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Question 1

(a)

(b)

(©)

(d)

(15 marks)  Start a NEW answer booklet

Letu=4+2i and v=3—i

(i)
(i)

The complex number z satisfies both equations |z —1| = %|z| and arg(z-1)-argz :%

(i)

(i)

(i)

(iii)

Find Qv

Find v?

Show that 2;2 = l cis(zj .
yA 2 3

3+iJ§

3

Hence, show that z =
In the same Argand diagram, sketch the locus of |z —3| =1 and the locus
of |z|=|z-2il.

Write down the complex number represented by the point of intersection
of the two loci.

Find all solutions of the equation z° =1. Leave your solutions in the form
Z=cisé.

Let o= cisz?”. Show that @® +w+1=0.

By expanding (z+2)(z* + z+1), or otherwise, solve the equation
2°+37°+3z+2=0.

Question 1 continued on page 3

Marks



Question 1 (continued)

(€)

4 Im(2)
A\

> Re(2)

In the Argand diagram above, the intervals AB, OP and OQ are equal in length. Also,
QO ABand ZPOQ = 2?7[ , Where P has been rotated 2?” anticlockwise about O to the

point Q.
Let A and B represent the complex numbers u and v respectively.

Find in terms of u and v, the complex number represented by P.

Marks



Question 2 (15 marks)  Start a NEW answer booklet

(@)

(b)

(©)

v

The curve shown in the diagram has equation y = f(x).

There is a minimum turning point at (0, —4) and a maximum turning point at (-2, 0).
The curve crosses the x-axis at (2, 0).

Sketch on separate diagrams:

() y =|f(x)|
.. 1

(i) y= m
(i)  y*=1f(x)

Let f(x):x—ﬂ.
X

Provide separate half-page sketches of the graphs of the following functions.

() y=1f(x)
(i) y=4f(x
(i) y=e'™

Label each graph with its equation

Find the equation of the tangent to the curve xy(x+y)+16 =0 at the point on
the curve where the gradient is —1.

Marks



Question 3 (15 marks)  Start a NEW answer booklet

(a)

(b)

(©)

(d)

(i) Find all the zeros of P(x) = x* - 5x* + 6 over the
rational numbers

(i) Find P(x), given that P(x) is monic, of degree 4, with -1 as
a single zero and 3 as a zero of multiplicity 3.

Find the remainder when P(x) = x* + 2x* +1 is divided by x +1i

The equation x*+ x? - 2x - 3 = 0 has roots o, B and y. Find the equations with roots
(1) 20, 2P and 2y

iy % Baa?
(i) X and2

(i) o-2,p—2andy-2.

Consider P(x) = x* + 3x® + 6x° + 12x + 8,

(1) Show that x = 2i is a root of P(x)

(i) Find all the roots of P(x) in the complex field.

Marks



Question4 (15 marks)  Start a NEW answer booklet

2 2

Consider the ellipse I—G +y_ =1.

12
(i) Find the eccentricity of the ellipse.
(i) Find the coordinates of the foci and the equations of the directrices of the ellipse.

(iii)  Sketch the graph of the ellipse showing clearly all of the above features and the
intercepts on the coordinate axes.

(iv)  Use differentiation to derive the equations of the tangent and normal to the ellipse
at the point (2, 3).

(v) The tangent and normal to the ellipse at P cut the y — axis at A and B respectively.
Find the coordinates of A and B.

(vi)  Show that AB subtends a right angle at the focus S of the ellipse.

(vii)  Show that the points A, P, S and B are concyclic.

(viii)  Find the centre and radius of the circle which passes through the points A, P, S and B.

Marks



Question5 (15 marks)  Start a NEW answer booklet

Marks
(@  Findreal constants Aand Bsuchthat _ 7x-4 _ A B 3
2x* -3x—2 2x+1 x-2
(b)  Show that (1+cos26 +isin29)" =2" cos" (cosn@ +isin no) 3
X? — X
(©) Let f(x)=
. 2
(1) Show that f(x):x+1+—2 1
(i) Using (i), or otherwise, determine the number of stationary points
on y=f(x). 2
(i) Using (i), or otherwise, sketch the curve y = f(x) indicating any
asymptotes and x-intercepts. 3
(iv)  Using your graph, or otherwise, solve the inequality
2 f—
X X >0. 1
X—2
(d)  Sketch y=|x+|x+2 for -4<x<2.
Hence solve the inequality |x|+|x+2/ < 4. 2



