Student Name:

Teacher:

2021

Year 12

Mathematics Extension 2
Assessment Task 2
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General Instructions

* Reading time - 3 minutes.

*  Working time — 60 minutes.

*  Write using black or blue pen.

* Diagrams may be drawn in pencil.

* Board-approved calculators may be
used.

*  Write your full name on the
question booklet.

*  Write your name on each answer
booklet.

* A hand-written one page double-
sided reference sheet may be used.

Total marks — 34

Attempt all questions.
The test contains four multiple choice questions.

e Questions 1 - 4 worth 1 mark each.

Answer on the multiple choice sheet attached.

e Questions 5 and 6 are worth 15 marks each.

e Questions 5 and 6: start each question in a

separate answer booklet.




Section A: Multiple Choice Questions: 1 mark each

Answer on the multiple choice sheet attached.

1. Consider the conditional statement for n > 2:
“If n is a prime number, then 7 is odd.”

What is the contrapositive of the conditional statement?

A If nis prime, then 7 is not odd. B If n is not prime, then 7 is not odd.
C Ifnis odd, then n is not prime. D Ifn is not odd, then 7 is not prime.
2. Consider the statement:

“d a real number x such that x> =4 and x<1.”

What is the negation of this statement?

A 3 areal number x such that x> #4 and x> 1.
B Vreal numbers x, x>#4 or x> 1.
C 3 areal number x such that x>= 4 or x> 1.

D Vreal numbers x, x> #4 and x> 1.

3. Which complex number is a 6 root of i?

1 1. 1 1

A —$+$l —ﬁ—ﬁi

C al RN 7

4. Let(le—i.

Which of the following is true about the value of o'°?

A It is purely real

B It is purely imaginary
C 0

Smi
D 32e?
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Section B: (Questions 5 & 6)
Question 5 (15 marks) Use a SEPARATE writing booklet Marks

Show all necessary working.

(a) Prove that log;5 is irrational. 2

(b) Prove that 7 is divisible by 6 if and only if # is divisible by 2 and 3. 2

© ()  Given a.b> 0, show that %J >2. 1
a

(1) Hence, prove that if xk, yk >0forallk=1,2,3,...,n then
n X
E (—k + &) > 2n. 2
k=1 Yk Xk

(d)  Prove by Induction, for n > 4, that n! > n?. 4

(e) Consider the statement: 2
“If " = 0 at x = a, then there is a point of inflexion at x = a.”
Prove or disprove this statement.
H Three positive real numbers a, b and c are such that
atbtc=landa<b<c.

By considering the expansion of (a + b + ¢)? or otherwise, 2
show that 5a2+3b% +c? <1
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Question 6 (15 marks) Use a SEPARATE writing booklet Marks

(a) Given that z =cos0+isin0,

(i) Show that z" + in =2cosnd 1
z

(i1) Hence, by using (i) and binomial expansion, write cos*@ in terms of
cosn® (where n=2, 4) 3

(b)  Letn be an integer greater than 2.
Suppose o is an n-th root of unity and @ #1.

(1) By expanding the left-hand side, show that
(1+2a)+30)2+4(o3+---+n(1)"‘1)((o—1):n 2

-1

.. . . . 1 .
(i)  Using the identity — 1 — — , or otherwise, prove that
z — zZ—Z

1 _ cosO—isin® 1
c0s20+isin20—1  2isin®
) 2 .. 2%;
(ii1))  Hence, if 0 =cos— +isin— , find the real part of 1
n n -
) 2 4
(iv)  Deduce that 1+2c0s—n+3cos—n+4cos6—n+5cos8—n = —é 1
5 5 5 5

(v) By expressing the left hand side of the equation in part (iv) in terms of

cos% and cosz?n , find the exact value, in surd form, of cos% . 3

Question 6 continued next page...
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Question 6 continued...

(c) The diagram below shows triangle OPQ in an Argand plane with the point

P being represented by the complex number

)

i+li
V2 2

Im(z) 0

Re(z)

It Z0PQ= Z—g and | PQ| =2, find, in Cartesian form, the complex number

representing the point Q.

