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QUESTION 1: (Use A SEPARATE ANSWER BOOKLET)

(@)

(b)

(©)

(d)

Two complex numbers are given by
z=3—-4i and w=2-2i

(i)  Find, in the form x+iy, the product zw.
(i) Find, in the form x+iy, the two square roots of z .
(iii) (o)  Expressw in modulus — argument form.

(B)  Find, in the form x+iy,w’.

The locus of a point P which moves in the complex plane is represented by the
equation
|z-(3+4i)|=5

(i) Sketch the locus of the point P

(i) (o)  Find the maximum value of the modulus of z.

(B)  Write down the value of argz when P is in the position
of maximum modulus.

™) Find the value of the modulus of z when argz = tan‘l(%j

The complex number z is given by z=1-i.

Find real numbers a and b such that az :1—9.
Z

In an Argand diagram the point P represents the complex number z and
the point Q represents the complex number w and the point R represents
the complex number z—w with O being the origin.

Itis given z—w=iz.

M Describe the geometric properties of triangle POR, providing full
reasoning for your answer.

(i) Find the size of angle QPR.
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QUESTION 2: (Use A SEPARATE ANSWER BOOKLET)

MARKS
Consider the function g(x)=4/x —2x.
(@) Write down the domain of g ( x). 1
(b) Find the x intercepts of the graph of y = g (x). 1
(©) Show that the curve y =g ( x) is concave downwards for all x > 0. 1
(d) Find the coordinates of the stationary point and determine its nature. 1
(e) Sketch the graph of y =g ( x), clearly showing all essential features. 1

() Hence, by consideration of your graph of y = g ( x ), sketch each of the following
on separate diagrams, showing all essential features.

O y-la(x) 2
i) y=g(x-2) 2
iy y=g(|x) 2
(iv) |y|:g(x) 2
V)  y=—— 2
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QUESTION 3: (USe A SEPARATE ANSWER BOOKLET)

MARKS
@ A polynomial has a remainder of 5 when divided by (x—3) and a remainder of 2
12 when divided by (x—4).
What is the remainder when the polynomial is divided by (x—3)(x—4)?
(b) The polynomial P(x) = x*+3x—5 has roots o, p and y. 2
Find the value of o+ ° +»°.
(c)  Theequation x3+3x*—2=0 has roots o, p and y. 3
Find the cubic equation with roots «®, #* and »*.
(d)  Giventhat x=2+i is a root of the polynomial P(x) = x*-2x*-3x+10, 3
factorise P(x) over the complex field, [ .
(e)  If P(x)=x"+2x*>-12x* +14x -5 has a triple zero, find all the zeros of P(X). 2
) Consider the function P(x) = x®+ax+b. 3

Show that the function will have three distinct roots if 4a®+27b? <0.
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QUESTION 4: (Use A SEPARATE ANSWER BOOKLET)

(a)

(b)

The ellipse & has the equation

(i)

(i)

(iii)

(i)

(i)

4x* +9y* =36
Write down:

(@) its eccentricity
b) the coordinates of its foci S and S’
) the equation of each directrix

() the length of the major axis.

Sketch the ellipse &. Show the x and y intercepts as well as the
features found in parts () and (y) of part (i) above.

Without using the formula for the area of an ellipse, show by
integration that the area of the ellipse & is 6z square units.

Show that if y = px+qis a tangent to the hyperbola
2 2

X——#:l then pa®-b*=q°

a2

Hence find the equations of the tangents from the point (1, 3)
2 2

to the hyperbola XZ—y— =1.

15
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QUESTION5: (Use A SEPARATE ANSWER BOOKLET)

MARKS
(@) (i) Use De Moivre’s theorem, or otherwise, to show that 2
sin30 =3sin@—4sin’ 4.
(i)  Hence, solve 8x*—6x—1=0. 2
(iii)  Deduce that sinﬁzsin7—ﬁ+sin£. 1
18 18 18

(b)  The polynomial P(x)=x*+qgx*+rx+s has real coefficients. It has three

distinct zeros «, —a and .

