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General - Reading time — 10 minutes
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+ For questions in Section Il, show relevant mathematical
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Total marks:  Section | - 10 marks (pages 2 - 5)
70 + Attempt Questions 1 - 10

« Allow about 15 minutes for this section

Section Il - 60 marks (pages 6 —9)
+ Attempt Questions 11 — 14
+ Allow about 1 hour and 45 minutes for this section



Section 1

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple-choice answer page in the writing booklet for Questions 1 — 10.

1 Given that @ is a non-real cube root of unity, which of the following identities is
CORRECT?

A l-0-0"=0
B. l-0+0°=0
C. l+0-0*=0
D

l+o+o° =0

2 A polynomial P(z) with real coefficients has a complex root of 3+ 2i. Which of the
following quadratic expressions MUST be a factor of P(z)?

A. zZ2+6z+13
B. z2-6z+13
C. z*2+6z-13
D. z?2-6z-13

3 Which of the following expressions is equal to Ixz sin x dx ?

A, —x? cosx+J‘2xcosxdx
B. —x? cosx—J.2xcosxdx
C. —2xcosx+_fx2 cos x dx

D. —2xcosx—jx2 cos x dx



Consider the following statement about a positive integer N:

“If N is a square number, then N is not prime.”

Which of the following is logically equivalent to the given statement?

A.

B.
C.
D

If NV is not a square number, then N is prime.
If N is not a square number, then N is not prime.
If N is not prime, then N is a square number.

If N is prime, then N is not a square number.

Which of the following statements is FALSE?

A.

B.

Ya,beR, a<0<bh = e <é.
1 1
Va,beR, a<0<bh = —<—.
a
Va,belR, a<0<b = a*<b’.
Va,beR, a<0<b = da’<b’.

Which of the following statements is NOT ALWAYS TRUE?

B.

C
D.




7

Which of the following diagrams shows the subset of the complex plane satisfied by
the relation iz—iz=27?

A. B.
Y Y
A A
24 24
11 < 1 >
T T T —> X T T T —> X
-2 -1 1 2 -2 -1 1 2
< 1 > —1-
] ]
C D.
Y Y
A A A
< 2 > 2
11 11
T T T —> X T T —> X
-2 -1 1 2 -2 -1 ] 2
—14 14
] ]
\ 4

. . i—z
A complex number z satisfies the condition

=1, on which of the following

i+z
must the complex number z lie?

A. The y-axis

B. The x-axis

C. Theline x+y=1
D

The circle x>+ =1



Which of the following definite integrals takes on the smallest value?

%

A jtanzxdx
0
%

B Jseczxdx
0
%

C J-sinzxdx
0
%

D Isin(Zx)dx
0

Suppose [ (x) is a continuous, differentiable function such that the inequality below

holds true for all real values of ¢ and 5.

M/ 0) (o)

Which of the following statements is always true?

A, f(1)=0
B. f(1)<0
C. f'(1)=o0
D. f"(1)<o0

End of Section I



Section I1

60 marks

Attempt Questions 11 — 14

Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate section of the writing booklet. Extra writing paper is
available.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Use the Question 11 section of the writing booklet.

1

a) Find | ——dx. 2
@) I x* —4x+13
(b) (i) Find the square roots of 16+30i. 2
(ii) Hence solve the quadratic equation z* —2z — (1 5+30i ) =0. 2
(¢) Find [xtan™ xdx. 3
%
(d) Find _[sin3 xcos’ xdx. 3
0
(e) Prove using mathematical induction that 3" > 5x2" for all integers n>5. 3

End of Question 11



Question 12 (15 marks) Use the Question 12 section of the writing booklet.

(a) Prove by contradiction that log, 8 is irrational.

(b) (i) Prove that the following inequality holds for all positive real values of a and b.

—+224
b a

(i1) Show using a counterexample that the same inequality would not always hold
true for all real values of a and b.

(c) The terms of a sequence a, is defined recursively by the formula a, ., =2a, —n+1
for positive integers n, with a; =3 . Use the principle of mathematical induction to

show that for all integers n>1, a, =2" +n.