End of Examination
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HIGHER SCHOOL CERTIFICATE EXAMINATION

GOVERNMENT .
Mathematics Advanced
Mathematics Extension 1
Mathematics Extension 2
REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(1+r)
| = i X 2mr
360
Sequences and series
Area
A=ixm-2 T =a+(n-1)d
360
A= g(a+b) S"=%[2a+(n—])d]=§(a+l)
Surface area 7;' = ar"!
A =2nr’+ 2nrh
N u(l—r") a(r"—l)
A=dnar- S = = ,r#l
" l—r r—1
Volume
a
V=lAh S_l—r'|’|<l
3
V= ilrr3
3
Functions Logarithmic and Exponential Functions
_=bEVb" —dac ‘f- —4ac log,a*=x= "%
Ld

For ax> + bx’ +cex +d = 0:

b
a+ﬂ+y=—z

C
aB+ay+ By ="
and afy = —(ZI
Relations

(.\' - h_)2 + (_\' - k)2 =r’

log, x

| xX=
8" log,a

at = e.r Ina
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Trigonometric Functions

sinA = @, COSA = ﬂ tanA = o_pp
hyp hyp adj
A= %absinC ﬁ 450 |
.a _ ‘b _ ‘c 4
sinA  sinB  sinC |
¢ =a*+b*=2abcosC
a* + b* - ¢?
cosC = T 30°
[=r6
A= lr29 60°
2 |

Trigonometric identities

SecA = L cosA #0
COsA

cosecA = ,l ,sinA #0
sinA

COtA =

,sinA #0

sin
2 .2

cos“x + sin“x = |

Compound angles

sin(A + B) = sinAcos B + cosAsin B

cos(A + B) = cosAcos B — sinAsin B

tan(A + B) = tanA +tan B
I —tanAtan B
If t=tané then sinA = 2 5
2 14 1°
-4
COSA = 5
I+t
tanA =

1- 72

cosAcos B = %[cos(A - B) + cos(A + B)]

sinAsinB = %[cos(A - B) = cos(A + B)]

sinAcosB = %[sin(A + B) + sin(A - B)]

cosAsinB = %[sin(A + B) —sin(A - B)]
.9 |

sin“nx = 5(1 — cos 2nx)

cos’nx = %(l + cos 2nx)
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Statistical Analysis

X — U An outlier is a score

o less than Q, — 1.5 x IQR
or

more than Q5 + 1.5 X IQR

-
<

Normal distribution

* approximately 68% of scores have
z-scores between -1 and 1

* approximately 95% of scores have
z-scores between -2 and 2

* approximately 99.7% of scores have
z-scores between -3 and 3

E(X)=u
Var(X) = E[(X - u)*] = E(X?) - 12

Probability

P(ANB)=P(A)P(B)
P(AUB)=P(A) + P(B) - P(ANB)
mmm=ﬂ%%@pro

Continuous random variables

P(X<x)= J f(x)dx

b

Pla<X <b) =J S(x)dx

a

Binomial distribution
P(X=1r)="Cp/(1-p)"~’
X ~ Bin(n, p)
= P(X=x)

=(")p"‘(l—p)”""' v=0, 1 n

. . A PV

E(X)=np
Var(X) =np(1-p)



Differential Calculus Integral Calculus
Function Derivative I |
Jf’(x)[ F)]"dx = ——[£()]" +e
) = n ﬂ _ ’ Y it n+l
y=/f(x) dx nf ()] f(x)] where n # -1
o dy dv  du
y=uv E_“£+VE jf’(x)sinf(,\')dx=—cosf(.\')+c
vy = g(u) where u= f(x) ? = g—‘ ? "
N woao S(x)cos f(x)dx =sin f(x)+c¢
du dv y
V——Uu—
- u dy _ dx  dx R
v dx v2 f’(x)scczf(x)dx =tan f(x)+c¢
J
y=sin f(x) % = f'(x)cos f(x) N
' F(x)e/Pdx = e+ ¢
. dy , . ’
y=cos f(x) d—"_=—f (x)sin f(x)
dy %x))dx =1In| f(x)|+c
y=tan £(x) Jo= S Wsects ()|
( , Slx)
e j_; — Fx)e® | Fix)a’ Wdx = “lna +c
o dy _ f'(x) r v
y=Inf(x) dx f(x) S (x) - dx = sin'lM+c
J \/az —[f(x)]'
y=a’/™ % =(Ina) f'(x)a’™
> . 2 f[’(x) ]2 dx = %tan"@+ c
- dy __f'(x) Ja+]/(x)
y=log, /(x) dx  (Ina)f(x)
[ av du
o dy f(x) u—dx=uv— | v—dx
y=sin"! £(x) —= ) dx J dx
dx h _ [f(x)]'
b
y:cos_lf(x) %:-A j f(.\‘)dx
SRVA R WH60) S
b-a
. dy /) = T @+ )2 £() + o A5, ]}
y=tan" f(x) =
dx  1+[f(x0)] where @ =x,and b=x,
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Combinatorics