Yeari2

Mathematics Extension 2

Half Yearly Examination 2005

Question Nol Solutions and Marking Guidelines
Outcomes Addressed in this Question

E3 Uses the relationship between algebraic and geometric representations of complex numbers
Outcome Solutions Marking Guidelines
E3 (@)(i) | uv=(4-20)3—-1i) Award 1 for correct answer

=12-10i+2¢*

=10-10i
E3 (a)(ii) | v} =(3~1)? Award 1 for correct answer

=9—6i+i°
E3 (b)(i) |z- 1| 1 z-1] 1 Award 2 for correct solution

=— S0 |—|=—
| Zl 9 21 2 Award | for reasonable attempt

E3 (b)(ii)

E3 (©)(i)

Also arg(z—1)—arg(z) = %

. arg(zul)ﬂz
N z ) 3

z-1 1 . x
=—cis—
z 2 3

| S
z—l=z| —cis—
2 3
1 .«
z—zZ| —cis— |=
2 3

1—-1—c.fs—7—r-j=1
2 3

3]

1 z 1. .«
z| 1 =08 ——jgin— [=1
2 3 2 3

i
|
!

~

IR
_ 1 _ 1 4
3,933 433,
4 4 4 4 4

“Z“:3+z\/37
V3 3

4

+1

|z - 3| =1 represents a circle centre (3, 0) and radius 1
|z| = jz —2i E represents the perpendicular bisector of the

interval joining (0, 0) and (0, 2)

(failing to correctly show the
result)

Award 2 for correct solution
Award 1 for a substantially
correct attempt

Award 2 for correct diagram
with correct point of intersection
Award 1

for correct diagram but no
attempt to find point of
intersection, or

incorrect diagram (with one
mistake) and an attempt to find
the point of intersection




E3 (c)(ii)

E3 (d)(i)

E3 (d)(ii)

E3 (d)(ii)

E3 (e)

alm (z)

A

F: 3
oo
[
S

2 ,

The point of intersection represents the complex number
z=34]
Let z = cis@ (|z! =1)
(cis@) =1
- cis36 =1 (by de Moivre's)
Hence, 38 =0,27,4rx,... =2 8=0,—,—,....
4

27
.. The roots are 1, cz's—g-, cis——é——.

2 4 >
Roots are cisO =1, cis“g =w, cis-é——r— ="

From equation z° —1 =0

Sum ofroots =l+w+w@® =0

(z+2)(E +z+) =2 +327 +3z+2

5. 2° +32% +32+2 =0 has the same roots as

(z+2)(z2 +z+1)=0

. Roots are z = =2, @, &’

The vectors B4 and OQ are equal. Hence, Q represents

the complex number z —u.

. . 2

OP represents a clockwise rotation of OQ throughTﬂ .
2

Hence OF = (u—v)xcis (_Tﬂ

=(u uv)(cos[mgf- + isin(—%D
3 3

=(u—-v)[—%~—il/—_3—

2

Award | for correct answer

Award 1 for correct solution

Award 1 for correct solution

Award 2 for correct solution
Award 1 for a substantially
correct attempt

Award 2 for correct solution
Award 1 for either z—w

V3

or ———i—
2 2




Year 12 Mathematics Extension 2

Half Yearly Examination 2005

Question No. 2 Solutions and Marking Guidelines

Outcomes Addressed in this Question

E6 combines the ideas of algebra and calculus to determine the important features of the graphs of a

wide variety of functions

Outcome Solutions Marking Guidelines
E6 (@) i
1 mark : correct graph
2 -
2 *
-4
w
Ay

E6 (a)(ii)

Y
E .|
i -4
? 1
A
y
E6 (a)(iii)
1
)
B
4
%

2 marks : correct graph with
asymptotes

OR

I mark : substantially correct
attempt

2 marks : correct graph
with (=2, 0) included

OR

1 mark : substantially correct
attempt




Year 12

Mathematics Extension 2

Half Yearly Examination 2005

Question No. 2

Solutions and Marking Guidelines

Outcome Solutions Marking Guidelines
E6 (b)(0}
2 marks : correct graph with
asymplotes
OR
1 mark : substantially correct
attempt
E6 (b)(ii) 2 marks : correct graph with