. . o X
(d) (i) Using the substitution ¢ = tanE, prove that J.secxdx = ln| secx+tanx|+c.

(i) Hence evaluate |sec’ xdx, express your answer in exact form.

S e [y

End of Question 12



Question 13 (15 marks) Use the Question 13 section of the writing booklet.

(a) For a pair of integers, a and b, let P be the proposition:

“If a+b>15,then a>8 or h>8.”

(1) Write down the contrapositive of the proposition P.
(1)) Hence prove proposition P by contraposition.

(i11)) Write down the converse of proposition P and determine if the converse is
true.

(b) The complex number z simultaneously satisfied the inequalities given below.
On an Argand diagram, sketch the region in which z lies.

%Sargzﬁ% and |z—l—i|<\/§

(c) (i) Find the values of 4, B and C such that

4 A B C
+ +

(1-x) (1+x) (1-x)° 1-x l+x

1
2
11) Hence find the exact value of | ————dx.
(i)
0 1 + x)

xsin lx

N

(d) By using a suitable substitution, or otherwise, find the value of J.

End of Question 13



Question 14 (15 marks) Use the Question 14 section of the writing booklet.

4
: . 1 :
(@ () Given [, = J tan*"*"' xdx , show that I, +1,_, =5 for integers n>1.
n
0

z

4
(i) Hence evaluate jtan7 xdx.
0

(b) Giventhat x+y=m with x>0 and y>0.

(i) Show that (x+ y)2 >4xy.

(1)) Hence prove that 1 + 1 > 4 .
X y m
i Usine th It f . h 1 1.8
(ii1) Using the result from part (ii), prove that x_2+ 7 Z—7

2
(¢) Consider the integral [ = '[,Slde.
0

SN X+ CosXx

(i) By substituting x = % —u , show that the integral can also be expressed as

2
cos” x
dx.

S N

sin x +cos x

ln(1+\/§)

(1)) Hence, or otherwise, show that [ =

End of Paper



BAULKHAM HILLS

YEAR 12 ASSESSMENT TASK 2 2022
MATHEMATICS EXTENSION 2

MARKING GUIDELINES
Section I
Multiple-choice Answer Key
Question Answer Question Answer
1 D 6 C
2 B 7 A
3 A 8 B
4 D 9 C
5 C 10 D
Questions 1 - 10
Sample solution
L o =1
@ —1=0

(a)—l)(a)2 +w+1):0

l+o+®* =0 (since @ # 1 as @ is non-real )

2. Since the coefficients of P(z) are real, if 3+2i is a root, then as is the conjugate 3—2i . Therefore,
[z -(3+ 2i)1 [z -(3- 2i)] must be a quadratic factor of P(z).
[z-(3+2i)|[z—(3-2i)]=(z—-3-2i)(z—3+2i)
=(z-3)" —(20)
=2 —6z+9+4
=z"-6z+13
3. Using integration by part:
: Let u=x =-
Ixzsmxdx=—xzcosx—j(—cosx)x2xdx oou=x v .cosx
du=2xdx dv=sinxdx
=—x cosx + szcosxdx
4. Let p: N is a square number, ¢ : N is not a prime number The given statement can be written as p = ¢, the statement
~ g = ~p would be logically equivalent, which in words would be “If NV is a prime number, then N is not a square
number.”, therefore option D is correct.
The other three statements (A, B and C) can be written as ~p = ~g, ~p = ¢ and ~ g = p respectively. A truth
table for each of these statements would verify that these are not logically equivalentto p = ¢.
5. a=-2 and b =1 is a counterexample of statement C.
6. Statement A reads as: “If p implies ¢ and given p, then p.” This is always true, the “If p implies ¢” is irrelevant.
Statement B reads as: “If p implies ¢ and given p, then g.” This is always true.
Statement D reads as: “If p implies ¢ and given not ¢, then not p.” This is always true by contraposition.
7. iz—iz=2
z—z=-2i
2 Im(z)i =-2i

y

-1 (Letz=x+iy)




