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GENERAL INSTRUCTIONS
e Reading time — 5 minutes.
Working time — 90 minutes.
This test has 4 questions. Attempt all questions.
Each question is worth 20 marks. Total: 80 marks.
All necessary working should be shown in each question. Marks may not be awarded for
careless or badly arranged work.
Start each question on a new answer booklet. Write your name on every sheet.
e This test must NOT be removed from the examination venue.



QUESTION 1 ( 20 marks) Start a new Answer Booklet.

Marks
(@) If z=3+2i and z,=4-1i, find
0z 1
iy & 1
ZZ
() ()  Express 1++/3iin mod-arg form. 1
- - - - 5 -
(i) Hence or otherwise, find a and b such that (1+J§|) =a+bi. 2

()  Find ~15-8i 3

(d) Q) On the same Argand diagram sketch the following:

21, such that arg z, :%

z,=1lz,
Z,=-1, 1
(i) Hence or otherwise, find arg( z, + z,) 1
(e Q) Show all the roots of z°+1=0 on a unit circle in an Argand diagram. 2

(i) Factorising the equation above into irreducible factors with real coefficients gives the

solution z° +1=(z +1)(Zz ~217 cos%ﬂj(z2 -2z cos%ﬂj.

Deduce that co\c,ercos?’—”:1 and co\c,zcos?’—”:—1 2
5 5 2 5 5 4

(ili) ~ Write a quadratic equation with integer coefficients which has roots cos% and cos%r.

Hence find cos% and cos%Z as surds. 3

() Sketch the following region on an Argand diagram, where the following conditions hold
simultaneously for z:

|z|<2
T
0< <= 3
argz< >

Re(z)<1



QUESTION 2 (20 marks) Start a new Answer Booklet.

Marks
@ (i) Find all the zeros of P(x) = x*—5x* + 6 over the 2
rational numbers.
(i) Find P(x), given that P(x) is monic, of degree 4, with -1 as 1
a single zero and 3 as a zero of multiplicity 3.
(b)  Theequation x*+kx+2=0 hasroots a, B and y.
Q) Write down the values, in terms of k, of Za, Zaf and Zafy. 1
(i)  Findthe value of —+141 2
a By
(iii)  Find the monic equation with roots o?,/,7* . 2
(iv)  Show that the value of o +/°+ 5 is independent of k . 2
(c)  Let x=q be aroot of the quartic polynomial P(x) = x* + Ax® + Bx* + Ax +1
where (2+B)? #4A% .
(1) Show that « cannot be 0, 1, -1. 2
.. 1.
(i)  Show that x=— isaroot. 2
o
(iii)  Deduce that if o is a multiple root, then its multiplicity is 2 and 4B =8+ A”. 3
(d) Find real numbers A, B and C such that A + Bt+C 3

(t+1)(+1) t+1 41



QUESTION 3 (20 marks) Start a new Answer Booklet.

(@)

(b)

(©)

Marks
. . x-1
Consider the function f(x)=——
X+3
Q) Sketch the graph of y = f(x) showing clearly the coordinates of any points of
intersection with the x axis or the y axis, and the equations of any asymptotes. 3

(i) Show that the line y = x is a tangent to the curve y = f(x) and find the coordinates of
its point of contact. Draw the tangent line on the graph and show its point of contact. 3
(i) On separate axes, sketch the graphs of y:% and y=f*(x).
X

In each case, show clearly the coordinates of any points of intersection with the x axis
or the y axis, the equations of any asymptotes, and the line y = x. 6

Q) The x coordinates of the stationary points on the graph y:{ f (x)}2 are the same as

the x coordinates of the stationary points or intercepts on the x axis of the graph
y =f(x).

Show that this is true by solving 3—y=0 when y={f (x)}z. 2
X
(i) Hence or otherwise, on the same axes, draw the graphs of y = f (x) and y={ f (x)}2

if f(x):sinzx—%, 0<x<7 3

Find the gradient of the tangent to the curve 3xy—y*=1-2x at the point (0, -1) on the curve.



