GIRRAWEEN HIGH SCHOOL

TASK 1
2022 (HSC 2023)
MATHEMATICS
EXTENSION 2

Time allowed — 90 minutes

DIRECTIONS TO CANDIDATES
o Attempt ALL questions.

o All necessary working should be shown in every question. Marks may be

deducted for careless or badly arranged work.
» Board — approved calculators may be used.

» Start each question on a separate page. Each paper must show your name.
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Multiple Choice (5 marks) Write the letter corresponding to the correct answer in your

answer booklet.

1. Which of the following is the complex number —2 + 2i?
3a
(A) V2e *
3a
(B) 2+/2¢ ¢
A
©+2e ¢

®) 242 F

2. Given that (1+1)" = ai, where ais a non-zero real constant, then (1+1)*"*
simplifies to

(A) a*

B) 2a%i

(C) 1+a%

D) - 2a’i

3. Inthe complex plane, a circle C has diameter 4B, where the pints 4and B

represent the complex numbers 1—-5i and 3 —i respectively. What is the equation of

c?
A) |z-2+3]=25
B) [z-2+3]=+5
(©) |z+2-3] =25

(D) 12%2—31'1:\/5
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4. Given that z = Z(c:os% +isin %), which expression is equal to (E) ?
1 T ..
A) ——(cos—— —isin —)
2 5 5
(B) Z(COSE —isin 5}
S 5
1 T .7
O -—(cos— +1isin —J
2 5 5
s T
2| cos—+isin—
®) ( S 5)

5. Which diagram best represents the solution to the equation ]z + 2[ = ]z -1- z'l ?

A Im

. Im
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Question 6 (17 marks ) Marks

@Ifz=-3+iand w=1-{
(i) Find 2 in Cartesian form.
w
(ii) Convert z and w to modulus-argument form.

(iii) Find Z in modulus-argument form.
w

(iv) Hence find the exact value of sinll—l?ii.

(b) (i) By using (x +iy)* = -24—10i, find the square roots of —24 —10i in
cartesian form.
(ii) Hence solve: z* —~(1-i)z+6+2i =0
Question 7 (17 marks)
(a) (i) Use de Moivre’s theorem to show that sin56 =16sin’ @ —20sin’ 8 + 5siné
(if) Hence solve 32x° —40x” +10x—1=0(Leave your answers in terms of sin@).

(iii) Hence find the exact value of sinsi%sin 137 sin 377 sin 4z

30 30 30

in@ —-in

(b) (i) Using Euler’s theorem, show that cosné = ;e

(ii) Hence show that cos® 8 = —312— [cos 60 +6cos40 +15cos26 + 10]

RY/4 .
(iii) Hence find the exact value of cos—é— (answer as a sixth root)
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Question 8 (21 marks)

(i) Express the roots of the equation z° +1 = 0 in modulus-argument form.

(ii) Show the roots of z° +1=01in an Argand diagram .

)

(iii) Show that z* — 2> + 2> =z +1= (zz - ZCOS%Z + 1}(22 - 2<:os§5£ + 1)
(iv) Hence find the value of cos—75£ + cos—35£ and coszsz—cosg—szz—.

. . op T 3z
(v) Form a quadratic equation with roots cosg and cos?.

(vi) Hence find the exact value of coszsE and coség— in simplest surd form.

Question 9 (17 marks)

(a) Sketch the following regions on separate complex planes.

(i) 2<|z|<5 and Re(z) 21
)% < arg(z) <~
6 3

(b) z is a variable point which satisfy the equation (;)2 —z* =20i.
(i) Find the cartesian equation of the locus of z.

(ii) Sketch the locus.

(¢) The locus of arg(z 2 = -3——72, represents part of a circle.
z+4 4

(i) Find the centre and radius of this circle (show diagram and working
out with reasons).

(ii) Write the cartesian equation of the locus.
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Question 10 (19 marks)

(a) In the Argand diagram below, OABC is a square. The point 4 represents the

complex number -3 +4;i.

Find in the form a +ib:

@) The complex number represented by C. 2
(ii) The complex number represented by B. 2
(iii) The complex number represented by the vector CA. 2

(b) In the diagram below OXYZ is a parallelogram with OX = —:1202 . The point

\3

X represents the complex number - % + —5——1‘. If ZXOZ = 60°, what complex
number does Z represent? ' 4

Im(z)
A

60°

0 Re(z)
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(¢) P represents the complex number z such that }zl =1.Copy the diagram onto your

answer sheet and prove that

V

X
[ \

0 i X

N

-1

@) arg(z+1) = é—argz 3

(i) arg(z—1)=arg(z +1) +-’?-f- 3
z—1 1

iii —— = tan| —ar 3

(i) lz+l1 (2 gz]

Examination continues on next page
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Question 11 (14 marks)

(a) 2+i isaroot of x* —7x* + Ax+ B =0where 4 and B are real.
(i) Find the other roots. 2
(i) Find the values of 4 and B. 2

(iii) Hence write P(x)as a product of a linear factor and a quadratic factor,
both with real coefficients. : 2
(b) Given that P(x) = x* —x* + mx + n, where both m and » are integers.
(i) Show that P(—i) =(1+n)+i(1—m) : 2
(i))When P(x) is divided by x? +1, the remainder is 6x —3.Find the values
of mand n. 2

(¢) Find the four fourth roots of —8 — 8+/3i. Write answers in

modulus- argument form. 4

END OF EXAMINATION
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(i} The solutions are given by distinct values of x =sin& where sin56= 5

= bsin? e — 20 SN2 + 5Sn &

50__;{2_137: 177 254 297 37x 4ix 497 S53n
6676766 666766

137 177 57 297 37n 4lr 497 53x

_rr 7
30°6°30 73076730730 3030 30
2 . . . '
sin”—”:sing’f,sin5—¢=sin£,sin1%:sinf— (since sin(180 - 8) =sind) @
30 30 6 6 30 30
.. the roots of 32x° —40x*+10x-1=0 are
. . . 137« . 37x . 4z
X =§in —, X = §in —, X = Sin—, X = §If —— X = S —
6 30 30 30

(iii) By taking the product of the roots we have

.o .oax . 13x . 37w . 4lx -1 i
SN — X SN — X SM Xsin Xsm = I e %
30 6 30 30 30 32) 32

a1 13 .3 . 4ir ]
SiN —— X — X 81 —— X §if ——— X §iN e = e
30 2 30 30 30 32

.o .13z L 3x . 4lr 1 1
§if — X §iN —— X Sl —— X 8 —— =~ X 2 =
30 30 30 32 16
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