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3 marks
Attempt Questions 1-3

1. Given z = 1 — i, which expression is equal to z3?

a. \/Ee_sTm
b. 2\/56_3Tm
V2e't
d. Zﬁeng
2. The complex number z satisfies arg (ZZJ:ZZL) = —g.

What is the maximum value of |z|?

a. V2

b.
c. 2—42
d

_7in
3. Which of the following is equivalent to <e ° >?

elm

a 1+\/§'
. 2 j_l
1 V3
LY
2t 3t
c \/§+1'
T T ot
d. ﬁ_li
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30 marks
Attempt Questions 4-6
Allow about 36 minutes for this section

Question 4 (10 marks)
(a) Let z=4+iand w = Z. Find, in the form x + iy,
(i w

(i) w-z

(b) Leta=1+iv3and f=1+1i.
(i) Find % in the form x + iy
(i) Express a in modulus-argument form.
(iii) Given that B has the modulus-argument form
p = \/E(cosE + isinz)
4 4
Find the modulus-argument form of %

(iv) Hence, find the exact value of sin %

(¢) Let z=2(cosf +isinf).
(i) Find1-z.

(ii) Show that the real part of i jg 1o2cosd

5—4cos8’

Question 5 (10 marks)
(a)

(i) Express —V3 — i in modulus-argument form.
(i) De Moivre’s theorem states that (rcisf)™ = r™cisné for any integer n.

Show that (—\/§ — i)6 is a rea number.

(b) Sketch the region in the complex plane where the inequalities 1 < |z| < 2 and
0 <z + z < 3 hold simultaneously.

(¢) Letz=2(cosf +isinB).
Question 6 (10 marks)
(a) Given that z =3 +1i is a root of z? + pz + g = 0, where p and q are real, find
the values of p and q.

(b) Solve the equation |2 + e~2| = 1 where -t < 6 < 7.

Question 6 continued on next page
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(¢c) Let the complex numbers V(v), U(u) and the origin form a triangle of area
1 u? on the Argand Diagram.
M is the midpoint of UV.
Let £ZUMO =6

Im{z)
Viv)

U{u)

Re(z)

(i) Show that |u 4+ v||lu — v|sin 6 = 4.
(i) If 0 = g, prove that (|u| — |v])(lu| + [v]) = 0.

End of Exam
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Testing if z is at (0, 0):

arg(z—2)—arg(z+2i)=180°—90°¢—%.

T
If zis (2,—2), arg(z—2)—arg(z+2i) =-90°-0°= 7
.. z is on the semicircle containing the point (2,—2).
From the diagram, the position of z that gives the maximum

value of |Z| is when z is at (2,—2).

<z is d(0,0),(2,-2)=+/8u B

Year 12 Mathematics Extension 2
MULTIPLE CHOICE Solutions and Marking Guidelines
Outcome Solutions Marking Guidelines
L [l-i|=y1+(-1) =2
MEX12-4 ju 1 mark
arg(l—i)=——
g(l-i)=—7
~1-i=+2] cos i +isin Z
4 4
3 3
(1 - 1)3 = (\/5) (cos(—z] +ism(——)]
4
3z ..
= 2\/5((:0{—7) +isin (——D
37
=22¢ ¢ B
2 2. ar z-2 -z
MEX12-4 g 2+ 20 3
arg(z —2) —arg(z —(—21’)) = —% ,and so zlieson a
semicircle (excluding the endpoints) whose diameter is the
line joining the points 2 and —2i on the argand diagram.
Need to test whether top or bottom half of the semicircle. 1 )
mar




MEX12-4

1 mark
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Question No. 4

Solutions and Marking Guidelines

Outcomes Addressed in this Question

MEX12-4 uses the relationship between algebraic and geometric representations of complex numbers
and complex number techniques to prove results, model and solve problems

Part/ Solutions Marking Guidelines
QOutcome
. w=2z
(@)@ — 1 mark : correct solution
=441
=4—i
(a)(ii) Wz = (4_ ,—) _(4+ ,—) 1 mark : correct solution
=-2i
(b)(i) a_l+i 3Xl—i
B 1+i 1-i
_ 1-i+ i\/§+ \/3 1 mark : correct solution
1+1 NB: the question asked for this to
) be in the form x + iy, which really
(1 + ‘/5) + (\/5 - 1)' means the real and imaginary parts
= 9 should be fully separated
(1+\/§\+(\/§—1\_ /
= i
(2 ) )
(b)(ii) a=1+i3 ,
2 marks : correct solution
lof=+1+3=2
( \E\ 1 mark : substantially correct
arg(a) —tan'| 222 solution
L 1 J 3 NB: if using degrees, the degree
symbol ( °) MUST be used.
Ca=2 T . T If no symbol is used, you are
o= GOSE + 181115 automatically referring to radians.
60 radians is not the correct angle
here!
L ..
2[cos—+ lsm—J
(b)(iii) a 3 3
B ( n . =) ) :
JE cos +isin 1 mark : correct solution
(47 )
2 (cosfn_n\_l_isin(n_n\\
2577579
\/_( A .. = \
= 2Lcos—+tsm—J
12 12




(b)(iv)

(©)(1)

MEX12-4

(c)(ii)

Question 4 continued...