QUESTION 4 (20 marks) Start a new Answer Booklet.

(@)

(b)

(©)

Q) If X = a is a double root of the polynomial equation P(x) = 0, show that x = a
is a root of the equation P’(x)=0.

(i)  Ifthe equation x*— px+q=0 has a double root, show that 4p*-27¢g*> =0 .

(iii)  Find the equation of the line through the origin which is a tangent to the curve
y=x3+1.

Suppose thata>0,b>0,c>0.

(i) Prove that a® +b® > 2ab .

(i)  Hence prove that a*+b*+c®>ab+bc+ca .

(iii)  Given a®+b®+c®—3abc=(a+b+c)(a®+b*+c*—ab—bc—ca) ,
prove that a® +b* +c® > 3abc.

(iv)  Assume x>0,y>0,z>0.Showthat x+y+z> 3(xyz)% :

Two circles touch at B.

A is the centre of the larger circle, and O is the centre of the smaller circle.

TAOB is a diameter of the larger circle, and AOB is a diameter of the smaller circle.
PT is a tangent to the smaller circle from T.

Q) If LTPA=8, show that cosezg.

J6AB

(i) Show that PB = —3

Marks
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Question No. 1

Solutions and Marking Guidelines

Outcomes Addressed in this Question

E3

uses the relationship between algebraic and geometric representations of complex numbers and of conic sections.

Outcome

Solutions

Marking Guidelines

E3

E3

=(3+27)(3-2i)

@ O 2z

=13

4+i
4+

z, 3+2i

7 4—i
10411
Y

X

I

(ii)

(b) (i) 1+J§f:2cfsf3’-

(1 +3 i)5 =2° (cos%r—ﬂ'sin %’EJ

(i) =32 cos(uf)-a-fsin(._fJ
3 3
s a=16,b=163
X+iy=~-15-8
- B N
@ * 7=
2xy=-§8

x+iy=t(1-4)

@0 4

N

v

A

Zy
(ii) arg (z; + z) ==

2 marks: correct solution

1 mark: partially correct

1 mark: correct solution

1 mark: correct solution
(completely)

2 marks: correct solution

1 mark: partially correct

2 marks: correct solution

1 mark: partially correct

2 marks: correct solution

1 mark: partially correct




(e) (O

Z3

F-y

s

v

2 marks: correct solution

L mark: substantial progress
towards correct solution

2 marks: correct selution

1 mark: substantial progress
towards correct solution

3 marks: correct solution

2 marks: substantial progress
towards correct solution

1 mark: partial progress
towards correct solution




E3+

3 marks: correct solution

2 marks: substantial progress
towards correct solution

I mark: partial progress
towards correct solution
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Question No. 2

Solutions and Marking Guidelines

Outcomes Addressed in this Question

E4 uses efficient techniques for the algebraic manipulation required in dealing with questions such as those involving
polynomials
Outcome Solutions Marking Guidelines
Fd4 2 marks: correct solution

(@) () x*-5x"+6=(x"-2)(x*-3)
+

x= ﬁ,i 3

‘. there are no rational zeros

(i) P(x)=(x=3) (x+1)

=x" —8x' +18x* ~27

g4 (OO Za=-2=0
Taff= <& =k
Tofy=—%=-2
i) Lt = 2
a By Zafy
k
"2

(i) letx=a’ = a=+/x
so the equation becomes

(«EY +k(«/;_c)~§~2 ={
X x-+~!c\/_=m2
(x+k)2Xm4

X422k + ki x—4=0

(iv) o +ha+2=0
B +kp+2=0
¥ +ky+2=0

soc’ + 4y +k(a+Pry)+6=0
a4y +k(0)+6=0

&y =—6

1 mark: partially correct

1 mark: correct solution

1 mark: correct solution
(completely)

2 marks: correct solution

1 mark: partially correct

2 marks: correct solution

1 mark: partially correct

2 marks: correct solution

1 mark: partially correct




E4

©)(®)
P(x) =xt o A + B + Ax+1
P{0)=1 -0 is not a root

P(1)=1+A+B+A+]

0=24+B+2 iflisaroot
2+B=-24

(2+ B)2 =4A4*, which can't happen .1 is not a root

P(w1)=1mA+B—A+1
0=-24+B+2 if —lisaroot
2+8=24

(2+B)2 = 44", which can't happen .. -1 is not a root

(i) P(f)=dr+d+Ladsl
1+Acz+Ba2+Aa3+a4)
0) as & isaroot of P(x)
=0 .. lisaroot

(i) < isaroot, ¢ is at least a double root

let the 4™ root be k.

