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Section I

8 marks
Attempt Questions 1-8
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-8.

1 What is the negation of the following statement?

“If all rich people are happy, then all poor people are sad.”

A.  Not all rich people are happy and not all poor people are sad.

B.  All poor people are sad, but there is a rich person who is not happy.

C.  Allrich people are happy, but there is a poor person who is not sad.

D.  Some rich people are not happy or some poor people are not sad.

2 If |z—3—3i| =3, what is the least value of |z|?

A, 3V2-3
B. 3V2-2
c. 2v3-2
D. 2V3-3



Which one of the following statements is true? 5 When the cube roots of 2 — 2i are expressed in the form re®?, r= /2.
Which expression will give the correct values of §?

A (Vr,yeR) (’yf € R)

A Bz fork=—1,0,1
4
B. (IxeR)(x>+4x+5=0)
M fork=-1,0,1
4
C. (VxeR)(¥>x)
C. W fork=—1,0,1
D. (Va€ Z")(3x € primes)(a < x < 2a)
(8k—1)m -
D. 4z fork=-1,0,1

. 3+i . .. . . N
Given that z = L_, what is the smallest positive value of n for which z” is purely imaginary?

6  Ifz=¢%’ which of the following expressions is equal to 1 +z> ?

A S
’ 7
A, 2cos?30cis 30
6
B. - .
5 B. 2cos30cis30
C. 6 C. cos?30cis 30
D. 12 D. cos30cis30



What is the contrapositive of the following statement?

“If Harry studies Biology or Chemistry in 2022,
then Jesse will not take a holiday in Fiji in 2022.”

A.  If Jesse does not take a holiday in Fiji in 2022,
then Harry will not study Biology or Chemistry in 2022.

B.  If Jesse takes a holiday in Fiji in 2022,
then Harry will study neither Biology nor Chemistry in 2022.

C.  If Jesse does not take a holiday in Fiji in 2022,
then Harry will study neither Biology nor Chemistry in 2022.

D. If Jesse takes a holiday in Fiji in 2022,
then Harry will not study Biology or not study Chemistry in 2022.

Shanelle correctly wrote:
60 4 o103
$0 = ———
(cosB) ( 5
- cos’ O = % (eSiG o730 13 (eie +g—i9))
From her last line of working, Shanelle should be able to deduce which one of the following?

1
A. 20056:005397100536

B. 8cos’0 = cos36 +3cos 0
C.  8cos’@=12c0s30+3cos0

D. c0s30 = 4cos> 0 +3cos O

End of Section T
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Section 11

72 marks
Attempt Questions 9-14
Allow about 1 hour and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning and/or
calculations.

Question 9 (12 marks) Use a SEPARATE writing booklet.

(@

(b)

x—2—2i is a factor of P(x) = x> — ax? + 20x — 24, where a is a real number.

Find the value of @ and express P(x) as a product of complex linear factors.

(i)  Sketch the region in the complex plane where the following inequalities hold
simultaneously:

3
lb—i|<2 and 0<Arg(z—1)< Tﬂ

(i) What is the maximum value of Arg(z)?

Give your answer in radians, correct to 2 decimal places.

(iii) By considering z as defined in the region above, what is the value of Arg(|z|) ?

Give reasons for your answer.

Marks



Question 10 (12 marks) Use a SEPARATE writing booklet.

(@

(b)

(©

(d)

In the Argand diagram below, the point 4 represents the complex number z; and the

. T
point B represents the complex number z,. Furthermore, ZAOB = 3 and |z1] =2 X |z2].

Im(z)

B (22)

A (Zl)

wla

% Re(2)

(i)  Express z, in terms of z;. Give your answer in exponential form.

(ii) If AOBC is a parallelogram, express the complex number represented by point C
in terms of z,. Give your answer in exponential form.

(iii) Express the complex number represented by the midpoint of BC in terms of z;.
Give your answer in exponential form.

Prove by contradiction that there are no integers m and n which satisty

3m+21n=136.

Suppose that x and y are integers. Prove by contraposition that

if x2(y + 3) is even, then x is even or y is odd.

2
(i) Starting with (\[ 7\/15) >0, show that a;b > Vab.

(i)  Using the result in (i), prove that xy+yz+zx > x\/yz+ yv/zx +2/xy,
where x, y, 2> 0.

Marks

Question 11 (12 marks) Use a SEPARATE writing booklet.