Questions 1 — 10 (continued)

Sample solution

8. i
l. 2= (notingz # ii)
i+z
i—x—1
M =1 (letting z = x+iy)
|i +x+iy]
|—x+(1—y)i| = |x+(1+y)i|
|—x+(1—y)i|2 = |x+(1+y)i|2
(—x)2 +(1—y)2 =x’ +(l + y)2
;/4—1 -2y yy/{ = ,x/+1 +2y yy/{
0=4y
y=0 (y==l)
9. B 2 . . . T YA =t 2 fyv=t
oth y=tan“x and y= sm(Zx) pass through the origin and Z,l . y=tan x J7y=tlanx
Using graphing techniques, y = tan” x is concave up and y =sin” x is
T T 1 -
ju 4 4 y = sin(2x)
concave down for 0 < x < 2 jtanz xdx < jsin(Zx) dx .
0 0
sec’ x = tan” x +1 o T T >*
> tan” x 4 2
: :
Jsecz xdx > jtanz xdx
0 0
For an entirely graphical approach:
cos’x <1 (since 0 <cosx<1) YA )
| y=sec x
—21 (since cos’x and 1 are both positive)
cos” x
i .2
SLLIEIPS sin® x
Ccos™ x y=tan x
tan® x > sin” x
/4 T = q7 2
z z | y=smn" x
Itanz xdx > Jsinz xdx
0 0
¥ = sin(2v)
i > x
Therefore, J‘sin2 xdx takes on the smallest value. 0 n T
0 4 2
10 From the diagram, if the inequality is to hold true for all values of
atb ( a+t b] a and b, the function must be a concave down function, therefore the
27 2 only statement that is always true is statement D.
/ fl@) +/)
2




Section 11

Question 11

Sample solution

Suggested marking criteria

(a) 1 d 1 e 2 — correct answer
I > X = .[ ——dx
X" —4x+13 (x - 2) +9 e 1 — correctly completes the
1 o square in the
=3 tan™! (_3 ] +e denominator
(®) | @) Let V/16+30i =x+iy;x,yeR: ® 2 — correct answer
. . \2 e | — correct equations in x
16+30i = (x+iy) and y, or equivalent merit
16+30i = (x2 —y2)+(2xy)i
Comparing real and imaginary parts:
x*—y* =16
2xy =30
Solving simultaneously: x=5,y=3 and x=-5,y=-3
2164300 =+(5+3i)
(i) 2 _»9, ~(15+30i)=0 e 2 — correct answer
) . e | — Correct discriminant
A=(-2)" —4xl1x [—(15 + 301)] (separately or as part of
—4460+120i the quadratic formula)
=64+120;
—(-2)£64+120i
Z =
2
24216+ 30i
2
=1%(5+3i)
z=6+3i,-4-3i
(c) . 2 2 Let w=tan'x v :x_22 e 3 — correct solut.ion
'[xtan xdx=—tan x-— j—x > i e 2 — uses algebraic
2 2 1+x du = —1+’;2 dv=xdx manipulations to split
2
B x> tan~ x— 1 J1+x2 -1 dr jlx d); into standard
2 20 T -

2
1 1
:x—tan’lx——J‘l— dx
2 2 1+x2
x? . x 1.
=—Ttan x——+—tan x+c
2 2

forms

e 1 — correctly uses integration
by parts




Question 11 (continued)

Sample solution

Suggested marking criteria

@ |z z e 3 — correct solution
Jsin3 xcos” xdx = jsinz xcos? xxsinxdx e 2 — correctly integrates the
0 0 integral in term of the
z substituted variable
= I(l —cos” x) cos” x xsin x dx e | — rewrites the integral into
0 an appropriate form using
1 . a Pythagorean identity
2 letu =cosx ,du=—-sinxdx
=—I(1—u2)u2du x 1
1 x=0:u=l,x=§:>u=§
1
= ‘[ u> —u' du
1
2
woow 1
4
2
1y (1Y
(e[S _G)
3 5 3 5
_47
480
(€) | Let S(n) be the statement that 3" > 5x 2" . * 3 — correct solution

Show S(5) is true:

LHS=3> RHS=5x2°
=243 =160

Since LHS > RHS , S(5) is true.