Comparing (i) and (iii), and equating imaginary parts:

(Zsin T Y31

11
12 2
om_\3-1
12 22

z=1-2c0os0—2ism0D
1—_z=(1—20059)+2isin9

ok

_ 1-z
-4’
3 (1—20059)+2isin9
(1—20089)2 +4sin’* 0
~ (l—200s9)+2isin9
" 1—4cos0+4cos> 0 +4sin*0
_ (1-2c0s0)+2isin0
"~ 1-4cos0+4
~ (1—20059)+2isin9
B 5—4cosd
R (1 \_1—20059
“\1=2) ~ 5-2c0s0

1 mark : correct solution

1 mark : correct solution

2 marks : correct solution

1 mark : substantially correct

solution

NB: as this is a ‘show’ question, it
should have been clearly stated that
sin’x + cos’x = I was being used to
help simplify the denominator
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Question No. 5

Mathematics Extension 2
Solutions and Marking Guidelines

Task 1 2021 HSC

Outcomes Addressed in this Question

MEX12-4

uses the relationship between algebraic and geometric representations of complex
numbers and complex number techniques to prove results, model and solve problems

Outcome

Solutions

Marking Guidelines

()

MEX12-4

(b)

MEX12-4

(c)

MEX12-4

(1)
—x/g—i=2cis(—5?ﬂ]
(i)
N 6 _5_7r><
(—\/g—z) =2 c1s( 6 6]
=2°cis(—57)

=2° (—1) =—2° which is real.

0<z+z<3 —  0<2Re(z)<3 —  0<x<

1< |z| <2 represents the area between concentric circles.

|z| :\/(1 —cos 29)2 +(sin 20)2

—142¢0s26 + cos? 20 +sin> 26

=+/2—2c0s26
=\/2(1—<1—25in2 0))
=+/4sin* @

=2sind

Do | W

(a) (i) 2 marks: Both
modulus and
principal argument
correct.

1 mark: 1 correct
component.

(ii) 2 marks: Correct
use of DeMoivre’s
Theorem and correct
real number

1 mark: 1 component
correct.

(b)

(i) 3 marks:
Complete solution.

2 marks: One error in
solving method.

1 mark: Some
relevant progress.

©

(i) 3 marks: Correct
proof, showing all
relevant steps

2 marks: One error in
solving method.

1 mark: Some
relevant progress.
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Mathematics Extension 2

Task 1 2021

Question No. 6

Solutions and Marking Guidelines

Outcomes Addressed in this Question

MEX12-4 uses the relationship between algebraic and geometric representations of complex numbers
and complex number techniques to prove results, model and solve problems

Outcome Solutions Marking Guidelines
(a) As real coefficients, complex roots must occur in conjugate | 3 marks: correct
MEX12-4 pairs. solution
. as 3+i isaroot, 3—i is aroot. 2 marks: partially
- correct solution
Sum of roots of z* + pz+¢ =0 is Tp and product of the 1 mark: ﬁrild; cither
q p or g or the other root
roots is T
F3FIH3TI=TP and (3+4)(3-i)=¢
s p=—6 and g=10.
MEX12-4 | ®) | +e?|=1

|cos 20+isin 260 + cos(—29) + isin(—20)| =1
|c0s 20 +isin260 +cos26 —isin 26?| =1

|2cos 29| =1
|cos 26’| = l
2

c.cos26 = il
2

All quadrants; basic angle 60°; required to solve for
—7<@<rm,hence 27<20<2r.

.'.20:197[—£’7[+£,27[—£,£—27Z',—7Z'—£,—7Z' 1’_£
3 3 3 33 3 33
29 p2E LA 57
3 3 3 3
g+ +Z 427 57
6 3 3 6

3 marks: correct
solution

2 marks: partially
correct solution

1 mark: uses Euler’s
formula and simplifies




Question 6 continued...

MEXI12-4 | (¢) (i) Completing the parallelogram OWPZ, OW =w,

OZ =z,0P=w+z, WZ =z—w.

As the diagonals of a parallelogram bisect one another, 2 marks: correct

OM = (z+w) and MZ =2 (- w) solution
2 2 1 mark: partially

Also, as triangles OMW and OMZ have the same base correct solution

length and same perpendicular height, their areas are
equal.

c.areaAOMZ = %, given area AOWZ =1.

%x OM x MZ xsinf = (using %ab sinCin AOMZ)

1
2

1
E(Z—W)

.'.l><|z+w|><|z—w|><sin6’:l
8 2

So—X

2

X

1
E(Z+W)

><sin9:l
2

|z+w||z—w|><sin9:4.

(1) f = %,then the parallelogram is a thombus, hence all

sides are equal. .. |z| = |w| 2 marks: correct

“|z|-w]=0 solution

a 1 mark: partially

(|Z| _|W|)(|Z| + |W|) =0x (|Z| + |W|) correct solution
=0.
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