n!
"P'.=
— )
(n=1r)
n\ _ne n!
rl- T

n

n -
(.\'+(l)"=.\'"+(l).\’" Ia+"'+('.

).\‘""a’ 4+ +a"

Vectors
|g| =‘.\'£+_v!'| = \[.\‘2 +y?

wv=ul [ v]eosd = xyx, + 3y,
where u = x,i+y,j

and v =X, + Y, ]

r=a+Ab

Complex Numbers

z=a+ib=r(cosf + isinf)
= re'?
[r(cos 6 + isin 9)]" = r"(cos n@ + isinnd)

— rnem&

Mechanics

d’x _dv _ b _ i(ivz)
dr* dt dx  dx\2

x=acos(nt+a)+c
x=asin(nt +a) + ¢

i=-n*(x-c¢)
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HURLSTONE

AGRICULTURAL Student Name
HIGH

SCHOOL

Mathematics Extension 2
MULTIPLE CHOICE ANSWER SHEET

2021 Task 2

Teacher

Select the letter A, B, C or D that best answers the question. Fill in the response oval completely.
Sample 3+5= _(A)7 (B)8 ©) 9 (D) 10
A O B @& c O D OO

If you think you have made a mistake, put a cross through the incorrect answer and fill in the new answer.

A O Bx c O D O

If you change your mind and have crossed out what you consider to be the correct answer, then indicate

the correct answer by writing the word ‘correct’ and drawing an arrow as follows:

Ax Bx coO D O
~N

Correct
Question
Question | Marks
. AO BO CO DO
MC /4
2. AO BO CO DO
/15
3AO BO €O DO >
/15
4 AO BO CO DO 6
Total
/34

HAHS Year 12 Mathematics Extension 2 Task 2 2021

11



Year 12

Mathematics Extension 2

Task 2 2021

Question No. 5 Solutions and Marking Guidelines

QOutcomes Addressed in this Question

MEX12-1 understands and uses different representations of numbers and functions to model,
prove results and find solutions to problems in a variety of contexts
MEX12-2 chooses appropriate strategies to construct arguments and proofs in both practical and

abstract settings

MEX12-8 communicates and justifies abstract ideas and relationships using appropriate language,

notation and logical argument

Qutcome

Solutions

Marking Guidelines

MEX12-2

MEX12-1

(1) Assume log,5 = L where p & q are integers, reduced to
q

simplest form
e
o 3‘]‘ = 5 .
Raising both sides to the power of g, 37 = 549
But the LHS and RHS represent unique prime factorisations, so

they can’t be equal.
~ 3P = 5% has no solution and so there are no integers p & ¢

such that log,;5 = £
q

. logs5 is not rational, by contradiction.

(i) RTP that » is divisible by 6 if and only if » is divisible by 2
and 3.
If # is divisible by 6, then n = 6p, where p is an integer
~n=2(3p) = 2t where f is an integer and # = 3(2p) = Im
where m is an integer
=~ If n is divisible by 6, » is divisible by 2 and 3.
If » is divisible by 2 and divisible by 3, then n = 2X3 Xx
where x is an integer.
S n=06x
=~ If n is divisible by 2 and 3, then » is divisible by 6.
= n is divisible by 6 if and only if » is divisible by 2 and 3.