Assume S (k) is true, i.e.: 3¢ > 5%x0k

Show S (k+1) is true, i.e.: 3 >5x 2!

LHS = 3"
=3x3F
>3x5%x2k
>2x5%x2k
_ 5y okt
=RHS
2. S(k+1) is true if S (k) is assumed true.

Since S (5) is shown true, by the principle of mathematical induction, S (n) is true

for all integers n>5.

e 2 — attempts to use the
assumption to prove the
required result

e | — correctly proves the base
case




Question 12

Sample solution

Suggested marking criteria

=In secx+tanx|+c

@ | proof by contradiction: Assume log, 8 is rational, i.e. log, 8 = g, where p and g are | ® 3 — correct proof
o . e 2 — derives the identity
positive integers that are coprime.
2% =27 %37
log, 8 = L
q e 1 — correctly sets up the
P proof by contradiction
8=61 with correct definitions
87 =67 (Note: Conclusion must be
230 _ 9P 30 logically correct.ana‘f‘sounalf.
For example, using “LHS is
even and RHS is odd” would be
Since p and g are integers, the RHS is divisible by 3 and the LHS is not, therefore no | incorrect, while concluding that
such integers p and ¢ could make 2*¢ =27 x3” . By contradiction, log, 8 must be the LHS and RHS are different
irrational. from the 87 = 6" step would be
insufficient reasoning.)
®) | @) For positive values of @ and b: Alternatively: e 2 — correct proof
2 da b e 1 — attempts to prove the
) b + p p
[ Ja —iJ >0 b _"a, [4a b (AM-GM inequality) required result using
N 2 b a appropriate algebraic
4a b i
4_a_4+220 2P soxa techniques
b a b a
4_a + 2 >4 4_61 + 2 >4
b a b a
(i) Fora=-1,b=1: e | — correct counterexample
4a b 4x(-1) 1
_— = 4
b a 1 (-1)
=5
X4
© [ 2 x  2dt e 3 — correct proof
Isecxdxzjl+t x 2dt f=tan==——=dx p
1=£2 1+¢2 1+¢ 2dt
e 2 — correctly finds I >
_ J‘ 2dt 1—t
1-1* e | — converts the integral
B J- 2dt L 2 A B using ¢-formulas
=l ot — = ——
(1=1)(1+1) (1=0)(1+1) 1-t 1+t
Y SR 2= A(1+1)+B(1-1)
1-¢t 1+¢ 1= 421
——fl—f+In[i+d+c T4
t=-1=B=1
1+t
=In|—/|+c
1-¢
| (1+ t)2
=In|-—————|+
(1-1)(1+12)
142t +1°
=Inj————
-t
=In 1+’ + 2 +c
-2 1-¢°




Question 12 (continued)

Sample solution

Suggested marking criteria

(©) (ii) Let wu=secx vy =tanx e 3 — correct answer
du=secxtanxdx dv= SECZ xdx 2 — correctly uses integration
. . by parts and the result in
s z 6 part (i)
Jsec3 xdx =[secxtanx]’ - Isecxtanz xdx o 1 — attempts o use
0 0 integration by parts
%
2
[(secgtan 6 ) sec 0 tan OJ - .O[secx(sec x— l)dx
2 1 &
=" x—~—|sec® x—secxdx
NERNE) !
5 s s
== Jsec xdx+ ‘[secxdx
3
0 0
s 5 s
2J‘sec3 xdx=—+ jsecxdx
0 3.9
§ 1 1 z
'[secs xdx = —+—[1n|secx+ ‘[anxu6
0 3 2 0
1
=—+— [ln‘sec—-l- tan 2 ‘ - ln|sec0 + tan 0”
32 6
Al
= In|~=+—|-1In[{1+0
3L -l
1 3 )
= —+—ln =
3 (J*
=l+lm3
34
(d)

Let S(n) be the statement that a, =2" +n.