(i) Prove that qr =s. 3

(i)  The polynomial does not have three real zeros. Show that two of the 2

the zeros are purely imaginary. (A number is purely imaginary if it is
of the form iy, withy realand y=0.)
(©) You are given
cos2A =cos” A—sin® A
=2cos* A-1
=1-2sin* A
and
sin2A=2sin Acos A
If n is any integer, prove that:
(i) [1+cosz—”+isin2—”j = 2"cos" Z. 2
n n n
2n 2n
(ii) (1+ |\/§) +(1— |\/§) has either the value 2°™* or —2°", according 3

as to whether n is or is not a multiple of 3.
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Year 12

Mathematics Extension 2

Half Yearly Examination 2008

Question 1 Solutions and Marking Guidelines
Outcomes Addressed in this Question
E3 uses the relationship between algebraic and geometric representations of complex numbers and
of conic sections
Part Solutions Marking Guidelines
(@) () zw=(3+4i)(2-2i) Award 1
_ correct solution
=14+2i
(ii) Let 3—-4i =a+ib
- 3—di=a’ —b" +2abi Award2
) correct solution
a —-b =3 ... (1)
2ab=-4 = ab=-2 .. (2) Award 1
establish initial equations onl
Since (a2+b ) (a - b ) +4a°b? 1 Y
=9+16
=25
Then o +b* =5 ... 3)
(+(3) = 24" =8
La=12,b=71
The two square roots are 2—7, —2+1.
(i) e) | 2-2i= 2\/_(\/_ \/_ ] 2\/‘(005[ 4)4—1311’1( Z] Award 1
correct solution
B Sm Award 2
® ——(2‘/_) [COS( 4 )Msm( 4 D correct solution
= 128f(———~+ ] Award 1
J2 \/— attempts to apply De Moivres
=128 4+128i Theorem
i A
®) @) Y Award 1
correct sketch
P(z)
4 (8.4)
A X
N '
(if} (o) | Maximum value of |z| is 10 (i.e. a diameter) Award 1
correct solution
(B) | When P is in maximum modulus Award 1

8 L4
e =8N
6

3

argz =6 =tan™

correct solution




(c)

(d) ()

(i1)

6]

V80

8

4

When argz=tan”'é, zl=-/80 =45
az=1-——
z
b
~a(l=i)=1-—2-
a(l=i)=1-1
b(1+1i)
- 2
2-b-bi
2
.‘.a——aiml-———éi
2 2

.'.a=1—£)— and a=£)~.
2 2

Solving simultaneously gives

a= .}...’ b :I-
2
-
................. R

If z—w=1iz, then we need to rotate P about O through
z
5

JPoR="

2

|Z - W; = ’iz] — EZI

OR = OP

. AOPR is right-angled isosceles.

0 opxe:% and D OPQ:%

~0oPR=Z
4

Award 1
correct solution

Award 2
correct solution

Award 1
substitution and attempt to
realise the denominator

Award 2
correct solution ~ with full
reasoning

Award 1
correct approach ~ with
incorrect of insufficient
reasoning

Award 1
correct solution




Year 12 Mathematics Extension 2 Half Yearly Examination 2008

Question 3 Solutions and Marking Guidelines

Outcomes Addressed in this Question

E4 uses efficient techniques for the algebraic manipulation required in dealing with questions such
as those involving conic sections and polynomials

Part Solutions Marking Guidelines
(a) Let P(x)=(x-3)(x—4HO(x)+ax+b Award 2
P =5=3a+b...() correct solution
PA)=12=4a+b..(2) Award 1
(2)=(1) a=7and b=-16. uses remainder theorem
. Remainder = 7x ~16.
Let x=ct, @’ +3-5=0
(b) el x=a, a% @ Award 2
Let x=f, f+38-5=0 correct solution
Let x=y, 7 +37-5=0
N S X B Award 1
o+ eyt +3(a+ fry)-15=0 substantial progress towards
L+ Ryt +3.0-15=0 solution
Lol Byt =18,
(c) Let y=x" = x= \/; Award 3
The desired equation is given by correct solution
3 2
(\E’) “”3(\/;) —2=0 Award 2
B substantial progress towards
PNy +3y=2=0 solution
y\/; mem Award 1
4 2 war
y =4-12y+9y establishes required
LY =9y 412y —4=0 transformation
(d) If x=2+i isaroot, then x=2—/ is also a root.
. . Award 3
Solx—{2+ —(2-
( ( z))(x ( 1)) correct solution
=( x—2)—i)((x—2)+i)
= —dxt5 Award 2
=X axd determines quadratic factor
is a factor.
" x3—2x2—3x+10=(x2—4x+5)(x+2) Award 1
by inspection. uses conjugate root theorem
sox =257 =3x4+10=(x -2+ )(x~2-i)(x+2)
over U .
@ P(x)=x"+2x"-12x" +14x-5 Award 2
P'(x) = 4x° + 6x* —24x +14 correct solution
P'(x) =122 +12x =24 =12(¥" +x-2) =12(x+2)(x~1)| Award 1
uses multiple root theorem ~
does not determine other root




ey

By observation
P'DH=P=PL=0
" x =1 1s the triple root.
Skl 4o =2
. oa=-5.
. Rootsarel, 1, 1, —5.

