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Year 12 Mathematics Extension 2 outcomes

A student:

MEX12-1

MEX12-2

MEX12-3

MEX12-4

MEX12-5

MEX12-6

MEX12-7

MEX12-8

understands and uses different representations of numbers and functions to
model, prove results and find solutions to problems in a variety of contexts

chooses appropriate strategies to construct arguments and proofs in both
practical and abstract settings

uses vectors to model and solve problems in two and three dimensions

uses the relationship between algebraic and geometric representations of
complex numbers and complex number techniques to prove results, model and
solve problems

applies techniques of integration to structured and unstructured problems

uses mechanics to model and solve practical problems

applies various mathematical techniques and concepts to model and solve
structured, unstructured and multi-step problems

communicates and justifies abstract ideas and relationships using appropriate
language, notation and logical argument



GIRRAWEEN HIGH SCHOOL

MATHEMATICS EXTENSION 2

HSC Task 1

¢ Instructions

o Working time — 90 minutes

o Write using black pen

o Calculators approved by NESA may be used

o A reference sheet is provided

o For Section I, use the multiple-choice answer sheet provided.

o For questions in section I, show relevant mathematical reasoning and /or
calculations. Extra writing space is provided at the back of this booklet. If
you use this space, clearly indicate the numbers of the questions you are

answering.

o Marks may be deducted for careless or badly arranged work



Section | (5 marks)
Questions 1 -5

Use the multiple-choice answer sheet for questions 1 — 5

1. If z=4-iand w= 3+ 5i, whatis the value of z - @ ?

A - 1-4i B. -1+4i C. 1-4i D. 1+4i

2. If w isacomplex cube root of unity, which one of the following is not correct?

w = -w-1

A
B. is the other complex root
C. o’=0'+w

D

w isalso a root

3. The locus of a point P representing the complex number z on the Argand diagram,
described by |z - i|= Im(z) can be expressed as:

2

A x"=2y-1
B. x’+(-1 =y
C. x*+ y2 =3y-1
D. ¥+@-1 =1
4. Giventhat x isa negative integer, which of the following is equivalent to it
A B. - C.1 D. -1

5. Which rotation about the origin is the result of multiplying a non — zero complex

+
?

number by -
1-i

A. Clockwise by radians

B. Clockwise by radians

B3 o3

C. Anticlockwise by g radians

D. Anticlockwise by % radians



Select the alternative A, B, C or D that best answers the question.

1 A - B - C - D O
2. A ¢ B . C - D O
3. A B C . D O
4. A B C D O
5. A B C D -

Section I (70 marks)
e Answer questions in the spaces provided.

e Your responses should include relevant mathematical reasoning and/or
calculations.

e Extra writing space is provided at the back of this booklet. If you use this space,
clearly indicate the numbers of the questions you are answering.



Question 6 (23 marks)

a. (i) Express 1 - J3iand 1+ inmodulus— argument form. [2]

(1-Bi)
1+i)

(i) Evaluate in both modulus-argument form and Cartesian form. [4]

7 2-J6

iii) Hence, show that — =
( ) COS 12 4

[1]




b. (i) Find real numbers aand » suchthat (a+ib) = - 3 - 4i [3]

(i) Hence, solve z* - 5z+ (7 +i)=0 [2]

c. (i) Giventhat ¢'®=cos@ + isin@ ,write expressions for ¢*“and (¢’  [2]

(if) Hence, write expressions for cos 26 and sin 28 . [2]




d. Given that (JST—i](—J§+ i) = re? r>0,for —m< 8 < 7,
find the values of and . [3]

e. The polynomial P(x)= 3x" - 4x’ - 6x° + 20x - 16 hasazeroat 1+i .

Factorise P(x) into linear factors. [4]




Question 7 (21 marks)

a. (i) Use the binomial theorem to expand (cosé + isin9]3 . [1]

(ii) Use De Moivre’s theorem and your result from part (i)

1 3
to prove that cos @ = ~cos 36 + —cosf . [3]
4 4

(iii) Hence, or otherwise, find the smallest positive solution of
4cos’@-3cosf=1 . [2]

b. (i)If z=cos@ + isind ,show that

1 . a1
z-—=2isinfandz"+ —n=2cosnéd [2]
z V4




(ii) Hence, express sin® @ in terms of cos 68, cos 46 and cos 26. [3]

c. If o isanon-real zeroof 2/ —1=0 withthe smallest possible argument,

. 2T 2T
(i) Showthat w = cos -t isin - andthat o’ w’, ', © and w’

are the other non-real rootsof 2z’ -1 =0 [3]

10



(i) Showthat w+w +w +w'+w +w’= - 1 [1]

(iiiy  Showthat (o + ") (0w’ + w’)(w + w)=1 [3]

. 2 3 1

(iv)  Hence, show that cos T cos il cos S [3]
7 7 7 8

11



Question 8 (16 marks)

a. The points P and Q on the Argand diagram below represent the complex
numbers zand w .
Show the following on the same Argand diagram.