50, the sum of the roots of P (x) is

1 e
axoax—xk=—

[#4 4
2
ak:l
a
;’(ﬂi
o
1 1
;. therootsare ¢, ¢, —,—
o o
1e, & 1s a double root
For P(x),
Ea=—~«~{3~ Eo:,B:E
a ¢
a+a+—+—=—4 a3+2+2+~1-;=B
o o a’
] 1
a+i:_£ o F—=5-4
o 2 o
(o2 -4
a+—| =—
o 4
2
a2~i~-—l—;=£—~-2
o 4
so,B—4=£—2
4

2 marks: correct solution

1 mark: substantial progress
towards correct solution

2 marks: correct solution

I mark: substantial progress
towards correct sohation

3 marks: correct selution

2 marks: substantial progress
towards correct solution

1 mark: partial progress

towards correct solution




Ed

(d)

2 A  Bt+C
_i_

(D[P +1) 1+l Pl
2:A(t2+1)+(Br+C)(t+1)

letr=-1
2= A((-1)" +1)+(B(-1)+C)(~1+1)
2=24
A=1
leti=0
2=1{(0)" +1)+(B(0)+C)(0+1)
2=1+C
c=1
letr=1
2=1((1) +1)+(B(1)+1)(1+1)
2=2+2B+12
B=-I

LA=1 B==-1,C=]

3 marks: correct solution

2 marks: substantial progress
towards correct solution

1 mark; partial progress
towards correct solution
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Question No. 3

Solutions and Marking Guidelines

Cutcomes Addressed in this Question

Eo combines the ideas of algebra and calculus to determine the important features of the graph of a wide variety of
functions

Outcome

Selutions

Marking Guidelines

E6

(@) (@)

(1) Solving y = x and

Gives: (x+1)2 =0

Since this polynomial has a double root at x = 1,

X

il simultaneously
x+3

y:

then the line is a tangent to the curve.

Point of contactis (1, 1)
(iii)
y= 1
S(x)
Yy
ok
s
|
T
e e e e el L
5 4 | 2 4 [

3 marks: correct solution,
including drawing and labelling
of asymptotes, x and y
intercepts, and the shape of the

graph.

2 marks: substantial progress
towards correct solution

1 mark: partial progress
towards correct solution

3 marks: correct solution,
including drawing and labelling
tangent on graph, finding point
of contact and algebraically
justifying that the line is a
tangent.

2 marks: substantial progress
towards correct solution

1 mark: partial progress
towards correct solution

3 marks: correct solution,
including drawing and labelling
of asymptotes, x and y
intercepts, and the shape of the

graph.

2 marks: substantial progress
towards correct solution

1 mark: partial progress
towards correct solution




y=71"(x)

ol 3 marks: correct solution,
including drawing and labelling
of asymptotes, x and y
intercepts, and the shape of the

graph.

2 marks: substantial progress
towards correct solution

2 1 mark: partial progress
N S towards correct solution
B
¥
(b) ()
y=s (x)h 2 marks: correct solution
dy ,
2;_2 f(x)x / (l) 1 mark: partially correct
dy

—= Owhen f(x)=0,0r when f'(x)=0
%

i.e at x intercepts or at stationary points of f'(x).
(i1)
3 marks: correct solution.

