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MATHEMATICS
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Time Allowed — 120 Minutes
(Plus 5 minutes Reading Time)

General Instructions:
e All questions may be attempted
e All questions are of equal value
e Reference Sheet will be supplied
e Department of Education approved calculators and templates are permitted
e In every Question, show all relevant mathematical reasoning and/or calculations.
e Marks may not be awarded for careless or badly arranged work

Question 1-5 are to be completed on multiple choice sheet then Question 6,7,8,9 to
be completed on separate sheets of paper and handed in in separate bundles.
Each question must show your Candidate Number ( in the top right hand corner).



For the following questions colour the most correct answer on your multiple choice answer sheet.
i +a
1. Let f(x)=-——, where kand a are real constants.
x

If & is an odd integer which is greater than 1 and a < 0, a possible graph of f(x) could be

A B.

2
2. The coordinates of the foci of the hyperbola xT —y* =1 are given by:

A. (0, £V/5) B. (+5,0) C. (0, £24/5) D. (£24/5,0)

3. The polynomial P(z)=z’+(1+i)z> +(1+i)z+1 hasareal zero z=—1 and a complex

zero z = . By considering the sum and the product of the roots, the third root is:

AL
a
B. &
C. -«

D. (1-a)
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4, J.xsian dx =

A. —2xcos2x+sin2x+C C. —;—c052x+i—sin2x+C

L.
B. —£c082x—lsin2x+C D. —%costvLZsmszrC

5. The graph of y = has asymptotes at x =-5, x =3 and y = 0.

ax’ +bx+c

Given that the graph has one stationary point with a y — coordinate of —é— , it follows that

Aa=1,b=2, c=-15

B.a:l, b=1, c=—lé
p
Ca=-—=,b=-1,¢=15
2
D.azl, b=~1, c-—E
2 2
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Question 6 (16 marks)

Marks
a) The diagram is a sketch of the function = %)
¥y
1 \
- 3 -;’z/l; 01 ! it
- N
On separate diagrams sketch:
X 1
®» y= 2
J(x)
(i)  y=Ax)- [fx)| -
(iii)  y= sin”'(f(x)) 2
iv) y=e'™ 2
“ = #0
b) Consider the function f(x)=<1 5 ° i
1 ,zx=0
(1) Use differentiation to show that e™ +x—1>0 for all values of x. Hence 3
show that f{x) is an increasing function for x # 0.
(ii) Show that f{x) is continuous at x = 0. 2

(iii)  Sketch the graph of y = f{x). 1
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¢) The function defined by f(x)= ke

is drawn below.

+

f(xh

A

NOT TO SCALE

Draw a separate sketch of y = [f(x)]2 . E;
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Question 7 (16 marks)

a) Find | e

(1 +sin? x)

“lg* 41

(1) Use the substitution # = -x in / to show that =,

(ii) Hence evaluate /.

Z1—tanx

dx

c) Evaluatej o
+tan x

d) (i)  Use the result jo” F(x)dx = fo" f(a—x)dx, to show that

z z )
j04 In(1 + tan x)dx = j04 ln( jdx

1+tanx

(i) Hence, evaluate _[07 In (1+ tan x)dx.

e) Using a suitable substitution find the exact value of _"(: V2-+/x dx.
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Question 8 (16 marks) Marks

: 1
a) The locus of a point is defined by the equation 'z - 2[ =4 Re(z - —ij

: " 1
(i) If z=x+iy, explain why x2—2—. 1
(ii)  Show that the locus satisfies the equation 3x* - y* =3. 2
(iii)  Describe the locus that satisfies (i) and (ii). 1
(iv)  Sketch the locus showing its asymptotes and vertex. 1
(v) Find all possible values for arg z for this locus. 1

b) The equation 3x® —9x* +6x+2=0 hasroots a, S and y.
(i) Find the cubic equation with roots a*, 4 and y?. 2

(ii)  Hence evaluate o’ By +af’y +afy’. 2

¢) Given that cos30 = 4cos’ @ —3cosb,

1) By letting x = %—cos 0, use the above formula to find the three roots of the 3

equation 27x’ —9x+1=0.

3 S 7
(i)  Hence, find the value of cos%cos?ﬁcos—gcos?ﬁ : 3
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Question 9 (16 marks) Marks

2 2

The point P (3cos6,2sin6) lies on the ellipse % +y7 =1 with centre O.

Ay

\ P(3cos8,2sinb)
Q

O ‘/ B
) Find the equation of the tangent to this ellipse at P. 2
(ii) A line passing through the origin O parallel to the tangent at P meets the 2

ellipse at Q as shown on the diagram. Show that Q is (—3 sin@, 2cos 9).

(iif)  Show that the distance between the tangent at P and the line OQ is % . 5
(iv)  Hence prove that the area of AOPQ is independent of the position of P. 1
(v) Find the length of PQ and state the maximum and minimum values of this 3

length for -7 <6 <.
(vi)  The tangents at P and Q to the ellipse intersect at 7. Find the coordinates of T, 2
and verify that T lies on the curve 4x>+9y* =72.

V) PD is a diameter of the ellipse. The tangent at P meets the vertical through 3

D at V. Show that the ratio of the area of APDV  to the area of the ellipse is

2:7z|tan6|.

