12 (c) (ii)

Criteria

Marks

e Provides correct solution

» Obtains quadratic equation for a, or equivalent merit

Sample answer:

|a—l2i|2:(a+8)2

d +144 = & +16a + 64
80 = 16a
a=>5
z=5-12i

Page 8 of 37




NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (d)

Criteria

Marks

* Provides correct explanation

* Recognises that considering n odd/even is a correct approach
OR

* Proves the result for n odd or even, or equivalent merit

Sample answer:

(n+1)" =794 =2

If n is odd, then (n + 1) is even.

(n+1)* is even and 79n* is odd.

But, even — odd # even

If n is even, then (n + 1) is odd.
(n+1)* is odd and 791* is even.

But, odd — even # even

Original statement cannot be true.

Page 9 of 37



NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 12 (e) (i)

Criteria

Marks

» Provides correct equation

Sample answer:

A(3,5,—4) and B(7,0,2)

A direction vector =

AN O
|
N

Question 12 (e) (ii)

Criteria

Marks

* Provides correct solution

» Obtains one correct A value for one coordinate, or equivalent merit

Sample answer:

10 3 4

5 )={5 |+a|-5

) —4 6

7

10 =3 + 42 A==
4

5=5-51 A=0

Inconsistent values for 4

Point (10,5, —2) is not on £.

Page 10 of 37



NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 13 (a) (i)

Criteria

Marks

* Provides correct proof

Sample answer:

p—38
AB=| p+8
2p—35

| AB|" = p2 —16p + 64 + p® +12p + 36 + 4p> —20p + 25

= 6p* —24p + 125

Question 13 (a) (ii)

Criteria

Marks

* Provides correct solution

* Finds the correct value of p, or equivalent merit

Sample answer:

2
‘ AB | is a quadratic equation.
_ b
2a

_ —(=24)
- 2x%6

Axis of symmetry X

=2
The parabola is concave up.

Shortest distance (minimum) when p =2
dist> = 6(2)* — 24(2) + 125
=24 —48 + 125

=101

Shortest distance is v 101. <gieS§élSCi%\%ﬂl>

Page 11 of 37



NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 13 (b)

Criteria Marks
* Provides correct solution 3
* Integrates to obtain vz, or equivalent merit 2
* Find correct period or n, or equivalent merit 1

Sample answer:

= —4(x~(-1))
. n’=4

n=2 and c=-1
a lv2 =—4(x+1)
dx\ 2

Integrate from x=0,r=4tox=a—1,v=0

v2=4<A2— (x+1)2>

x=0, v==4

16 =4(A%—1?)
4=A%-1
A*=5

A=+/5

“1-y5 -1 —1+45

Distance travelled
= |(=1+5) = (<1-V5)| x 2
= 26 X2

= 4«/§ metres

Page 12 of 37



NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 13 (c) (i)

Criteria Marks
* Provides correct proof 3
» Integrates the equation of motion, or equivalent merit 2
* Obtains equation of motion, or equivalent merit 1
Sample answer:
v —kv?
_> <—
P
mx = —kv?
m=1, x= —kv?
d
v—v = —kv?
dx
d
J—V = J'—kdx
v
Inv=—kx+C since v=0
When ¢t=0, x=0 and v=40
In40=0+C C =1n40
Inv —In40 = —kx
1n<1) = —kx
40
v =40
Question 13 (c) (ii)
Criteria Marks

* Provides correct solution

Sample answer:

x=15, v=10
10 = 40¢7*13
1_ sk
4
—15k=—In4
L Ind
15

Page 13 of 37




NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 13 (c) (iii)

Criteria Marks
* Provides correct solution 3
* Integrates equation of motion with respect to time, or equivalent merit 2

» Considers equation of motion with respect to time, or equivalent merit

Sample answer:

2

X =—kv
dv = —kv?
dt
dv J'
— = | —kdt
%
1
—=—kt+C
—1
NP
\

When =0 v=40

1
- =C
40
% 40
When will v=307?
30 40 120
1 15
t=——X—
120 In4
1
81In4

(=0.09 seconds )
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Question 13 (d)

merit

Criteria Marks
* Provides correct proof 3
. . . I 1 1 ,
* Correctly applies the AM-GM inequality to — + B + — =1, or equivalent 5
a c

or equivalent merit

» Attempts to apply the AM-GM inequality to a relevant expression,

Sample answer:

1
x+y22«/§ = @Sg(x+y) @
[
a b c

bc + ac + ab = abc

Now aybc +bx/;+c@

Sa-%(b+c)+b-%(a+c)+c-%(a+b),

S%[ab+ac+ab+bc+ac+bc]

l[Z’{(ab +ac + bc)]

7

ab + ac + bc

IN

IN

IN

abc

Using AM — GM inequality

from @
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Question 14 (a)

Criteria

Marks

* Provides correct proof

- Shows that a” — 1 is divisible by 4, or equivalent merit

Sample answer:
aisodd solet a=2p+1 where p is an integer
a>—1=2p+1)* -1
=4p’ +4p+1—1
= 4p2 +4p
=4p(p+1)

One of p and p + 1 will be even.

Case 1 p =2q is even, where ¢ is an integer
then a?>—1=4x2g(p+1)

=8q(p+1)

Case 2 p +1="2r is even, where r is an integer
then a2—1=4p><2r

=8pr

Both of which are divisible by 8.

If a is any odd integer, then a®> — 1 is divisible by 8.
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Question 14 (b)

Criteria Marks
* Provides correct proof 3
« Proves that p(k) = p(k + 1), or equivalent merit 2

» Showing true for n =35

Sample answer:
Prove: 2”Cn < p2n-2 n=>5
Initial case: n=>5 10C5 =252 28 =256

252 < 256
True for n = 5.

Inductive step:  Suppose statement is true for n =k
Assume 2ka <2%*=2 for k=5
(26)! _ 92k-2

k! k!

Prove that 2*2C

2k
k+1 <2

LHS = **2C,_|
o (2k+2)!
(k1) (k+1)!

(2k + 2)(2k +1)(2k)!
(k+1)% (k!)?
2(k +1)(2k + 1)(2k)!

(k+1)% (k)1?
2(2k +1)(2k)!
(k+1)(k!)?
_2(2k+1)
T Thrn G
22k +1) s
(k+1)
2k+1 o
DR
2k+2 o
k+1
— 9.92-1

using assumption n =k

2k .
el < 2 as required

Hence, the statement is true by mathematical induction for all integers n = 5.
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Question 14 (c)
Marks

Criteria
e Provides correct solution 2

* Recognises that% is purely imaginary, or equivalent merit

Sample answer:

z, w are complex numbers.

Z
arg(;) = 2
Z . . .
Wit purely imaginary.

.
‘_W

z+w z

o
4
w

- Let S =ki
w

_‘ki—l‘
ki+1

K+ 1

[

k% +

Il
p—

Answers could include:

A
z—w and z + w are the diagonals of a

w z+w rectangle.
z—w .'.‘z—w|=|z+w‘
<
> LW =
Hence Z+W‘ 1
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Question 14 (d)

Criteria Marks
* Provides correct explanation 2
* Recognises that constants of integration are involved, or equivalent merit 1

Sample answer:

Using product rule

’

d(uv) _ ¥
dx
u'v= M —uv’
dx

Ju'v dx = fmdx — Juv' dx

dx

v+ uv

But J'@dx =uv+C not just uv
X

So should have

Jldx=l+C+Jldx
X X

0=1+C for some constant C

Answers could include:

Jldx =1+ Jldx
X X

involves two indefinite integrals, and so two different constants
In|x|+C,=1+In|x|+C,

C1 =1+ C2 for some constants C1 and C2
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Question 14 (e) (i)

Criteria

Marks

e Provides correct solution

- Obtains OR in terms of a and P_Q or equivalent merit

Sample answer:

—

3 R — —_—
0P =<a PR = kPQ 00 =3b

OR = OP + PR

=%g+k@

=§a+k<_—3a+3b)
5~ 5~ ~
3

=§(1—k)g+3klg
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Question 14 (e) (ii)

Criteria

Marks

e Provides correct solution

+ Equates coefficients for g or b, or equivalent merit

Sample answer:

Given OR = (1—h)a + hb

And, from part (i) OR = %(1 — k)a + 3kb

Equating coefficients

1—h=%(1—k) and 3k = h
3
1-3k=2(1-k
S(1=4)
5—15k=3—3k
2 =12k
k=t
6
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Question 14 (e) (iii)

Criteria

Marks

e Provides correct solution

+ Obtains a correct expression for OT in terms of a and b, or equivalent
merit

Sample answer:

Using part (ii)), h =3k
=)=
6 2

07=w7e=z(ia+lb>
2% g%

N | >
N | >

at—b

OT = OA +1AQ = a + p(—a + 3b)

= (1—-p)a+3ub

Equating coefficients of b

A

—=3
> H
A =6u

Equating coefficients of a

A
Z=1-
> H
A=2-2u
6u=2-—2u
8u=72
1 3
=— and A=>
H=y = 2
OT =2 Ok
2
=ia+§b
4~ 4%
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Question 15 (a) (i)

Criteria

Marks

e Provides correct solution

Sample answer:

Line / through A and B has equation OX = OA + A AB for points X on the line.

oM

M lies on /.

Question 15 (a) (ii)

Criteria

Marks

e Provides correct solution

- Obtains OG in terms of OC and C_I\/f or equivalent merit

Sample answer:

Line k through M and C has equation

OX = 0C + u cM , for points X on the line.

Jlatb+o)
2 1 1
:<c——c>—|——a+—b
~ 3 3~ 3~

2/1 1
=c+—(—a+—b—c)
S 3\2~ 2~ ~

=OC+%CM

G lies on line k.
0G #0C and OG # OM

So G lies between C and M.
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Question 15 (a) (iii)

Criteria

Marks

e Provides correct solution

» Shows that G lies within the unit circle, or equivalent merit

Sample answer:
The three points are on the unit circle.
z]=1

B

1
The point equivalent to G, g(x +w+ z), lies on line CM and so is inside the unit circle.

And hence, <1.

1
E(X"FW‘FZ)

But,

xwz | =1 and so all cube roots have modulus 1.

1
Therefore, g(x + w + z) can’t be a cube root of xwz.
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Question 15 (b)

or equivalent merit

Criteria Marks
* Provides correct solution 3
» Correctly uses integration by parts to obtain a single integral term, >

» Attempts to use integration by parts, or equivalent merit

Sample answer:

¢ ol 1
I = Ox 2 (a—x)2dx

Using integration by parts,

1 1
u=x""2 Vv =(a—x)2
u' = n—l—l xn_% Z(a—x)
2 _3
2
1 3¢ a
1= xn+2(—g>(a—x)2 +%<n+l)J
3 0 3 0

_1 1
:%(2114-1) X 2 (a—x)'(a—x)2dx

1 _1 1
=§(2n+1) ax" 2 (a—x)2—x
J

= @+ 1) (al, 1)

n
1 a
I + E(Zn +1)I = 5(2;1 + 1)1,

(34+2n+1)

a
3 In=§(2n+l)ln_1

(2n+4) =a(2n+1)I _,
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Question 15 (c) (i)

Criteria

Marks

e Provides correct solution

» Correctly integrates the equation of motion, or equivalent merit

Sample answer:

2
a=%— t=0 v=0 x=6
X
1 2
d (1) _278 ¢
dx\2 x3
1
d Evz
=27gx —
dx 8x 8
1 2
2 278 —gx+C
2 -2
1 -2
2= 7g—gx+C
2 2x?
2="28 o0t D (D=2C)
2
x=6 v=0
O=ﬂ—12g+D
36
D=—g+12g
_st1
28
PV Sl
$2 4
1 2
4 x2
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Question 15 (c) (ii)

Criteria

Marks

e Provides correct solution

» Obtains a correct quadratic equation, or equivalent merit

Sample answer:

51x2 — 8x* — 108 =0
8x° —51x% + 108 =0
Since x = 6 is a solution, x — 6 is a factor.