E6 (b)(iii)

concavity changes
OR

1 mark : substantially correct
attempt

2 marks : correct graph
OR

1 mark : substantially correct
attempt




Year 12

Mathematics Extension 2

Half Yearly Examination 2005

Question No. 2

Solutions and Marking Guidelines

Outcome

Solutions

Marking Guidelines

E6 (c)

xy(x+y)+16=0
using chain rule with u =xp, and v=(x + y)

xy(l—:—?)+(x+y{x%y—+y]+0=0

" X

now, when —d—Ji =-1
dx

Ay(1—1)+(x+y)(—x+y)+0 =0
which gives
X=—y orx=y

yp(x+y)+16=0

x=—y= ~y -y +y)=-16
0=16
ie no solution
yz(y+y)+16m0
x=y= y=-2

x=-2

Therefore m = —1 at the point (-2, -2), so

y—y =m{x—x)

y+2=-1(x+2)

y+2=—x-2
SLx+y+4=0

1 mark : differentiating correctly

[ mark : substituting y’ = -1
to find relationship between x
and y

[ mark : finding the point where
¥’ =-1tobe(=2,-2)

1 mark : finding the actual
equation of the gradient at this
point




Year 12

Mathematics Extension 2

HY Examination 2005

Question No. 3

Solutions and Marking Guidelines

Outcomes Addressed in this Question

E4 uses efficient techniques for the algebraic manipulation required in dealing with questions such
as those involving conic sections and polynomials

QOutcome Solutions Marking Guidelines
E4  (a)(i) P(x)=x*~5x"+6 1 mark : factorising P(x) over
2 2 rationals
~.no rational roots 1_mark : stating no rational roots
E4  (a)(ii) O(x) = (x +1)x-3) 2 marks : O(x) in factorised form
= x —8x% +18x% =27 . OR
1 mark : having one factor correct
with one factor degree 1 and the
other factor degree 2.
1 mark : using the remainder
— 3 2 1 mark
E4 (b) Plxy=x"+2x" +1 theorem, with x = —f
P(—i)y = (=) +2(=)* +1 AND
—i-241 1 mark : finding remainder =/ — 1
=i—1
: 3 L2 | —
E4 (@0 AT =2x+1=0 1 mark : using correct substitution [ x ]
o X 2
For roots 2a, 23, 2y, replace x with Y AND
AN . 1 mark : obtaining correct
(—J + (—] o 2(—] -3=0 equation (1 simple algebraic error
2 2 2 allowed)
3 .2
2+l xe3=0
8 4
x4+ 2x* —8x—-24=0
E4 (c)(ii) For roots 9:_, E_, 4 , replace x with 2x 1 mark : using correct substitution 2x
2 22 AND
(2x) +(2x) —-2(2x)}-3=0 1 mark : obtaining correct
8% 4 Ax? —dy—3 =0 equation (1 simple algebraic error
allowed)
E4 (c)(iii) Forroots & —2, 82,y — 2, replace x withx + 2 | 1 mark : using correct substitution
(x+2)
(x+2) +(x+2) -2(x+2)-3=0 AND
. , 1 mark : obtaining correct
X +7x +14x+5=0 equation (1 simple algebraic error
allowed)




Year 12 Mathematics Extension 2 HY Examination 2005
Question No. 3 Solutions and Marking Guidelines
QOutcome Solutions Marking Guidelines
E4  (d)(®) P(x)=x" +3x> +6x% +12x+8 -
, 1 mark : showing P(2{)=0
P(21) = (20)* +3(2)° +6(20) +12(2i) + 8 Lmark : showing P(2)

=16-24i—24+24i+8

=0 .. no remainder
E4 (d)(ii) coefficients of P(x) are real .. if x — 2{ 1s a factor,

x + 20 is also a factor
ie (x~20){x+2i)=x>+4 is a factor
o)
P(x)=x" +3x" +6x* +12x+8
=(x" +d)(ax’ +bx+c)
=(x? +4)(x* +3x+2)
=(x—200(x+20(x+2)(x+1)
. roots in the complex field are —~1,~2,2i, -2}

I mark : factorising P(x) at least
over the real field

AND

| mark : stating the actual
complex roots




Year 12 Mathematics Extension 2 Half Yearly Examination 2005

Question No. 4 Solutions and Marking Guidelines

Qutcomes Addressed in this Question

E3 uses the relationship between algebraic and geometric
representations of conic sections

E4 uses efficient techniques for the algebraic manipulation
required in dealing with questions involving conic sections

