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For real x, which one of these true statements has a converse that is also true?

A. Ifxis positive, then x? is positive.
B. Ifx>3,thenx—-3>0.
C. Ifx>0,then—-x<0.

D. Ifxis divisible by four then x is even.

What is the value of i + 2+ + i* + ... + 20229

A0
B. i
C 1+i
D —-1+i



How many complex numbers satisfy [z—1|=|z+1|=|z—i|? 6  What is the smallest positive integer, &, for which (1 +i)* = (1 —i)*?

A, 0 A1
B. 1 B. 2
C. 2 C. 3
D. Infinitely many D. 4

J3+i
i-1

n

What is the area of the triangle on the Argand diagram with vertices at z, iz and z + iz? . - . T
7 Which expression is equivalent to cos? - ISln;

?

A z]?
137

A. ﬁe‘ 12

1

B. —lz|?
2

lx

SERNE B i

2

Tn

,._
D 2 C. J2r
2

sx
D. ﬁe‘ 12

Which one of the following statements is false?

A. Va,beR, JabeC 8  If the cube roots of unity are 1, w and w?, what are the roots of (z— 1)* +8=0?

B. Vae R, 3be R:yJab € R
A z=-1,-1,-1

a
C. VaeR, 3beR:—eC
“ b B. z=-1,—1+2w,—1—2w?

a
D. Va,he[R,;eR C. z=-1,1+2w,1-2w?

D. z=-1,1-2w,1-2w?

End of Section I
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Section II Question 10 (12 marks) Use a SEPARATE writing booklet.

72 marks
Attempt Questions 9-14 ()

Consider the stat t, S:if3a>—4a+ 51 , th is odd.
Allow about 1 hour and 45 minutes for this section onsider the statemen 1hoa “ 15 even, fhen a s o

L. .. . . i State th trapositi fS.
Answer each question in a SEPARATE writing booklet. Extra writing booklets are available. ® ate the contrapositive o

L . . . . ii)  Use the contrapositive to prove S.
For questions in Section I, your responses should include relevant mathematical reasoning and/or a P p

calculations.

(b) (i) Sketch the region on the Argand diagram satisfying both the inequalities

Question 9 (12 marks) Use a SEPARATE writing booklet.
z—z|<2 and [z—1]>1

. ¥3
— i
(a)  Consider the complex numbers z=12¢ ¢ and w=3e *. (ii)) Consider the arguments of all the complex numbers in the region from (i).
List all the values in (-, ©] that are not included.
(i)  Express z in the simplest form of x + iy. 1
(i) Express < in the simplest form of re®. 1 (c)
w
0(z,)
(iii) Express y/zw in the simplest form of re®. 2 ’
(b) (i) Find the two square roots of =3 + 4i. 2
(i) Hence, solve z2—z+1—-i=0. 2 R(a)
o
(¢) () Express V3—i in modulus-argument form. 1
(i) Express (\/§ — i) in modulus-argument form. 1
P(z)
5
(iii) - Hence, express <\/§7 l) in the simplest form of x+ . 2 The points P, Q and R on the Argand diagram represent the complex numbers

z,, 2, and a, respectively.

z
Z,

The triangles OPR and OQR are equilateral with unit sides so that |z, |=|z,|=]a|=1.

4
“1

Let w=cos£+ isinz.

3 3
(i)  Explain why z,=aw.
(i) Show that z z,=a>

(iii) Show that z, and z, are the roots of z2— az + a?=0.



Question 11 (12 marks) Use a SEPARATE writing booklet.

(@)

(b)

(©

(d

The polynomial P(z) = z° — 5z + az + b, where a and b are real, has one root at
7=3— Zﬁi. Find the values of @ and b.

. 1 1 1
(i) Prove that — - —<—.
10 11 100

.. .. 1
(ii) For positive real n, prove that — — .
n  n+l1 n?

1
The complex number z moves such that Im (;) =2.

Show that the locus of z is a circle and find its centre and radius.

Prove by induction that x” — " is divisible by x?> —? for all positive even integers 7,

where x and y are integers.

Question 12 (12 marks) Use a SEPARATE writing booklet.

@

(b)

©

(i)  Show that a® + b> > 2ab, where a and b are distinct positive real numbers.

(ii) Hence, show that @ + b + ¢* > ab + bc + ca, where a, b and c are distinct
positive real numbers.

(iii) Hence, or otherwise, prove that

@b+ b2+ Ed?

b»
atbic e

where a, b and ¢ are distinct positive real numbers.
Prove that n? is divisible by 5 if and only if # is divisible by 5.

2sinn0 .

i 1+itan0)" — (1 —itan )" =
(i)  Show that (1 +itan6)" — (1 —itan8) oy

where cos 6 # 0 and 7 is a positive integer.
(ii)  Use the result from (i) to solve (1 +z)* — (1 —z)* = 0, where Re(z) = 0.

(iii) Briefly explain why (1 +z)*— (1 —z)* = 0 only has three roots, not four.

—10 -



Question 13 (12 marks) Use a SEPARATE writing booklet. Question 14 (12 marks) Use a SEPARATE writing booklet.

(a) Consider the equation z° + 1 =0. (a) Use proof by contradiction to prove the following statement:
(i) Draw a clearly labelled sketch of the roots of z3 + 1 = 0 on an Argand diagram. 1 If a is rational and b is irrational, then @ + b is irrational.

(ii)  Factorise z° + 1 into a product of linear and quadratic factors with real cocfficients. 2

1

e 3 1 T 3t -1 (b) By proving the function f(x) =x—In (1 +x+ §x2> is increasing for x # 0,
(iii) Show that cos — +cos — = = and cos —cos — = —. 3

5 572 5975 T4 1

show that €' < 1-+x+ Exz forx<0.
(iv) Write a quadratic equation with integer coefficients that has roots 2
R d 3rn
€08 7 and €08 == (¢c) (i) [Ifz=cos@+isin6,expressz"+z" in terms of 6.

T 3n (i) Consider the following function where £ is real:
Hence find the value of cos 35 and cos 5 as surds.

f(0)=1+kcosO+k*cos20+k cos30+ ...+ k' cosnf+ ...

(b) Prove by induction for integers, n > 2 that 4 Using the result in (i) and by expressing 2/(0) as the sum of two geometric series,
prove that
4
BB am1P < <3y’ 4l 1—kcos @
(=1 <7 " (0) 875 for[k|<1

T 1—2kcosO + K2

You may assume that complex numbers can be used in geometric series calculations,
just as real numbers can.

(iii) Verify the result in (i) for | k| < 1 and 6 = g

End of paper

—-11- —12-
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