(x—6)(8x> +bx—18)=0

Equating terms in x2,
b—48 =51
b=-3

(x—6)(8x> =3x—18) =0
Lo 3EV9—4(8)(=18)

16

_3+v585

16

X

x =~ 1.699 or —1.324
Since x > 0

x=1.7

Page 27 of 37



NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 15 (d)

Criteria Marks
* Provides correct solution in terms of x 3
* Provides correct integral in terms of 6, or equivalent merit 2
* Completes the square
OR 1
» Attempts to substitute, or equivalent merit
Sample answer:
J 2x? J ( 2x? p Let 1—x=sinf
——dx = X
V2x — x? J«/l—(l—2x+x2) —dx = cos6do
. 5 dx = —cos60deo
2x .
= —— i x=1-—sin6
JV1=(1-x)
(2(1 - sin@)>
= 21~ sin)” (—cos 0) do
J J1—sin’6
1 —2sin6 + sin?
_ _ZJ sin@ + sin“6 (cos8) db
cos 6
| 1
=— Jl—2sin0+5(1—c0520)d9 I—x
=J—2+4sin0—1+cos20d9 0 ]

vl—(l—x)2= 2x — X

= —-30— 4cos€+%sin20+ C

= —3sin™(1 —x) —4y2x —x° +%2sin0€os0+C

=3sin{(1—x)—4y2x—x* +(1—x)y2x—x* + C

= —SSin_](l—x)—3x/2x—x2 —x\/2x—x2 +C

= -3sin(1—x)— (x+3)y2x—x* + C
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Question 15 (d) (continued)

Answers could include:

Using cos @ =1— x as substitution

J SNPY I . 2 ==l (1=
Jox — x2 ) 1—(1—x)2 Let cos@=1—x

x=1-—cos@
[(1—cos6)?

=2 | ——25sinfdb ﬂzsin¢9
) V1= cos?0 do
_, (1—2cos@+ cos’d . 540 = sin0do
) suT6
r 1 2
ZZJ 1= 2cos0 + 4 + %20 4o
2 2
=J2—4cos¢9+1+cos29d0 1 2x — x?
=J3—4cos0+00529d9 0
.
1—x

=360 — 4sin6+%sin29+D

= 3005_1(1—95)—4«/2x—x2 +«/2x—x2(1—x)+D

=3cos (1—x)— (x+3)V2x— x>+ D

Page 29 of 37



NESA 2024 HSC Mathematics Extension 2 Marking Guidelines

Question 16 (a)

Criteria Marks

* Provides correct solution 4

» Attempts to use a relevant trigonometric fact, with 2a = ksin2ka to 3
obtain result, or equivalent merit

« Obtains a correct equation involving sin 2ka, or equivalent merit 2

* Provides a correct expression using the slope of OP, or equivalent merit

Sample answer:

At P(a, b) the slope of the curve is —ksinka.

Since OP is perpendicular to the tangent at P
by (—ksinka) = —1
a
— & = _ksinka
b

But b =coska

a = ksinka coska
2a = ksin2ka

Let X =2a, then we have
X = ksinkX

If k=<1, then,as X>0
ksinkX <smkX <kX=<X

But X =ksinkX

So by contradiction k > 1
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Question 16 (b) (i)

Criteria Marks
e Provides correct solution 3
« Obtains (y+7)° = 3(y +7) +1=9>+ 73 +1, or equivalent merit 2

» Substitutes y + ¥ into 2 —3z+1=0,o0r equivalent merit

Sample answer:

w=e 3 0

as |y|=]7]=1, y=¢% 7=¢" yy=1

(y+7) =3(y+7)+1=py + 3727+ 3y7> + 7 =3y - 37 +1

=P+ 7343y +37 -3y —37 +1 as y7 =1
— .3, 53 27
_y +y +1 ’}/3263
2 _2mi
:2005?—#1 773=e 3
:z(_l)+1
2
=0

7+;7isarealrootofz3—3z+1=0.
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Question 16 (b) (ii)

Criteria Marks
* Provides correct solution 3
+ Attempts to use inductive reasoning, or equivalent merit 2
e Shows cos%cos%{cos%ﬂ = —%, or equivalent merit 1

Sample answer:

27l 1 (27 1/(2x . 1 /2% .

27 Lz L2z 50, L(2Z L 4z)i

The cube roots of w =¢ 3 are 63( 3 >, e3<3 ) and 63(3 )
27 8w 14zi

thatis ¢ 9 , ¢ ? and e ° . By part (i) each of these plus its conjugate will be

arootofz3—3z+1=0.