(iii) a) (J%_.J%)z =0

242 250

u-la o
+
Rl &
v
N

b} From a) any number plus its reciprocal = 2

x
R =)
Y1 X1

x
X2 4 %2 5o
Yz X3z

2 marks: correct
solution

1 marks: partially
correct solution

2 marks: correct
solution

1 mark: partially
correct solution

1 mark: correct
solution

2 marks: correct
solution

1 mark: partially
correct solution




MEX12-4

MEX12-2

X34 ¥ 59

V3 X3

xn

+ I >0

Fn xn
n
i E Xk 4 Yk
Adding et (J’k + xk) >2n

(iv) RTP for integers n > 4, that n! > n?
Let P(n) represent the proposition
P4y LHS =4! =24
RHS =4*= 16
LHS > RHS - P(4) true
Assume P(k) is true for £ > 4 i.e. assume k! > k?
RTP P(k+ 1) true ie. that (k + 1)! > (k + 1)?
Consider (k+ 1)! — (k + 1)? '
=(k+1)k—k®—2k-1
>(k+1)k*=—k?-2k-1
= k3+ kP -k*P-2k-1
=k3—(2k+1)
>0as k3>2k+1fork=>4
& Pk)= P+ 1)
= P(n) is true for integers n = 4

(v) For a point of inflexion, need y" = 0 and a change in
concavity either side of x = a.
Counter example: y = x* has y" =0 atx = 0. This is not a
point of inflexion, it is a minimum turning point.

4 marks: correct
solution with
justification.

3 marks: correct
induction steps
without full
justification.

2 marks: partially
correct solution

1 mark: significant
progress.

2 marks: correct
solution

1 mark: partially
correct solution
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MEX12-8

MEX12-2

MEX12-8

MEX12-8

MEX12-4

MEX12-4

(vi) a+b+c=1
s{a+b+c)=1=1
(a+b+c)2=a?+b%+c?+2(ab+bc+ac)
> a?+b%+c?+42(a? +b%+a?)
(sinceb>a,c>b,c>agivena<h<c)
~(a+b+c)?> a?+b?+c*+2a%+ 2b% + 2a?
~ 12 502+ 3b% + ¢?
Hence 5?2 +3b%* +c? <1

Question 1: Contrapositive is:
If  is not odd, then » is not prime. =~ D

Question 2: Negaﬁon of statement is:
V real numbers x such that x¥2#4 orx>1. ~B

Question 3: 69=2 :.0=2
: 2 12

Other roots spaced 2?” =7 apart

. T . S« L 3T . 137
z, =cis—, £, = Cis—, 2, = cis —, z, = cis —,
12 12 12
17x
z, =Cis ) Zg = CIs —
12
.. 1 |
Z, =COS—+iSiN— =——=+—1
4 2 2
zﬁ=cos—+isin7—=L— L i A

Question 4: (l—i)w= [ﬁcis(—%))

o]

5.

~32¢ *

R EIES)
=32(0-17)

= —32i which is purely imaginary .. B

2 marks: correct
solution

1 mark: significant
progress

| mark: correct answer
1 mark: correct answer

1 mark: correct answer

1 mark: correct answer
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Year 12

Mathematics Extension 2

Ass Task 2 2021 HSC

Question No. 6

Solutions and Marking Guidelines

Outcomes Addressed in this Question

MEX12-4 uses the relationship between algebraic and geometric representations of complex numbers

and complex number techniques to prove results, model and solve problems

Part / Solutions Marking Guidelines
QOutcome
(a)(D M T -
MEX12-4 st
= (cos O+isin 9)” + (cos 0+isin 9)_" 1 mark : correct
. o solution
=cosn8 +isinnd + cos(mne) + zsm(—nﬁ)
= cos HO + isin nO + cos nB — isin no
=2cosnbd
(a)(ii) From (i), letn =1
MEX12-4

S0,

[z + 54 =(2cos8)’

=16cos'6

4
and (z + zhl) =z 44227 162222 + 4z + 27

=z'+4z2+6+4z72+ 2

= (24 +z‘4)+4(z2 +z"2)+6

=2c0s484+4.2¢0820+6
16cos*0=2¢cos40+8¢0s20 +6

cos'0= lco:~:40 +100520 +E
8 2 g

3 marks : correct
solution
correct solution

1 mark : partially
correct solution

2 marks : substantially




(b)(®)

MEX12-4

(b)(ii)

MEXI2-4

(b)(iii)

Since ® is an #" root of unity, ®" =
and I+ +0’+0* +...+0" =0

Hence,

(1+2m+3cu2 +4m3+...+nm”‘1)(co—1)

= 0)+2c02+3co3+4m4+...+(n—1)co""+n(n”

