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marks:
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Reading time — 10 minutes

Working time — 2 hours

Write using black pen

Calculators approved by NESA may be used

A reference sheet is provided at the back of this paper
In Questions 11 — 14, show relevant mathematical
reasoning and/or calculations

Marks may be deducted for careless or badly arranged
work

Section | — 10 marks (pages 2 - 5)
o Attempt Questions 1 — 10
e Allow about 15 minutes for this section

Section Il - 60 marks (pages 6 — 9)
o Attempt Questions 11 — 14
e Allow about 1 hour and 45 minutes for this section



Section I

10 marks
Attempt Questions 1 — 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10

3 . 3
. . . cOos x + sin'x
1  Which of the following is an expression for f —dx ?
cosx t sinx

1
(A) x+5cos 2x + ¢

1
(B) X —5cos 2x + ¢

1
<) x+ Esinzx +c

1
(D) x—Esinzx +c

2 For the complex polynomial P(z) = z* + az’ + bz + ¢ with real coefficients a, b
and ¢, P(-2) = 0 and P(3i) = 0.

The values of a, b and ¢ are;

(A) a=-2,b=9,c=-18
B) a=-2,b=-9,c=18
(C) a=2,b=9,c=18

(D) a=2,b=-9 ,c=-18

3 Assume that a and b are positive real numbers with a > b.

Which of the following might be false?

1
(A)a—b>0

®) 4259

(C) a+b>2b

(D) 2a > 3b



4 The Argand diagram shows the complex numbers z and w, where z lies in the first
quadrant and w lies in the second quadrant.

We

Which complex number could lie in the third quadrant?

(A) —w
(B) 2iz
©) z
D) w-z
S . . oL X . . dx
5 Which integral is obtained when the substitution ¢ = tan = is applied to j — 7
2 5 + 4cosx

AJ 2dt
®) 9 + ¢

2dt
9—-4;

(B)

2

(.

©)

2(1 — %)
1+H0-0"

o |

6 Consider the statement;

“ A sufficient condition for AABC to be right angled, is that a+bi=ct

An equivalent statement is;

(A) If AABC is right angled then a® + b* = ¢
(B) If a’ + b* = ¢’ then AABC is right angled
(C) AABC is right angled iff a® + b° = ¢*

(D) If a’ +b> # ¢’ then AABC is not right angled

-3-



7

If f(x) is a non-zero odd function with period 77, which of the following statements is
FALSE?

2
(A) f(x)dx=0
0

m

2 L
2
® |, roa=2f e
2 0
© | o= - - vax
0 0

(D) f ) ﬂf(x)d)c =J ”f(x)dx , Ve eER
a 0

4o7
Given that z is a complex number, iz is equivalent to;
(z+2)
fm(z))2
A1+ | —=
) (Re(z)

(B) 4[1 + (Re(z) + Im(2))’]
(©) 4([Re(x)]” + [Um(2)])

2 X Im(z2)
D 2
[Re(2)]

What is the negation of the statement;

2

“If'it is raining, you take your umbrella
(A) Ifitisraining, you do not take your umbrella
(B) Itis raining and you don’t take your umbrella
(C) Itis not raining and you don’t take your umbrella

(D) Itis not raining and you take your umbrella



10 Given that (x + iy)14 =a +ib,where x, y,a,b € R, (y— z'x)14 is equal to;

(A) —a-—ib
(B) b-ia

(C) —b-ia
(D) —a+ib

END OF SECTION I



Section 11

90 marks
Attempt Questions 11 — 14
Allow about 1 hour and 45 minutes for this section

Answer each question on the appropriate answer sheet. Each answer sheet must

show your NESA#. Extra paper is available.

For questions in Section II, your responses should include relevant mathematical

reasoning and/or calculations.

Question 11 (17 marks) Use the pages labelled Question 11 in the answer booklet

(a) Ifz=2iand w= 1+ 3i, express in the form a + ib;

1 z+w.
(1)  zw.

Lo 1
(111) W

(b) (1) Express B -iin modulus-argument form.