(i) the point Rrepresenting i z [1]
(ii) the point § representing w [1]
(iii) the point 7" representingz + w [1]
i
*P(z)

*0(w)

b. Show the following on Argand diagrams.

M <3 [2]

V4 m

(“) 2< Imz <4andg Sargz SZ [3]
A
- @@ 5

12



(i) argz=arg(z+ 2+ 2i)

4

A

[2]

(lV) |Z+ 3|= |Z—5|
Describe the locus.

v

[2]

v

c. The points P and Q in the complex field correspond to the complex numbers

z and w respectively.

The triangle OPQ is right-angled and isosceles, with the right angle at O.

22 + a)z =0
Show that

Q

[2]

0

13

L ]



Question 9 (12 marks)

a. Resolve :°+ 1 intoreal quadratic factors. [3]

14



(ii) Hence, show that [4]

T T 3 3T
cos 44 = 8(c058 - COSEJ [COSB + (:055] [cosﬁ - COS?J {cosﬁ + COS?]

15



z-3 /4
b. The locus of a's (Z + J =3 represents an arc of a circle. [5]

Draw a diagram of this locus and describe it, clearly stating the centre, radius
and equation. Clearly show all necessary steps and justifications for your
answer.

16



Extra Working out paper. Clearly indicate question numbers.
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GIRRAWEEN HIGH SCHOOL

MATHEMATICS EXTENSION 2

HSC Task 1

e Instructions

o Working time — 90 minutes

o Write using black pen

o Calculators approved by NESA may be used

o A reference sheet is provided

o For Section I, use the multiple-choice answer sheet provided.

o For questions in section II, show relevant mathematical reasoning and /or
calculations. Extra writing space is provided at the back of this booklet. If
you use this space, clearly indicate the numbers of the questions you are

answering.

o Marks may be deducted for careless or badly arranged work




Section I (5 marks)
Questions 1 -5

Use the multiple-choice answer sheet for questions 1 — 5

o
2" st

1. If z=4-7and w =3+ 5i, what s the value of z - @? S

Al - 1-4i B. - 1+4i C. 1- 4;.1+41 ~1‘f“\'\’
2. If wisa comple:/{\ root of unity, which one of the following is not correct?

A“ 0)2 = -W- 1 e

B. w’is the other complex root - L g) /
- = B —_,!
@m—w-t-w 3 -~ fw'{“(—gpo
W xws = ~|
 is also a root s

3. The locus of a point P representing the complex number z on the Argand diagram,

described by |z - i|= Im{z) can be expressed as: }

{ Gu - 4 ) "\—E Lﬂtlﬁ:’)
N L2
e 2 2 LF (4 -V =

B. #+(p-1 =y Ly A

C. x*+3°=3y-1 = -

D. x+(@p-1F=1
4. Given that x is a negative integer, which of the following is equivalent to il g

. -
%
L

U
A i @—i C.1 D. -1 N

5. Which rotation about the origin is the result of multiplying a non — zero complex - |, };_‘
1+i -
number by - 7 R
1-7 -

- T

vz s T

A. Clockwise by -g radians e T
NP

T
B. Clockwise by — radians .
4 = cw T

@fmticlockwise by g radians

D. Anticlockwise by g radians



Selectthe alternative A, B € or O that hagt anseeers the gusstion.

1.

Boowo

o

A < B o s O 3] %
A M B > C G 7} >
A @ B - 'S - £ <
A o B Vi £ o o C
A G 8 O c % oo

Section II (70 marks)

Answer questions in the spaces provided.

Your responses should include relevant mathematical reasoning and/or
calculations.

Extra writing space is provided at the back of this booklet. If you use this space,
clearly indicate the numbers of the questions you are answering.