~1-20-30° -40° - 50* - ...- o™
=—l-w-0 -0 -0'-..-0" + "
=—(1+m+m2+m3+...+<o"“)+n using @" =1
=p using I+@+ 0’ + @ +...+0" =0
Let z=cosH+isin®
Z =cosB—isin®
z=—% =2isinf
z2—1=co0s20 +isin208 -1
i 1
Hence, — ==
cos28+7sin20-1 2z -1
z—z"!
z .
=— (smce [z| = 1)
z—%
_cos®—isin®
2isin®
Note thatif  sin@=0, then
0828+ #5in28—1=1-24in? 0+ 215inQcosd—1
= 5in@(-2sind + 2rc0s8)
=0
Thus when sin8 = 0, both expressions are undefined
I 1
w-1

2 . 2w
cos—+isin—-—1
n n

T .. W
cos— —isin— .
=—1M 1 using (i) with 8 = —
- n
2isin—
n
1 i =
=————cot—
non

2 marks : correct
solution

1 mark : substantially
correct solution

1 mark : correct
solution

1 mark : correct
solution




(b)(iv)

(b)(v)

From (i), we have

1+20+ 30 +40* +.. .+ ne™' = a)n -
With n = 5, this becomes
1420+ 3007 + 400 + 50° = —— 1]
w~1

2 . 2¢;
where @ = cos-gu+151n?

Re(m’) =Re cos—z—?P-+isinE-
5 5

2mr . 27r .
= Re(cos—ist-’- +i sm—?—} de Moivre's Theorem

:coszgi [2]

_Hence, from [1]:

Re(1+2m+3u)2+40)3+5c0“)=Re >
w-—1

28 3Relr o) sk sk 21

1+20052—TE-+3cosi7£+4cos§f-+5coss—n= —2
5 5 5 2

where we have used:
[2] on the LHS, with » =1,2,3,4
and (iii) on the RHS

Using cosg—n = cosz—n
5 5

6m 41 4n .
and cos—=cos— =-cos—, Part(iv) becomes

5 5 5

1+2c0s2?n—3005%—4cos£+5ces£1£=—-5~

7c:os:z—w—7cos£=—Z

b 5 2
2% T

COf— —COf—=——
5 5

2cos?E ~1-cost = _1
5 5 2

2coszE—cosE—l =0
5 5 2

4coszg—2ws§—— 1=0

n 2+J2_0 i
os;= , cos§>0

g

1445

4

1 mark : correct
solution

3 marks : correct
solution

2 marks : substantially
correct solution

1 mark : partial
progress towards
correct solution




Question 6 continued...

(c) I
MEX12-4 mez) )
T
17 T S S W - S
T3 P B
) 4 Re() 3 ma'rks : correct
solution
— . i
argOP =tan ‘[i =1 2 marks : substantially
A2 correct solution
24P0 == (alt 2)
4 1 mark : partial
7 mark : partia
LZAPQ = % - :E:- = 13:_ progress towards
5 correct solution
.34~P8=7;

50, P_Q. = 2(003%‘% isin%t]

=—-1+r\/§
00 =OP+ PQ
¥L+-14+(
2 2
3 3
L W G
=)
=3J5—2+3J5+2J§i

2 2

—1+fJ§)




HSC examiners notes re 2005 Question 5b
(Q 6b in this task)

®)y O

€D

(iif)

(iv)

(v}

Some (bricf) comment was needed as to why the sum (1 + @+’ +..+ 0™') was zero,
which many candidates everlooked.

This patt was generally done well, with candidates showing a good understanding of
inverses and de Moivre's theorem.

Many candidates found the real pan, although not always from correct working. Many
did not see the relationship between this and the previous part and this it made it more
difficult 1o get the answer.

While this part was attempted by a farge number of candidates, setting out, which was

. . . In
crucial to siceess, was often rather poor. Many tried to simply put w = cos?. Another

. 1 | -
common errar was to claim that the real part of PRty implicd that she rea) part of
w-

w-lwas -2,

There were many attempts at this parl. It was accessible even to those who had managed
to do little clse in part (b). A reasonable number of those who attempted the question

5 . . 2n n 4n
managed to write the terms in the sum in terms of cos? and cos— or cos? and

2n L 2 .3
cos?-. Many were then able to form a quadratic in cither cos-—s— ot cos;. There were

a number of candidates who correetly reached this stage but then made careless erors in
solving the quadratic equation.