(1)) Hence evaluate (Jg — i)6.

-2

1 -
(©) Findf x_] dx.

1 —x

dx
2

(d) By completing the square find f .
x" —4x + 1

(e) Evaluate xsec’x dx.

=S uy

el
2
(f) Evaluate f dx.
-1

\14—x2



Question 12 (13 marks) Use the pages labelled Question 12 in the answer booklet

(a) Inan Argand diagram, the point P represents the complex number z so that;
lz—1—-i=1

(1) Sketch the locus of P.

(1)  On your diagram shade the region where;

F-1-i < 1and 0 < arg(z—1) < 7.

(b) Consider this proposition about the positive integer #;

“If n’ + 5is odd, then n is even

(1) Write down the contrapositive of the proposition.

(1))  Prove the proposition is true by contraposition.

(c) (1) By solving the equation 2 +1= 0, find the cube roots of — 1.
(i) Let 4 be a non-real cube root of — 1, show that r=a-1

(i) Hence simplify (1 — )’

(d) The numbers a, b and c are said to be in harmonic progression if their reciprocals

11

=D and ~ are in arithmetic progression, b is then said to be the harmonic mean

of a and c.

(1) Show that the numbers 6, 8, 12 are in harmonic progression.

2ac
atc

(1)) Show that the harmonic mean of @ and c is equal to

(ii1)) Ifa>0and c> 0, show that their geometric mean is greater than or equal to

their harmonic mean.



Question 13 (15 marks) Use the pages labelled Question 13 in the answer booklet

(a)

(b)

(1)

(i)

(©) ()
(i)

(d) ()

(i)

3
The complex number 5 + % is one of the nth roots of — 1. Find the least value 3

of n for this to be so.

On an Argand diagram, the points 4, B and C represent the complex numbers
a, [ and y respectively.

AABC is equilateral, named with its vertices taken in anticlockwise order, as shown

below.
Im (A B(B)
A(a)
C
() >
Re(z)
. T, T
Explain why y — a = (f — a) (cos; + zsm?). 2
2 2 2
Showthata™ + - +y =af + fy + ay. 2
X

Show that - > Inx forx > e. 2
Hence show that e™ > 77°. 1

I
If I, =J (1+x%)" dx,n=0,1,2, ... show that; 3

0

Cn+ 1)1, =2"+2nl, .

Hence find a reduction formula for; 2



Question 14 (15 marks) Use the pages labelled Question 14 in the answer booklet

2021

(a) Evaluate 2 ni.

n=1

(b) Find the volume, ¥, of the solid of revolution formed when the graph of

X tx+1l . .
y=2 ot 1)(x2 ) is rotated about the x-axis over the interval [O,JET ].

Give your answer in the form V' = 2m(lna + b), where a, b € R.

n
1 +
(c) LetS, = ZJ—- where n € Z .
r

r=1

(i) Prove by induction that S, < 2Jn— 1.

(i) Show that (4k + D)k + 1 > (4k + 3)Jk ¥V k& = 0.
(iii))  Determine the smallest number ¢ such that;

S = 2dn+

]
2 C

End of paper
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BAULKHAM HILLS HIGH SCHOOL

YEAR 12 EXTENSION 2 H2: ASSESSMENT TASK 2 SOLUTIONS

Solution | Marks | Comments
SECTION I
3 .3 . 2 . .2
+ + — +
1. D- f cos™x s%n x dx = (cosx + sinx)(cos™x §1nxcosx sin"x) dx
cosx + sinx cosx + sinx
=f (1 — sin xcosx) dx 1
=X 1 in’x + ¢
7S
2. C - as the coefficients are real, complex roots will appear in conjugate pairs
P(x)=(x + 2)(x — 3i)(x + 30)
= (r+ )"+ 9) 1
=x"+2x" +9x + 18
ca=2,b=9,c=18
3. D - acounterexample to D would be
leta=4andb=3 1
in this case 2a < 3b
ie.8<9
4. D-
1
-w
w—z
z
2dt
s A 1+ 7 f 2dt
. - —_— =
s -1 5457+ 447 1
1+ _I 2d1
9+ ¢
6. B-If P = ( means that P is a sufficient condition for Q 1
2
7. B— Asfx) is an odd functionf ~ f(x)dx =0 1
2
2 2
o o iz _ 4l i)
(z+7) (2Re(2))’
2 2
_ 4([Re(z)] + [Im(z)] ) 1
4[Re(=)]
2
s ( m}
Re(z)
9. B- P:itisraining
Q: you take your umbrella 1
(P = Q) & (PALQ)
10.A- (v—ix) = (=0 x+ i
= —(a+ ib) 1
= —a-—-ib