2 marks: substantial progress

/\ /\ towards correct solution
r.s\ 5 -+ t + /3\ . 1 mark: partial progress
J \ / \/ towards correct solution

(c)
3xy—y =1-2x Use implicit differentiation
d ,d )
s 3y—3y° Z_o 3 marks: correct solution
dx dx ————
dy = —2-3y 2 marks: substantial progress
dx 3(x— yl) towards correct solution

Whenx=0,and y =1, .
dy 1 1 mark: partial progress

e towards correct solution
dx 3
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Question No, 4

Solutions and Marking Guidelines

Outcomes Addressed in this Question

E2 chooses appropriate strategies to construct arguments and proofs in both concrete and abstract settings
E4 uses efficient techniques for the algebraic manipulation required in dealing with questions such as those invelving
polynomials
Outcome Solutions Marking Guidelines
E4 (a) (i) let & be a double root of P(x)
then (x - &)” is a factor of P(x)
b
ie Plx)=(x—-a} .
( ) ( ) Q(x) 2 marks: correct solution
P(x)=2(x—a)Q(x)+(x-a) Q'(x)
1 mark: partially correct
=(x=a)[20(x) +(x~a)Q'(x)]
. (x—a) is a factor of P'(x)
ie o is a root of P'(x)
E4 (i) let f(x)=x"-px+g
f(x)=3x"-p=0
=2 3 marks: correct solution
v=2L must also satisfy f (x)=0 2 marks: substantial progress
N5 £ MAarks. prog
towards correct solution
w2 _\E _ofxl
f( B e 1 k ial
mark: partial progress
+ tfp (2 — )
—q = —:,gE &= P) = “JJ;E (“"{“f"”) towards correct solution
—q = 2 ,}fﬁ
@ =%
27
4p* 274" =0
E4 (iii)  straight line through origin has equation y = mx.

Solve simultaneously with y =x° + 1 and find
double root for tangent.

ie X +1=mx
X —mx+1=0
(from (ii), letp=m,g= 1)
ie 4m’-27=0 for double root

m= i
Y4

", tangent has equation y = X

3
R
Q/ZyﬂBx

3 marks: correct solution

2 marks: substantial progress
towards correct solution

1 mark: partial progress

towards correct solution




E2

E2

E2

E2

®) () (a-b) 20
@t =2ab+5 20
a® + b= 2ab

(i}  from (i)
a*+b* 22ab
b* +¢* = 2bc
+at 22
adding
2(a* +b" +¢*) 2 2(ab+bc+ca)

A+ + zab+be+cea

(iif) from (ii) a*+b +ct zab+be+ca
a* +b+ct —ab—be—ca=0
(a+b+c)(c;r2 +b 4 -ab-—~bc~uca)20
a +b +c* =3abez 0

@ +b +c 2 3abe

(iv) from (iii) let &’ =x, b’ =y,c’ =z
@ +b +c 2 3abe

xw§~y+223if;.{f;§/;

x+y+223(xyz)%

1 mark: correct solution

2 marks: correct solution

1 mark: progress towards
correct solution

2 marks: correct solution

1 mark: progress towards
correct solution

2 marks: correct selution

I mark: progress towards
correct solution




E2

E2

(i) let 04 = OP = OB = r (radius small circle)
AT = AB=2r (radius large circle)

LTPO=90° (tangent L radius)

ZAPO =90°-@ (adj comp L's)

LPAO =90°-@ (equal £'s in isos AAPO)
ZAOP =180°-2(90°-8)} (£ sum A4PO)

=24
In AOPT,
00526?:-95:—':
or 3r
Zcoszﬁulzl
3
coslé’z%
3
V2 B s
COSH = e X iy = cirs
NERRNC

(ii) ZAPB=90° (angle in a semicircle)
ZOPB =90°—(90°-8) (adj comp £'s)

=0
ZPBA=/0PB =60 (AOPB isosceles)
Now, in AOPB
PB
cosB=cosf=—
PB = ABcosf

_ 4B6
3

3 marks: correct solution

2 marks: substantial progress
towards correct solution

1 mark: partial progress
towards correct solution

2 marks: correct solution

1 mark: progress towards

correct sohution