Show S (1) is true:

LHS=g, RHS=2'+1
=3 =3
S(l) is true.

Assume S (k) is true, i.e.: a; = 2k 4k

Show S (k+1) is true, i.e.: ap,, =2""+k+1
LHS =a,,,
—2a, —k+1

=2@k+@—k+1
=2 4 2k —k +1

=21 k+1

— RHS

2. S(k+1) is true if S (k) is assumed true.

Since S(1) is shown true, by the principle of mathematical induction, S(n) is true
for all positive integers 7.

e 3 — correct solution

e 2 — attempts to use the
assumption to prove the
required result

e | — correctly proves the base
case




Question 13

Sample solution

Suggested marking criteria

@ | @0 If a<8 and b<8,then a+b<15 e | — correct statement
(ii)  Since a and b are integers a <8 =>a <7 and b <8 = b <7 . Therefore: e 2 — correct proof
a+b<7+7 e | — recognises that ¢ <7 (or
=14 b<7)
<15
(iii)  The converse of proposition Pis “If ¢ >8 or »>8, then a+5>15.” This e 2 — correct conclusion
statement is false, consider the counterexample where a =8,b=1. e 1 — correct converse
a+b=8+1¥15 statement
(b) To be awarded the full 3 marks,

the following crucial features
were considered (1 mark each):

e Shape of the boundaries are
correct, e.g. a circle centred at
(1,1) passing through (0,0), or
labelling an angle of %

e Recognising the correct
region to shade in

e Correct inclusion / exclusion
of boundaries and points of
intersection of these
boundaries

© | ®

4 4 B _cC
(1—x)2(1+x) (l—x)2 l-x 1+x

4=A(1+x)+B(1-x)(1+x)+C(1-x)’

x=1=2A4=2,x=-1=C=1

When x=0:
4=4+B+C
4=2+B+1
B=1
4 2 1 1

T(mxf(1ex) (l=x) 1% lix

e 2 — correct values for 4, B
and C

e | — finds a correct value for
A,BorC

(i)

1

2

I j du
O(I—x) (1+x)

1

2
:J' 2 . 1 1 du
0(1—x) I-x 1+x

1
=[L—ln|l—x|+ln|l+x|}2

2
:(7‘1“
2

0

1

+In|l+—
2

L
2

]—(i—ln|1-0|+1n|1+o|]
1-0

e 2 — correct solution

e 1 — correctly integrates the
partial fractions

— correctly substitutes into
an incorrect primitive




Question 13 (continued)

Sample solution

Suggested marking criteria

(d | Let x=sin@, then @ =sin"' x and dx =cos6d0 .

When x =0,0 =0 and when le,H:%.

@sin @
1-sin® @

dx xcos@do

2

1.
.[XSIII X
0 1-x

S VN O NN O]y
)
[72)
—
=]
N

1

Alternatively, let u =sin™ x, then x =sinu and du =

When x =0,u =0 and when x=l,u:%.