Solution

| Marks |

Comments

SECTION 11

QUESTION 11

2i+ 1 - 3i
=1-i

11(a) (i)

1 mark
e Correct answer

11(a) i)  2(1 + 3i)

1 mark
e Correct answer

=6+ 2i
l Evel
() (i) =

10 10

1 mark
e Correct answer

1B G B-i= 2{ cos( -6£)+ isin( _gﬂ

1 mark
e Correct answer

1) i) (B —1)° = 2%cos( — m) + isin( — 7))
= 64

2 marks

e Correct solution

1 mark

e Attempts to use De
Moivre’s theorem

2 | =
1o f%dx—f (=xhaeah
- X

1 —x

(e

=x+ lnx| + ¢

2 marks

o Correct solution

1 mark

e Manipulates
integrand into a
standard form

dx dx
11(d) J. =J-
\‘1274)(4’ 1 \f(x_z)z_
[2 | .

:ln‘x72+ x"—4dx + 1

2 marks

o Correct solution

1 mark

e Completes the
square in the
denominator

11(e) xsec’x dx

C%ulq

du = dx

= [xtan.r]ﬁ — | tanx dx

=} 3w‘:1

= ( ﬂ (3 + [In[cosx| I

dv

tanx

2
sec x dx

3 marks

¢ Correct solution

2 marks

¢ Correctly uses parts
or equivalent merit

1 mark

e Attempts to uses
parts or equivalent
merit




Solution

Marks

Comments

i
3
x> f 4sin26’-2cost9 de
2coséd

12w w1 { z}
—2511'13 6 25]]1 —3

4 marks

e Correct solution

3 marks

e Finds primitive
along with the
correct limits of
integration

2 marks

¢ Simplifies integrand
to a multiple of
sin” @

1 mark

¢ Transforms
integrand with an
appropriate trig
substitution

QUESTION 12

12(a) (i)

1 mark

¢ Correct diagram
with location of the
centre clearly
identified and
tangential to both
axes

12(a) (i)

Im(z)

2
1
» Re(z)
1 2

1 mark

o Correct region with
(0,1) excluded and
angle indicated

12(b) (i)

If n is not even then #n® + 5 is not odd

1 mark
e Correct statement

12(b) (ii)

Letn=2k+1 wherek€ Z:k = 0 (i.e.n isapositive odd number)
5= 2k+ 1) +5

8k + 12k + 6k + 1+ 5

=8k  + 12k + 6k + 6

204k° + 6k° + 3k + 3)