Question 6 (23 marks)

a. (1) Express 1 —ﬁ i and 1+ 7 in modulus — argument form. [2] g
Li—vs el = feeius? ’ Liell = J2 ‘
) — 5 ! !
! LN
% arq (1xl) = 1>
"-ri —

0\'3(,%—\!%6):;5;/ 7

-

S V=83V 2 2oy T +C = 7 s T
—

&

2

(1-31)
1+iY )
[.1—-»@ ?.)2 = &wﬁ%) _

(i1) Evaluate in both modulus-argument form and Cartesian form. [4]

{awm i) 2 (= VA

)

= ek —2T (e Movyeoy  Tam )

}
Lz as /O

T N7 [Cos T o Cowa Ao\ [ Th Med-hq W
N 12- 2 J =

S T S N ) R B - i W 4 S RIS

Q—k*@):" {4 20— — i}
—2 7 s-—t/) b

— 4 U JF Y -3

2

2
- =93 i) /@
-2




7 AN
(iii) Hence, show that cos —g = 2 " 46 [1]

C;qumhuj’ el 'pm/l': - b’!, @ @)

32 cog AT = | ~J=
12~ =
P R A
i\ 2- - g::& J2 s

b. (i) Find real numbers gand 5 suchfhat (a+ib) = - 3 -4 3]
afy 2cab ~b* . a2-wl

Eavertias ﬂ-La-Q & Yt el P EPO‘-/}D M
i g A R B
a"-b" o 2 v 2ab= — 4
4 —2.
a o a———
[N
sSilbochbde o=-2 \nk a* L _=<
©

) —b”=-3

14

" L )
4-Vw = —2bY D b -23b -4 =0

(Lla‘"_q-) { b¥+1) =T S e
vy
(i1) Hence, solve 2524 (7+1)=0 b\:j{’i‘?/ R_no 2]
_whee b=2 as o
Zostlg? oa)(A+E) bor2_ a =|
2
= 5 X \T"% — &
=
=5 £ Ci-2Y) s £ = 2-c, 2+40C
2
= - Hh—2 L oy l-\"i'Z_\:.
c. (i) Giventhat e’

72 cosf + ising , write expressions for ¢“?and (¢*Y  [2]
20 & - - —
N2

2
= (cos & — LStn &)

CJOJLG' — Shin LG""'{"’LLSJﬂB'C&_s@_ —'—"@

—




(ii) Hence, write expressions for cos 2 and sin 28 . . (2]
&,ua:(-lnj "P—-&ﬂug gl wﬁfjtvxafjlf {901/]3 q—@ @@

v

Cos 28 = (‘,:952?'9 — S e

Lin 2.6 = 2%in & (s B

d. Given that [\/3_—1')(—\/57+ N=r r>0for -r<8<m,
find the values of 7 and 4. (3]

(V2 -) (~vz <)

vy

e. The polynomial P(x)= 3x* - 4x° - 6x° + 20x - 16 hasazeroat 1+ .

Factorise P(x) into linear factors. [4]
cmee POV has real coefheenl | \~-C W alse 4{0'&}“ .
Fov Qﬁg‘i}z Li Sovm d}f ook = ‘2:',3 ?Yvdud— a—ﬁ oeb — 2
L ot 2 w oo c:{wd’m%é, factos ‘Q, IOCQ

o

208 20 — F

e 2 e 2 Ve A x By 2o i

3:):‘:-—- (_::_,jé—{- é‘)ﬂ-—q
> x? — (202D
~— 2 x? -—q-:.f.’"—\- L X
_F e E b
- et b =k

2 3

e Plx) = (e —1-CJ(x—-1+4C ) (3 d2n-8)
- (i) (v ) (Bx —a) ETEY




Question 7 (21 marks)
[1]

a. (i) Use the binomial theorem to expand (cosé& + i sin 9)3

2 2
= (06~ & X 3 (o5 & (L8mB) * 3 (056 ((SmB) -+ (Lsn®)

- ot A 2L los T Sin e —2CosPSiH B —Lgw o6

(ii) Use De Moivre’s theorem and your result from part (i)

(3]

1 3
to prove that cos 0 = ZCOS 38 + 1 cosé .

3 , ,
((os © *iem ) — (os 20 ¢ C8m 36 ( De wowrd {l@wy
-

é'o]u.a-\—szj '}.e_ﬁ_Q }Pﬂ(f{p

Cot” O T3 e s6 5D
Cos2o — Bilns® (\~tos*8)
= Cos?p —2(ns® & 2(nc% 0
Aos®® - Cos 2O . 3(=s5E
(o838 - } os 30 4 B e s &
% K3

!