2 14
So 2cos§, ZCOS% and 20057” are roots of 72 —3z+1=0.

14 14
NOting that 00577[ = COS <_Tﬂ:)

= cos<27r — ﬂ)
9

4
= cos—
9
The roots of 72 — 3z +1=0 are 200s29—7r, ZCOS%T and 200583”.
(These are different as cos @ is decreasing for 0 < 8 < 7.)

The product of the roots is —1.

Hence 8 cosz—”cos4—ﬂcosg—7r =—1
9 9 9
2 A 87 1
COS— COS—COS— = ——
9 9 9 8
This is the base case of this induction.

k+3
Noting that cos 2 9 LA cos(% X 2’%)

8
= cos<—§ X 2krc> , COS even

= cos<2k7r —%2’%) , for k=1

2k
= Ccos——
9
2k+]ﬂ' 2k+2n_ 2k+3ﬂ' 2/{” 2k+1n_ 2k+2
Hence cos oS Ccos = cOos——cos oS (verifying the
9 9 9 9 9 9
induction step).
2}’1 2n +1 2)’[ +2 1

So cos 9” cos 9 2 cos 5 = T3 for all integers n = 1.
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Question 16 (c)

Criteria Marks
* Provides correct solution 4
+ Finds position of either particle or £ = X, — xp in terms of ¢, or equivalent 3
merit
. . . . dl . .
* Finds velocity of either particle or o or equivalent merit 2
» Obtains correct equations of motion, or equivalent merit 1

Sample answer:

Let EZxA_'xB
>l
— 7g — kVA j7g + kVB
= —k(vA - vB)
dt dt
=~k dr (xA_XB>
—
dt
Z—f = Le ™, where L is a constant
t=0, Z,—f=—2v0
Z’—f— —2voe_kt
2v
EZTOE_M'F C
[t=0, £=d]|
2v
d:TO‘f‘ C
B kd —2v,
ok
2v kd — 2v
J =0 ki 4 0
k k

d N b
—V a,=—g— kvA
) gl
Vo| ag=—g—kvyg
0—— .
[£=0]
2 —kt _ —
voe o + kd 2v0 =0
2v, — kd
0 i
2v0
2v
0 _
2v0 — kd
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Question 16 (¢) (continued)

Answers could include:

The equation of motion for both particles is the same.

dv

E=—(8+kv)
J dv —dr
g+ kv

1
;log‘g+kv| =—t+C,
g + kV can never be 0, so can’t change sign.

For A, v is initially —v, > —% For B,

So v>—§
k

Hence g+kv>0

So, in both cases, g + kv > 0 for all 7.

%log(g—kkv) =—t+C,

gt+kv= L]e_k’
V= —% + Lle_k’

vis v, >0
So g+kvy>0
Hence g+ kv >0 forall ¢.
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Question 16 (c), answers could include (continued)

For Particle A, For Particle B,

When =0, VA=Y When =0, Vg =",

8 Ll 8 L3
T T R
L g 8 8
1 _ _ —kt
€k e ()
ro1
VA——%—l-(%—vO)e_kt xB———i —;<§+vo>e_k’+L4
|
xA=—g———(g—vo>e_k’-|-L2
ko k\k When =0, x, =0

1/8
0:—;(;+V0>+L4

8t 1(8 e, 1(8
—— | tve "+t
k k\k

When t=0, x, =d

1/8
d=—;<;—v0>+L2 Xp= A A

Particles meet when x 4 = Xg

t t
—g——l<§— vo)e_k’—l-d—l-l(g— VO> = —g——i<§+ vo)e_k’+l<§+ v0>
k k\k k  k\k k\k

k k
\% v v v
Dehpg- =0k 0
k k k k
2v0 Lk 2v0
Z0 ke = 20
k k
2v, — kd
=" 59
2v0

2v
ko o\2v,— kd
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2024 HSC Mathematics Extension 2