2K where K =4k’ + 6k + 3k + 3 € Z
~ ifn is odd then n° + 5 is even

thus by contrapositiom, n” + 5 is odd then n is even

2 marks

o Correct proof

1 mark

e Defines n

e Demonstrates the
technique of proof
by contraposition




Solution Marks Comments
12(c) (i) Z2+1=0 1 mark
(z + 1)(22 —z+1)=0 o Correct solution
1+J1 — 4
z= —1 5 = ?
1
IRECY
2
* the cub t 1 1 £ ]—+ £
# the cube roots are -1, >~ —=i, >+ —~1i
12(c) (ii) As A isnon-real 4 # —1, s0 A must be a root of oz 1=0 1 mark
e AA—A+1=0 1 e Correct solution
A=a-1
12(c) Giii) - = 1 mark
_ 3 18 o Correct solution
= !
6
= -
= -1
1 1 1 1 mark
12 i —_———=
@ @ 12 8 24 e Correct solution
1 11 1
8 6 24
~ 6, 8, 12 are in harmonic progression
11 1 1 2 marks
12 ii ———= ==
(d) (ii) c b b a o Correct proof
b—c a-»> 1 mark
- e Establishes
be ab boc a b
ab™ —abc=abc - b" ¢ 5 he  ab
ab —ac= ac - bhc
ab + be = 2ac
b(a + ¢) = 2ac
2 )
b— ac
a+c¢
2ac Ja;(a +¢) - 2ac 2 marks
12(d) (i) Jac - 4+t c 4+ c e Correct proof
1 mark
= sza _ 2JEE+ <) e Uses a valid
atec technique
_ Nac(Ja - &)’ 2
a+c
=0 asa,c >0
J_ 2ac
SoNac 2
atc¢
QUESTION 13
3 T .7 3 marks
13(a) 557 cos * ISt - e Correct solution
2 marks
{ cosg + Z'SinEJ =_1 e Findsntobea
6 6 multiple of 6
3 1 mark

nmT . AT .
cos?+ isin— == cosm + isingT

nim

LR
6

nmr=6m

. Sgnverts both
3 i
—+ = -1
2 T3 and—1 to
mod-arg form
e Correctly uses

De Moivre’s theorem




Solution

Marks

Comments

T
13 (b) () 2BAC = 3 (vertex of an equilateral A)

AC = AB[ cosy + isin] (multiplication by a complex number

3
represents anticlockwise rotation)

y-—a=(f-a) CosZ+ ising

2 marks

o Correct explanation
1 mark
¢ Explains why

m
LBAC = 3

e Identifies the vectors
AB and AC

13 (b) (ii) Similarly f — y = (a — y)(cos£+ isinzj

2 marks

1

=2" 20| (1+x)"dx+2n| (1+x)" dx

0 0
=2"-2nl + 2nl,

(2n+ 1)1, =2"+ 2nl,_

1

3 3 o Correct solution
y-a pB-y 7T+_.7T 1 mark
Hence B-a a-y cosy T sy e Finds a similar
_ 2 relationship to part
—a)a-— = - - a :
(v —aa—y) = (B y)p - 0
ay -y —a tay=pF —af - Ly + ay
a2+ﬁ‘2+ y2=a[)’+ﬂy+ ay
X
13(c) (i Let f(x)=——Inx 2 marks
e o Correct solution
1 1 mark
fx)= e x e Shows that
>0 forx>e f(_x)zzflm’is
& f(x) is an increasing function for x > e 5 ] €
thus £(x) > f(e) forx > e increasing for x > e
' ' or equivalent merit
x )
—— Inx > L Ine
e e
=0
x
;> Inx forx > e
T
13()(ii)) 7> e ~ —> Inm 1 mark .
> ¢ 1 e Correct solution
T>elnm
e 1
= Inm
e” > ;rz'e
! 3 marks
13(d) (i) i, —f (1+ xz)" dx u=(1+ xz)” e Correct solution
yono 1 2 marks
‘ du=2nx(l +x7) dx e Rewrites x? as
| ] 1 +x*—1inavalid
= [x(l + xz)nl) - an (4 xD)" L attempt
0 V=X 1 mark
| dv = dx e Attempts to use
integration by parts
n 2 2.n—1 3
=(1)(2) -0-2n| (1+x"—1)(1+x) dx




Solution

Marks

Comments

u = tanx

y

13(d) (i) J, =_f sec’x dx
0 du = 5602X dx
L
4

-1
=f Seczx('l + tanzx)n dx

o

1
—f (1+ 112)"7 ldu
0

=17

n—1

but (2n— 1)1, _,=2"""+2(n-1)I,_,

- (27’! B ])Jn = 2”71-’- 2(” B I)Jn 1

2 marks

e Correct solution

1 mark

e Rewrites integral in
terms of u = tan x

e Shows [, = J,

QUESTION 14

2021
Zm” e T T S PRl

n=1

14 (a)