CoS 28 =

(iii) Hence, or otherwise, find the smallest positive solution of

4cos’@-3cosh=1 . [2]

o %
From (1) Cos 28 = |
26 - 2T\‘ ‘-V\T. - -
& = 2T (smallest posSthe 1wk ©

)

b. ()If z=cos#+ isind ,show that

1 1
z-==2isin@andz + —n=2cosné [2]
z z
Zz -1 = Zz-z"
=
:Lo58~+uszw9—uC_LO-SL»-L%)-I—L&MCG)) s 14
= los & 4 LSMB — (tose —USiapm ) LS 2 e
- 2 % & ~
,_Z‘Yl_‘_:g_-—"\ Cot NE 4 LU 5inm ne \ CDSC"‘HQ')+LSJV\ L—-Y)Q')‘J

i |\

(oi NB A C8n NE & e N — LEvi NEB

2 ot n B

i\



(11) Hence, express sin® @ in terms of cos 68, cos 46 and cos 26.

(l"’]——’\& = /24_, Slne’j £ CU-“"Lj(J)
N &=/ ~

= ~Lb QM‘I’E’ — ()

i

/ﬁ/tw, (l’l\th-—-éE -\’lsz--’z,o_;,.l? — _g.
) Zz ) e &
=/ 25 1 /2‘}‘4_”_1_\4,_\3[%2.*! — 20
N 2"‘/ \ zv)
_ 2 2% 68 —\2tos B »{—gotss 29 - 20—
F{oM@ﬁ’ /

~6Y¥ S B = 2isBB—12Cos 4O 4 20 (eog 20 ~ 20

Sw;[’ﬁr - =4 wsee+3 Coshe —1S (x50 & s
32 -3 —C

o+ o

c. If o isanonreal zeroof z —1=0 withthe smallest possible argument,

. 2T 27
() Showthat w = cos—+ isin— andthat w’ w’ w® »’andw®

are the other non-real roots of 2z’ — 1= 0 [3]
woks A 2F_ 0 2T 2k
E o~ s =2k 5 Y=o 172 ___6&
= 7 — ¥ ¥

Z, = g 2T -y, cos 4 C i 2T oS nom-r—ta& yest
- =3 K 'f}— oG swmaller)

a@ »tme_q_.‘.

R =uw =

= ~ s 6T . w=
Y

-‘?’ 1L,

2o = eas BEY = Ol —bT =W
i T

L = s o - s et = W
) — JR—
T =

]

Zo = s lzrw = 4% 2- - e
3 el =
7 =F

,5,\. NZ \1\35' w"-e \..A_)) &V\_A wh Opr +eﬂ.e,

-
otthey viOn-— e vop b N # —~I=o
7

(i) Showthat w+w +w +w +w +w’= - 1 [

ks

Som ) Ahe vodrPr = 14 W AW WA LW AW o (éz)

Se WA 0TEW bt el gy B - = {




(iii)

LHs = (wrw?) (we wYwrwh)

Show that (w + u)6) (mz + ms} (m3 ro)=1

[3]

~
.

- (Uk)j—’r wbaw® M) Wit/

—

3 & } . 23 g
Werw T T T o A W

i

Wor 0 e w T 44 a4l WS 3wy w

i

P
b (il W ' 4w L w® )

=2 W o) -
=1 = fKHS.
) T 2T 3t 1
(iv)  Hence, show that cos—cos—cos—=— [3]
7 7 8
P L. Y .
(L v w°) = cosS ZL £ T8, 2v— & log “2T0 JC g —2T
— = =
&3 +
Z o fes 2T
L. - \ o _
givm[o-/‘lj. (WZ 2w') = 2 tos W™ = —2(¢os 2
7 = = = -
Lo\ .
e nd (W W )] = 26s 21— 2l T
S 208 20, —28o8 3W , ~2los W = ) ( Fom(i)
=+ + Ea
s B o 2T, (oS 2T o e~ |
* - 7
Cos T cos 2T coc 2 = L

T + + 3



Question 8 (1§ marks)

a. The points P and Q on the Argand diagram below represent the complex
numbers zand w .

Show the following on the same Argand diagram.

Q) the point Rrepresenting i z [
Gi) the point § representing w 1]
(iii) the point 7 representingz + w 1]

b. Show the following on Argand diagrams in the spaces provided.
@M <3 [2]

1

3

"
;/’, é,\\
A s |
/7 iﬁ’i ‘ _—y

oy

;
s 2<Imz < 4and£ argz < z .
(if) s dmz < 6 =% 3]
j% p ’ e

4 .