Mapping Grid

Section |
Question Marks Content Syllabus outcomes
1 1 MEX-V1 Further Work with Vectors MEX12-3
2 1 MEX-P1 The Nature of Proof MEX12-8
3 1 MEX-P1 The Nature of Proof MEX12-2
4 1 MEX-N2 Using Complex Numbers MEX12-4
5 1 MEX-M1 Applications of Calculus to Mechanics MEX12-6
6 1 MEX-M1 Applications of Calculus to Mechanics MEX12-6
7 1 MEX-N2 Using Complex Numbers MEX12-4
8 1 MEX-N1 Introduction to Complex Numbers MEX12-4
9 1 MEX-N2 Using Complex Numbers MEX12-4
10 1 MEX-V1 Further Work with Vectors MEX12-3
Section Il
Question Marks Content Syllabus outcomes
11 (a) 2 MEX-C1 Further Integration MEX12-5
11 (b) (i) 1 MEX-N1 Introduction to Complex Numbers MEX12-4
11 (b) (ii) 1 MEX-N1 Introduction to Complex Numbers MEX12-4
11 (c) 2 MEX-V1 Further Work with Vectors MEX12-3
11 (d) 3 MEX-C1 Further Integration MEX12-5
11 (e) (i) 2 MEX-N1 Introduction to Complex Numbers MEX12-4
11 (e) (ii) 2 MEX-N1 Introduction to Complex Numbers MEX12-4
11 (f) 3 MEX-N2 Using Complex Numbers MEX12-4
12 (a) (i) 1 MEX-V1 Further Work with Vectors MEX12-3
12 (a) (ii) 2 MEX-V1 Further Work with Vectors MEX12-3
12 (b) 3 MEX-C1 Further Integration MEX12-5
12 (c) (i) 1 MEX-N1 Introduction to Complex Numbers MEX12-4
12 (c) (ii) 2 MEX-N1 Introduction to Complex Numbers MEX12-4
12 (d) 2 MEX-P1 The Nature of Proof MEX12-8
12 (e) (i) 1 MEX-V1 Further Work with Vectors MEX12-3
12 (e) (ii) 2 MEX-V1 Further Work with Vectors MEX12-3
13 (a) (i) 1 MEX-V1 Further Work with Vectors MEX12-3
13 (a) (ii) 2 MEX-V1 Further Work with Vectors MEX12-3
13 (b) 3 MEX-M1 Applications of Calculus to Mechanics MEX12-6
13 (c) (i) 3 MEX-M1 Applications of Calculus to Mechanics MEX12-6
13 (c) (ii) 1 MEX-M1 Applications of Calculus to Mechanics MEX12-6
13 (c) (iii) 3 MEX-M1 Applications of Calculus to Mechanics MEX12-6
13 (d) 3 MEX-P1 The Nature of Proof MEX12-8
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Question Marks Content Syllabus outcomes
14 (a) 2 MEX-P1 The Nature of Proof MEX12-8
14 (b) 3 MEX-P2 Further Proof by Mathematical Induction MEX12-8
14 (c) 2 MEX-N2 Using Complex Numbers MEX12-4
14 (d) 2 MEX-P1 The Nature of Proof MEX12-2
14 (e) (i) 2 MEX-V1 Further Work with Vectors MEX12-3
14 (e) (ii) 2 MEX-V1 Further Work with Vectors MEX12-3
14 (e) (iii) 2 MEX-V1 Further Work with Vectors MEX12-3
15 (a) (i) 1 MEX-V1 Further Work with Vectors MEX12-3
15 (a) (ii) 2 MEX-V1 Further Work with Vectors MEX12-3
15 (a) (iii) 2 MEX-V1 Further Work with Vectors MEX12-3
15 (b) 3 MEX-C1 Further Integration MEX12-5
15 (c) (i) 2 MEX-M1 Applications of Calculus to Mechanics MEX12-6
15 (c) (ii) 2 MEX-M1 Applications of Calculus to Mechanics MEX12-6
15 (d) 3 MEX-C1 Further Integration MEX12-5
16 (a) 4 MEX-P1 The Nature of Proof MEX12-1, MEX12-8
16 (b) (i) 3 MEX-N2 Using Complex Numbers MEX12-4
16 (b) (ii) 3 MEX-N2 Using Complex Numbers MEX12-4
16 (c) 4 MEX-M1 Applications of Calculus to Mechanics MEX12-6
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