Px)=x"+ax+b
P'(x)=3x" +a
Stationary points occur @ £P'(x) =0

b’ —iaz.——cf-d)
9" " 3
3
p2+ 39 g
27

27b% +4a* <0

Award 3
correct solution

Award 2
substantial progress towards
solution

Award 1
establishes the x coordinates of
the SP only
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Mathematics Extension 2

Half Yearly Examination 2008

Question 5 Solutions and Marking Guidelines
Outcomes Addressed in this Question
E2 chooses appropriate strategies to construct arguments and proofs in both concrete and abstract
settings
E3 uses the relationship between algebraic and geometric representations of complex numbers and
of conic sections
E4 uses efficient techniques for the algebraic manipulation required in dealing with questions such
as those involving conic sections and polynomials
Part Solutions Marking Guidelines
3
a) (i) E2 cos@+isind)
( ) ( ) E3 ( ] ) ; N Award 2
=cos’ @ +3icos’ @sin @ +3i* cos@sin® 4 +i* sin’ & correct solution
= cos” 6 —3cos@sin’ 4 +i(3 cos’ fsin @ —sin’ 9)
_ Award 1
= cos36+isin30 attempt to expand or to use De
Equating imaginary parts, Moivres Theorem.
sin36 = 3cos’ @sinf —sin* @
= Z*)(l—-sin2 Q)SinQ —sin’ @
=3sinf—4sin’
(i) E2 | Let x=sind and sin36 = —}»». Award 2
2 correct solution
1 3
Ty T Award 1
8 —6x—1=0 establishes appropriate
| relationships
Solutions of this equation are the solutions of sin36 = )
L3g=tz Uz Dm
6 6 6
LIz Uz Dr
187 18 7 18
T, iz 197
X =8in—, sin—, sin——
18 18
1z T
= SII ~re , SIIY o | §I| — oo
18 18
7 . 11 T
= §in—, sin——,~sin—
18 18
(i) B4 | o sinZ+ sin il s (msm 15}: b Awardl
18 18 correct solution
I . Wlm . ow
" sIn— $in—— = sin—
18 18 18




(b) (1) E4

(i1} E2
E4

(c) (i) E2
E3

(i1) B2
E3

L at(-a)+f=~q

fB=—q

L P(=q)=(=q) +q(~q)’ +r(=q)+s
=g +q —qr+s

=0
w §—qgr=>0
L Ss=gr
Since s =gr

P(x)=x"+gx* +rx+qr
=(x+ q)(f + i‘)
So the roots of P(x) are —¢ and the roots of x* +r=0.

If »=—y then the roots are —¢ and i\/;

= all real .. contradicts initial assumption.
If r =0 then the roots are —g and 0

= all real .. contradicts initial assumption.
Hence, r > 0 and two of the roots of P(x) are the purely

Imaginary numbers + iNr.

2r . 2z Y
1+ cos——+isin—
n n

n
P 3
=|1+2cos’ = ~142isin = cos —
n 1 i

"
. 7T L. T bia
=| 2¢08 — - 2§ 111 ==~ COS§ ~
n 1 ¥l

n
T T .. K
=i 2¢c08—| cOS—+ismM—
M i n

s .
=2"cos" —(cos 7 +isin )
n

=_2" cos” E
R

(1+i\/§)2” +(1 —.r:\/i)z"

2n 2n
=(2oisﬁj + Zcis[—z}
3 3
=2%"cis 2z +2% cis(——mm ]
3 3

2 2nr .. 2nw 1 .. 2nw
=2 cosT+131n~—~§~+cosm—zsm—

=2%x 20082’%

Award 3
correct solution

Award 2
find an expression for two of g,
rand s in terms of o and f.

Award 1
find an expression for one of g, »
and s in terms of « and f.

Award 2
correct solution

Award 1
observe that two of the roots are
complex conjugates

Award 2
correct solution

Award 1
attempts to use given
trigonometric relationships

Award 3
correct solution

Award 2
substantial progress towards
solution

Award 1
limited progress towards
solution




If n is a multiple of 3, n =3k where k e

7 nr 5 6km
s 28 cog T = 28 pog —

2
=22 cos 2k
— 2211-(-].1
— 22u+1

If n is not a multiple of 3, n=3k~1 or n=3k+1 where

kel
. 2(3k-Drx

22::+l cos 2”'72' =22n+1 co
3
= COS(Z/WZ’ _2771‘}
— 22n+l _l
2
- _2211
or
22n+l cos 2nw - 22,;.;.] coS 2(3k + 1)7{7

3
=2 cos (an' + 2%]

1

— 22n+l. o

= m22n