Gii) a@2=”8@+2;?3 DAY =T [2]

e oo e ) N N .
@(v) |z+ 3|= |z - 5] ,_D;_c,.cﬂ\oe Hae locus. 2
1 \ w e pespenddulos
N oS pespeinatu

\91%62’}5'1/ e;f, (\h@_\jo{mv'j
, & L4 A C""gff}) 0\«/\.‘! C‘gf D)
-3 ¢ - - @. L=

Fey

e
f
i

¢. The points P and Q in the complex field correspond to the complex numbers
z ans w respectively.

The triangle OPQ is right-angled and isosceles, with the right angle at O.

2 7
Showthat 2 *@ =0 2]
o f )
Q) o= UZ
2 s N ©
LT )
e 2
= — &
P(2)
2z
. Sow T =
O




Question 9 (12 marks)

a. Resolve z°+ 1 intoreal quadratic factors. [3]
2% 2o lLat reeb

2V o -1 = e (mwe2lkw)
T ol (Tx2kTH ko V2 o TE
N @ / g ST
Z 2 es Vg Cs T V% =g TUF
Ty = Ok 20 2, = cax U o o4k -S0g
E—g o ik SYsp Z3 = Ce 1% IT:Q 2 ¢cas —AWr e
%'{—t = C’-‘L; q’{‘;/g( ?-,g —_ C—rlé )S&% s C..f:g “T(;/S
L Gacton O 2 k) — ' . —
= (i) (=2 Tl (3och ) (2-0F Ve .
e o (- o) (- el (2 SN <h %)
24 ) = (:-;z - 1%%;4%—“') (2> 2% cos %T%*H) (% - 2&¢os ff‘-Q
" (2% 22 tes A —M 5
Nole § €& B + cis Uy | o ol
= o TG 4 isis W tCes g kLS Ty = 200 S g | Cosen
wh  osT . tos” - © C’H\-ﬁ/] ‘Te"’['“"t_& W
.. ? ¥ “/g ~ wgo-h_‘mu( D =i ol SWNL&/L‘J
(ii) Hence, show that = oS 4]

i3 T 3T 3T
cos 48 = 8| cosé - cos—8— cosé + cos~8— cosé — cos? cosd + cos-g-
el e ST o s Blx wgag_g/___ﬂ__mg’fj‘/g

Syl -1

[l P 2 - " g 1

Z 4+ = L%Z-—’Z’-&@J%+1)(%"__z.%w.c:f%ﬂ) (E_{. - 7z s %*)
C2P 22 gog B% +i D)

z4 :

D\\hd\\j b o1t s ioj (_D\\ft.c‘.u_( Cacl, tactw ™ 2HS k&j)
(lethp 2 =elr ©)

Z o (?—i‘%*_j,co: )(Z*‘—L 2—@3317)('2*—';4-2&083’}‘,7

ZLL
2+t { 2coe W/g‘\
A [~ /

2o 4G = (zmse—zws%) (’2@39*1(&,3 3%\)

(2,&0&9—4—260-93' fo_oose+2.éc.c/)

J oS 45 = L (fc,os@r Qog,/,,)(c,ose——\-wsf%) (sl —Cos ?%)
kcm.s-‘r Cos ?%)

(os b = R(SH — (ot Aﬂ (Lose + cos Ty )

=7

Qus@-m oS B%JCLOS@ T Ces Em_/g)




z-3| &
b. Thelocusof 278 ( 7+ 1] T 3 represents an arc of a circle. [5]

Draw a diagram of this locus and describe it, clearly stating the centre, radius
and equation. Clearly show all necessary steps and justifications for your
answer.

S

?
\ FANR
o —C X o Ve Qg romn
N AT S\ a9 (z-3)
A .:-§ N it N
e i3 =

By, Shservotien  Fla cmire W\ Yoo cwvele Groo
~ A Mo "\ 2L = |

L ACk = 28 (2 ot he cnhe g o orde w
i Awoteg. Yoae 4 a\.*im,uw&m&&.

AC = CB Crad)

C £ CAH = Ty CL&UMU},G\@
/ ’\"?ﬂ\/\ ‘\T/ = C/H
, Ve [ 76 Z
V2
S Candve = Cl = )

(wdwe = AcC = \‘\‘ 2%+ ("ZF;,,)?’

Se Loevs U At wagiar ave D e arel

(7L~a)*+éjﬂ_%_\2ﬂ e, Yy >o0