z

L 5 2
J-xsm xdx:Iusinudu :J.Bsiné?dé?
0 0 0

= (—zcos£+00050j+[sin9]2
2 2 0

LT
=sin—-—sin0
2

=1

dx

1-x

u=606 y=-cosf
du=d6 dv=sinfdo

e 3 — correct solution

e 2 — correctly uses integration
by parts on the integral
that is in terms of &

e 1 — rewrites the integral in
terms of 6




Question 14

Sample solution

Suggested marking criteria

(a) (1) 4 4 e 3 — correct proof
I,+1, = Itanz"” xdx + J.tanz("*l)+1 xdx e 2 — correctly integrates the
0 0 integral in terms of u, or
z equivalent merit
= I tan®"*! x + tan®""! x dx e | — attempts to simplify the
0 integral to a point where
z substitution would be
iat
= J.tanz"_1 x(l + tan? x)dx appr?prla ¢ )
0 — uses integration by parts
z in a valid manner
4
= JAtanz”’1 xsec” x dx
0
1
= J.uz”"l du (let u = tan x, du = sec’ xdx)
0
2n !
u
{ 2n } 0
12n 02n
- 2n - 2n
1
2n
(i1) z L+, = 1 *3 - correct \;aluelfor the
I tan” x dx = I 2 given integra
0 j 1 I e 2 — attempts to use the
z 7y 70 recursion to find the
4 1 In2 value of the given
]0 = jtanxdx :E—T lntegral
‘ . e 1 — correctly finds the value
_ 4
—[—ln|cosx|l) ) of I,
= —1n|cos%| + ln|cos 0| L+ = 1 - correc.tly uses the .
1 recursion formula in an
:—lni I, _Z_I] attempt to find 7, (as
V2 0
pposed to 1)
0 _1 (L 2
= —ln(z Zj 4 \2 2
n2 __ 1, 2
-2 4 2
2
1
[3 + [2 = g
1
L==-1I,
1 1 In2
=] - —4+ —
6 4 2
s 2
12 2




Question 14 (continued)

Sample solution

Suggested marking criteria

® |G (x—y) 20
x*=2xy+1*20
X2 +2xy+y? > 4xy

(x+ y)z > 4xy

e | — correct proof

(i)  Since x and y are positive, then as are x+y and xy:

(x+ y)2 > 4xy

e | — correct proof

Alternatively, (x+y)* > 4xy (from (i)), and:

2, 2
x ;y ZW (AM-GM inequality)
x4+ y% 2 2y @mw%y>Qvfy2:VW:”0

(x+y)2(x2+y2)24xy><2xy

m* (x2 +y2)2 8x%y?

2 2
+ 8 .
al > }2; 22— (s1ncex2y2,m2>0)
X7y m
2 2
Xy .8
2.2 2.2 2
x“y" X7y m
1 N 1 S 8
X2 y2_m2

As ¥ +y%,(x+y)",2xp,4xy > 0, it follows from multiplying that:

Xy, 4
Xy  x+y
i+l>_
Xy xy m
1.4
X y m
i) 1, 1 e 2 — correct proof
LD G BRIV (AM-GM inequality) 1 1 _2
2 \xr P e | —shows that —+—2>—
Xy Xy
1 1 1
—+—22
2y 2237
1 1 2 .
St 22— (smcexy>0)
Xy xy
11 2 (1Y
PR T I
Xy oxy \x oy
L 16
m2
I 1 1 1 _16
— =t —=+—2—




Question 14 (continued)

Sample solution

Suggested marking criteria

(©) (1) = = d = —du e | — correct proof
2 cos” x
PO i SN
) Sinx +cosx
9 cos’ (Z —u
:j — (2 );; x(—du)
%s1n(7—u)+cos(7—u)
ER
:J- sin u du
) Cosu +sinu
FR
:J- sin x i
) COS X +sinx
(c) | (i) z 5 5 e 4 — correct solution
I1+1 =.[ - c€os X j sin” x e 3 — correctly integrates the
0 s1nx+cosx ) COSX + smx final integral
5 . 2 e 2 — correctly uses an
2] = dex appropriate method to
p Smmx+cosx convert the integral
: :
= j;dx J'
o Sinx +cos x 0 1nx+cosx
3 e 1 — sums the given integral
I= 1 I ! dx and the alternate form in
29 «/Ecos(x—%) part (i)
=L?sec(x—1)dx
4
22
1 3
- obeto- 5 sm(s- 5]
Zﬁ[n sec(x 4) an(x 4) .
_ 1 z g e z
= 2\/E[ln‘sec4 + tan 4‘—ln‘sec(—4)+tan(—4)u
1
T( ‘\/§+1‘ ln‘\/_ 1‘)
_ V241
242 (V2-1
2
1 | (\/§+1)
= n
22| (V2-1)(V2 1)
1 2
=——In(~2+1
2V2 (V2+1)
1
zﬁln(\/z-i-l)