Outcome Solutions Marking Guidelines
2
E3 (1) et =1~ L =1~ 12 = 1 Award 1 for correct answer
a’ 16 4
1
e=-—
2
. . Award 1 for correct foci
ES () Foci = (ae, 0) = (22, 0) Award 1 for directrices
Directrices: x =12 =18
e
E3 (iii) x=-8 Ay =8 Award 2 for correct sketch
i ! showing all features and
| | intercepts
! 2‘/5 : Award 1 for sketch showing 2 of
E / \ E the 3 requirements
N E— Q S . <
i 123 !
t ‘r 1
B4 Gv) | X,V 1
(@) E*‘E =1 Award 1 for determining %
dy
2x YL
S Tdx g
16 12
b __ 3
dx 4y
AtP(2,3) @ 1
dx 2
Equation of tangent is y -3 = _?12_ (x—2) Award 1 for equation of tangent
=>x+2y-8=0
Equation of normal is y—3 = 2(x—2) Award 1 for equation of normal
= 2x = y=-1=0
E4 (v} Tangent cuts y axis at 4(0, 4) Award 1 for correct coordinates
Normal cuts y axis at B(0, -1) of both 4 and B
: 4-0 -1-0 1
B4 (v) | my = 0T —2 and my, = o3 3 Award 2 for correct solution
. - Award 1 for a solution that is
S s X g =1 substantially correct
. £ASB =90




E3 (vii)

E4 (viii)

ZAPB = 90° (tangent L normal)
.. AB subtends equal angles of 90° at P and S
A, P, S, and B are concyclic.

Diameter of circle is AB
Distance between 4 and B = 5 units

Centre of circle is (O,%] and radius is El units

Award 1 for correct solution

Award 3 for correct solution
Award 2 for being able to
identify AB as diameter and
finding either centre or radius
Award 1 for only finding centre,
radius or diameter 48




Yearl?2

Mathematics Extension 2

Half Yearly Examination 2005

Question No. 5

Solutions and Marking Guidelines

OGutcomes Addressed in this Question

E3 Uses the relationship between algebraic and geometric representations of complex numbers

E4

involving polynomials

Uses efficient techniques for the algebraic manipulation required in dealing with questions

E6 Combines the ideas of algebra and calculus to determine the important features of the graphs of
a wide variety of functions
Outcome Solutions Marking Guidelines
Tx—4 A B Award 1 mark for correct value
E4  (a) = +
22 -3x-2 2x+1 x-2 of 4 R |
L Tx+d= A(x—2)+ B(2x+1) ?fwsi mark for correct value
Letx=2, 10=5B=>B=2
Letx=—~l, _,712,,2‘43 A=3
2 2 2
E3 (b) (1+cos28+isin26) = (l +2cos? @—1+i2sinOcos 9)" Award 1 mark for use of trig.
‘ ; Identities
= (2 cost/ (COS &+ising )) Award I mark for factorisation
" o p Award 1 mark for use of de
= (2 cos 9) (COS §+isin 9) Moivre’s Theorem
=2"cos" 9(0051@9 +isin 116')
22
E6 (o)i) | f(x)= ¥ ox ¥ —x-2+2 (x—2fx+1)+2 Award 1 mark for correct
x-2 x—-2 x—=2 solution
=x+1+
x—=2
. . 2
E6 (c)(i) | /'(x)=1~ 5 Award 1 mark for correct
(x-2) derivative
S.P's are where f'(x) =0
S(x=2) =2
Award I mark for correctly
Lx=2£42 identifying the number of SP’s
.. There are two stationary points
E6 (c)(i1i) Award 3 marks for correct

sketch showing both SP’s,
asymptotes and x intercepts

Award 2 marks for sketch
showing only 2 of the required
features

Award 1 mark for sketch
showing only 1 feature




E6 (c)(iv)

EG (d)

The x intercepts are (0, 0) and (1, 0)
The asymptotes are

Forx —> 20 y=x+1
2

¥—
2

x-2

x =2 is a vertical asymptote

Forx—2" y=

2

Forx—»2" y=

2
From the graph i

5 >0whenO<x<landx>2
x—.

]x +|x+2|>4 when -3<x<«<l]

Award | mark for correct
solution

Award 2 marks for correct
sketch

Award | mark for a sketch that
1s substantially correct

Award | mark for correct
solution