(a) Ttis given that:

2 3

X~ X
gr:lﬁ’xﬁ’i‘f’i*‘r“'
- 2ot
cosx=l-Sitaat
_ 3 )CS X7

sSInx = x §+§7;

Using the identities above, prove that ¢’ = cos 6 + i sin 6.

z—1—i
(b)  Sketch the following locus on a complex plane: Arg <7 1= z) =0

(¢) Solve z*—8v2+8v2i=0, leaving your answers in exponential form.

1
(d) Itis given that |z] < 3

3
Use a triangle inequality, or otherwise, to show that |(l + i)z3 + iz\ < 1

~10-

Marks



Question 12 (12 marks) Use a SEPARATE writing booklet.

(@)

(b)

(©

2
Given that z = cis (;) and w = \/3cis (g),

)

w
(i)  Express — in modulus-argument form.

(i)  Use mathematical induction to prove that (cos 6 +isin@)" = cosnb +isinn for
all integers n > 0.

12
w
(iii) Hence, by using the result in (ii), find the value of (z> in simplest form.

Without using induction, prove that a3 + 2a is divisible by 3 when a is a positive integer.

Ifx,y> 0 and x >y, prove that x* + y* > ¥y + x)3.

11—

Marks

Question 13 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Prove the following statement, in which 7 is a positive integer, by using the contrapositive.

If n leaves a remainder of either 2 or 3 after being divided by 4,

then 7 is not a perfect square. 3
i0 —i6
(b) (i) Show that cos® = %. 1

(i) Show by substitution that 8 = —iln (2 i \/5) is a solution to

the equation cos 6 = 2. 2

(iii) By using the substitution u = €/, or otherwise, solve the equation

i0 —i6
e,
2
and hence find another value of  that solves the equation cos 8 =2. 2
. . d 1 . Inx
(¢) (i) Given that o (Inx) = —, show that the Dunstan function, f(x) = —,
X X X
is a decreasing function for x > e. 2
.. . L . Ina _ Inb
(ii)  Using the result in (i), explain why — > > fore<a<b. 1
a
(iii) Rewrite the result in (ii) without logarithms.
Hence determine if 2002°! > 2012% is true or false. 1

12—



Question 14 (12 marks) Use a SEPARATE writing booklet.

(a) (i) Showthat(x+ 1)(>—x+1)=x>+1.

1
(i) Ifx*—x+1=0, find the value of x**?>+

2022 -

. N3
(b) (i) By expanding (e’e - e"e) , show that sin30 = 3sin6 —4sin> 0.

(ii) Hence, solve 8x* —6x + 1 =0.

(¢) Suppose that x is a real number. Prove that

if x5 —4x* + 3x> = x> + 3x =4 >0 then x > 0.

End of paper
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®uestion 9 :
Ca) (3(-(2+7\i)) i o 'é,qc_‘éon_ Gf P{"-J

/”/\L[Lg‘pom (=-( 2-2;» is also a '(‘a("{'(,,z_ S(Nce.
all +he Coeﬂ:‘c‘"en{'r e/ P(x) are Real. Heace

(x=(2420)) (2 ~(2=2i) = (xF=4x +8) is « Factok.
By inspection, the other €actor must be (x-3).
Mo find the vale of o | ©rmpate the cooflficiert
a-f’ x¥ on both sides :f the ,‘dp4+,-47/
(2= 4x +8)(x-3) = x*-ax®+ 20x - 2%.
M Co.jjn'c,'m+ a/ x> on tha LHS is (—4—.-3,) =-7.
Heaw @ =7

Ped = (x- 3)(x- (2 +29))(x-(2-29))

() (i)

Ui) Tha M aki mums valve o‘/ A\rj (5,) s /. Powé/) )
To fiad P/ Solve J:—xq-l od o F * (J—l_)}—‘ 4.

2~ 14,'—,7,:4' :
= (- ’)»:4. } F=(~ﬁ,ﬁ+g

2
< = BZ
e
A ﬂrﬂ\dfme‘iﬂ op 1f -
0 Jz + 1
+an — 5 ) = —[-0¢089

L FOR = -1-04089 + T

200 radions

1"t

Msrefore  the paX mum Ve

lve { Ag(é) s 200 cadl.
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i S
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"

OL(OCL'—!) + 30
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"

ala-p(at) + 3a

(cog @ +isin @) ket = CoJ (kH)& +isin(k+l) @,
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