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TOPICS COVERED: 2

Diagrams are not to scale 3

What is the negation of the statement: “If it is raining, then I carry an umbrella™?

A. Ifitis not raining, then I do not carry an umbrella.
B. IfI am carrying an umbrella, then it is raining.
C. Itisnot raining and T am carrying an umbrella.

D. Itisraining and I am not carrying an umbrella.

What is the value of (4 - 3i)? ?

A T7-24i
B. 7+24i
C. 25-24i
D. 25+24i

If n is a positive integer, for how many values of n is 9n> — 4 a prime number?

A0
B. 1
cC. 2

D. More than 2



Which of the following best describes the locus of points in the Argand plane given by . . R z
6 For complex z, if Im(z) > 0, what is the value of Arg po ?

z=2|=2z+1] ?

b

A. A vertical line through (0, 0). A =5
B. A vertical line through (1, 0). B 0
C. A circle with centre (0, 0). T
C —
2

D. A circle with centre (-2, 0).

D. =

Which diagram best represents the solutions to the equation Arg(z—2) = Arg(z + 2i)?

7 For integers x and y, which one of the following statements is equivalent to the statement:
“There is no integer which is the largest integer”?

A. B.
A, Ty (Vx,y>x)
B. Vx(3y,y>x)
/ C. Ix(Vy,y>x)
D.  Vy(3x, y>x)
C D.

8  Let(x+i)'®=a+ibfora,b,x,y € R. Which expression is equivalent to (v — ix)'® ?

A, —a-ib
B. b-ia

C. -b+tia
D. -a+ib

End of Section T
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Section II Question 10 (12 marks) Use a SEPARATE writing booklet.

72 marks
Q:Itsvn:g:)oQuuteIStll:::xsrga_nl: 45 minutes for this section (a) The diagram below shows the region on the complex plane given by:
T fi4

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available. |z <4v2 and g s Arg(z) < T
For questions in Section I, your responses should include relevant mathematical reasoning and/or
calculations. Im
Question 9 (12 marks) Use a SEPARATE writing booklet. A
(a) Consider the complex numbers w =2 —3iand z= 3 + 4i. B

(i) Find w+z. 1

(i) Find |wl. 1 _C( Re

(i)  Find the complex number represented by point 4 in modulus-argument form.
w
=i i +i . . R
(i) Express : the simplest form of x + iy where x and  are real. 2 (ii)  Find the complex number represented by point B in the form x + iy.

(iii) Determine whether 5 + 2i lies within the region.

(b) On the Argand diagram below, the complex numbers 0, 1-+iv/3, V3 +i and z

form a thombus. (b) (i) Given that cos 8+ isin 6 = ¢, prove de Moivre’s theorem:
“ for positive integers n, (cos 8 + i sin 0)" = cos(nd) + i sin(nb) .
1+i3 (ii)  Using de Moivre’s theorem, or otherwise, show that, for positive integers »,
6 NOT TO
g
SCALE (1+i)”+(1—i)”:2(\f2)'cosﬂ.
\/5 +i
5 (c) Two of the zeros of the polynomial P(x) = x* —4x* + 11x? — 14x + 10 are a + ib and
a + 2ib, where a and b are real and b > 0.

(i) Find zin the form x + iy. 1 (i)  Find the values of ¢ and b.
(ii) An interior angle of the thombus, 6, is marked on the diagram 2 (i) Hence, or otherwise, express P(x) as a product of quadratic factors
Find the value of 6 * ) with real coefficients.
(c) Use proof by contradiction to show that log, 7 is irrational. 2
(d) Prove that the sum of two consecutive positive even powers of 3 is always a 3

multiple of 90.

—7- -8-



Question 11 (12 marks) Use a SEPARATE writing booklet.

@

(b)

(©

Consider the following statement for integers m and n.
mn . .
P:If 5 isan integer then m or n must be even.
(i)  Write down the contrapositive of P.

(ii) Prove P by proving the contrapositive.

Use mathematical induction to prove the following statement for integers n > 1:

~

3 n
—1)P<—.
-1y <

M:

<
Il

On the complex plane, the line given by |z + 1| = [z — 2+ 3i| cuts the circle given by
|z+ 1] = 3 into two segments. Find the exact area of the major segment.

Question 12 (12 marks) Use a SEPARATE writing booklet.

a) For any integer n, prove that #> + n is even.
y 34 P

(b) (i) Expandand simplify (cos8 +isin®)> using the binomial theorem.
(i) Hence, using de Moivre’s theorem, show that
sin56 = 16sin> @ —20sin’ 6 +5sin @ .

(iii) Show that x = sin 1o isone of the solutions to 16x° —20x* + 5x — 1 =0.
(iv) Write down the polynomial P(x) such that (x — 1)P(x) = 16x° — 20x> + 5x — 1.
(v)  Find the value of a such that P(x) = (4x> + ax — 1)%.

. . T
(vi) Hence find the exact value of sin 10

(vii) Sketch the function f(x) = 16x° — 20x* + 5x — 1, showing all intercepts.

~10-



Question 13 (12 marks) Use a SEPARATE writing booklet.

(@

(b)

()

x .
beid

z=2¢1?" is a root of the equation z* =« (1 + ﬁi) , where a is real.

(i) Express 1+ V/3i in the form re'.
(i)  Find the value of a.

(iii) Find the other three roots of the equation in the form re®.

The point P on an Argand diagram represents the complex number z which satisfies

Give a geometrical description of the locus of P as z varies.

For real numbers a, b > 0 where ab > 1, prove that

1 N 12
a+1 b*+1 " ab+1°

—-11 -

Question 14 (12 marks) Use a SEPARATE writing booklet.

(a) If zis one of the fifth roots of unity other than 1, show that

(b) @
(ii)

(© @
(ii)
(i)

n 2 T

3 4 . . .
I—7 T —3 = SN —— —sin— | .
774z 2i < 1n 1n >

1 1

1
F int >2, show that — < .
or any integer a 2 2, show that —5 < -— ——

Hence, for any positive integer n, show that

PRI
1222 32 n? ’

Suggestion: do not use induction.

By considering /”(x) where f(x) = e* — x, show that e* > x for x > 0.

Hence, by considering areas under the curves y = e and y = x,
9
prove that /e > 3
Use mathematical induction and the result in (i) to show that, for x > 0,

n

. X .
e > o for all integers n > 1.

End of paper
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