Questions continue over page...
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Question 10 (16 marks)

b)

(i)

Show that, if (rcosé,rsind) and (s cos(@ +-72-[—),ssin(0 +§D lie on the

s | o . 1.0 1 1
hyperbola %—%— =1 with centre O, then —+—=—~—.
a re s a b

Deduce that, if P and Q are points on the hyperbola such that OP is

+
or’ 00>

perpendicular to OQ, then is independent of the position of

P and Q. Give a sketch of the hyperbola and points O, P, Q related in this way.

Find the point(s) on the curve xy (x +y) + 16 = 0 where the gradient of the tangent

to the curve is -1.

£
()
(ii)

(iii)

(iv)

[ I+ x)dv, n=0,1,2, ...

Show that j In(1+ x)dx = (1+ %) In(1 + x) — x +c.

Show that (n+1)/, =2In2 - ! =0l v 5 B= 12 i
n+1l

Evaluate 3/, and 41.

e T e Rl
Show that (n+1) [, = nr
1 1 1 1
2In2—| ———+———+ , neven
[1 2 3 4 n+ )
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Bxy¥ 7. MATHEMATICS: Question. ).C

Suggested Solutions Marks Marker’s Comments
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Suggested Solutions

Marks

Marker’s Comments
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MATHEMATICS: Question.l—::.l(.T 2 & L

Suggested Solutions Marks Marker’s Comments
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2016 Extension 2 Term 1 Task Q 8

Part (a)

(i)

Note that vz e, |z| =0

z-2|20 = Re(z=2)20

z=x+1ly = Re(x+fy—%)_>_0
1

x—; =0

xz-:- (1 mark)

Comments:

Students needed to demonstrate they knew |z — 2| = 0 and that, therefore, the real component
was also greater than zero.

(ii)

] = -
[x — 2 + iy] —Z(x 2)
(x —2)% + y? =4(x2——x+%) (1 mark)
x2—dx+4+y:=4xt—4x+1
3x? —y? = 3 (1 mark)

(iii)
Locus is an hyperbola with vertex at (1,0), domain restricted (noting above result) to x = % It’s

therefore the right-hand branch only. (1 mark)

Comments:

The mark was not awarded unless the domain restriction was clearly stated.

(iv)

Asymptotes: y = +V/3x

(1 mark)

Comments:

The asymptotes had to be clearly shown and labelled for the mark to be awarded. A mark for
carry-forward error was awarded if the student had failed to show the domain restriction in part
(iii), and had proceeded to otherwise correctly graph the entire hyperbola.



(v)
To find the boundaries of the argument range, find the angles of inclination of the asymptotes:
tanf = +V/3

=1

wld

—g <argz <§ (1 mark)
Comments:

The student needed to write the argument as a strict inequality.

If the student had carried forward the error of not restricting the domain in part (iii), then a
mark was awarded for finding the domain for the left-hand arm of the hyperbola: 2?” <argz < 4?”

Part (b)

(i)

Method 1:

Let m = x2, x =m

3x3—9x®+6x+2=0
3mym—9m+6ym+2=0 (1 mark)
Vm(Bm+6) =9m —2

m(9m? + 36m + 36) = 81m? — 36m + 4 (1 mark)
9m3 —45m? +72m—4 =0

(It was unnecessary to change the variable back)
Method 2:

Find each of the following:

a’?+p*+y2=5

a?fy? = ;:

a’B? + B%y? + a?y? = 8 (1 mark)

x3—5x2+8x—§=0 (1 mark)

(ii)

3By + af3y + afy® = afy(a® + f* +y*) (1 mark)
apy =—=

a’+p2+yt=5

. PPy + aBy + apy = —2x5



= _1_3Q (1 mark)

Comments:

If Method 2 was used in part (ii) and an error was made in finding the sum or product of the
roots, and that error was brought forward here, then a mark for carry forward error was
awarded.

Part (c)
(i)
2
Letx = 5 cos ]
2 3 2
27 (-gcose) -9 (;cosﬁ) +1
= 8 3
=27 (Ecos 9) —6cosf +1 (1 mark)

=8cos®@ —6cos0 +1
=2cos30 + 1, since cos36 = 4cos*6 — 3 cosd

n2cos36+1=0

cos 36 = —% (1 mark)

3a=i%”+ 2km, k=0,1,2

2n | 2km
=4+ 4=
g =" 8 i 3
2m 4m 8m
b= e
2 21 2 4T 2 8 . . s g
X ==cos—, =cos—, —cos— (or equivalent values, noting that cosf is an even function) (1 mark)

3 29°3 9 3 9

Many students made computational errors when finding the angle.

(i)
(cos g) (cos 3—5-”) (cos 5—975) (cos %’E) = (— cos %5) (%) (~— cos 49—”) (— cos z’fn) (1 mark)
= =3 (cos%) (<05 3) (05

From the equation 27x3 —9x +1 =0,

Product of the roots = -—;17-



2 2T, 2 am 2 8m 1
S =C0S— X =C0S— X =c0s— = —— (1 mark)
3 9 73 9 3 9 27

2n 41 8m 1
(COS —) (COS —) (COS —) = —=
9 9 9 8

1
S (1 mark)

Comments:

Students were required to show the equivalence of the product of the roots derived directly from
the equation, and the roots found in part (i).

Note that if the roots were determined incorrectly in part (i) and the logic of part (ii) was
obviously otherwise sound, then a mark was awarded for carry-forward error.
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MATHEMATICS Extension 2: Question..}Q...
Suggested Solutions Marks Marker’s Comments
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