=i-2-3i+4+5i-6-T7i+8+ ...+ 2021

Now [ —2-3i+4=2-2i
5i—-6-T7i+8=2-2i

2017i — 2018 —2019i + 2020 = 2 — 2§

2021

.-.Zm'” = 505(2 — 27) + 20217
n=1
= 1010 - 10107 + 2021i
1010 + 1011¢

2 marks

o Correct solution

1 mark

e Establishes a
regular pattern
within the sum

14 (b)
&
X +x+1 ,
V= 4Trf ———dx A+ D+ Br+ O)x+ 1) =x"+x+1
(x+1)(x + 1) - .
0 x=-1 X =1
3 24=1 Bi+COYi+1)=i
271'J.

1 i 1-1i
x+1 dx =3 Bi+ C =+ X1
x + 1

~ =

(=]
+ +

& =

()

2m| In| 1|+—ln|x + 1] + tan 1x:|

ro | —
a
I
2| =

e 0
=27r(ln(J_+l)+—1n4+tanlJ_ O)

=27 (2B +2) + J

5 marks

e Correct solution

4 marks

e Substitutes limits into
correct primitive

e Answer in correct
format for primitive
involving log and
inverse trig

3 marks

e Finds correct
primitive

e Substitutes limits into
an expression
involving log and
inverse trig

2 marks

e Decomposes correct
integrand into partial
fractions

e Finds a primitive
involving log and
inverse trig

1 mark

e Obtains the correct

integral
e Uses the method of
partial fractions




Solution Marks Comments

14(c) (i) When n=1 There are 5 key parts
LHS = §, RHS = 2J1_, 1 of the inequality

| =2 induction;

- _ 1. Proving the result
J =1 true for n = 1

= 2. Clearly stating the

~ LHS=RHS assumption and

Hence the result is true for n = 1
Assume the result is true for 7 = k where k € 7

ie.S, < 2dk— 1
Prove the result is true for n=k+1

ie.S, < 2dk+r1-1

1

vk + 1

PROOF:

S =8+

what is to be
proven

3. Using the
assumption in the
proof

4. Presenting a valid
structure to the
inequality proof,
in particular;

o Correct use of

<o 1+ | b . equality and
=< - Jm (by assumption) lélle qulality signs
oClear
_ 2k(k+ 1) + 1 1 4 explaiiing why
Je+ 1 the sins changed
T from e;]uality to
= TR inequality
JE+1 ! 5. Correctly proving
T the required
N + + 1+
< e -1 (4k° + 4k < 4k™ + 4k + 1) ) ;;?tlf:’em
+
> e Successfully does
_ (2k+ 1) +171 all of the 5 key parts
N/ 3 marks
o Successfully does 4
_ 2kt 1Ad of the 5 keyyparts
Jer 1 2 marks
2(k + 1) o Successfully does 3
- Jir1 -1 of the 5 key parts
1 mark
=2dk+1-1 e Successfully does 2
Hence the result is true for n = k + 1, if it is true forn = k of the 5 key parts
Since the result is true for n = 1, then itis true  V »n where n € Z by induction.
14(c) (i) (4k+ DI+ 1 — 4k + Dk 2 marks
2 2 e Correct solution
=@k 1k ) - Nk 3% 1 mark
~J1683 + 82+ k+ 16K + 8k + 1 - 16K + 24k + Ok , | *Usesavalid
technique
—J16K + 2412 + 9k + 1 - 16k + 24k + Ok
>0 (as1>0)
a(dk+ D+ 1> @k+ 3k VE>0
l 2 marks
> n B
14 (0) (i) 5, = 2dn 2dn ¢ e Correct proof
1 mark
1
c = 2J;+——S” e shows
2Jn_ > ! + 1
1 ¢z
> 2+ —=—2d + 1 (S, € 2dn - 1) 2dn
2dn 3
1 e shows ¢ = — for
= —+ 1 2 2

2dn

) | ) . .
as »u increases, T—W’lll decrease, thus its largest value will occur when n = 1

21

..c_z

3
2

n=1

Note: no credit
given for a bald
answer
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