Name:

Class:

YEAR 12

ASSESSMENT TASK 2
TERM 1, 2017

MATHEMATICS
EXTENSION 2

Time Allowed —~ 120 Minutes
(Plus 5 minutes Reading Time)

General Instructions:

All questions may be attempted

All questions are of equal value

Reference Sheet will be supplied

Department of Education approved calculators and templates are permitted

In every Question, show all relevant mathematical reasoning and/or calculations.

Marks may not be awarded for careless or badly arranged work

Question 1-5 are to be completed on multiple choice sheet then Question 6-10 to be
completed on separate sheets of paper and handed in in separate bundles.
Each question must show your Candidate Number ( in the top right hand corner).
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QUESTION ONE

% 'etaum
The value of / =— dz is which of the following?
o Cos‘z
(A) e-1
(B) e+1
(C) e
(D) 0

QUESTION TWQ
Which of the following is the equation of the hyperbola with foci (6,5) and {(—4,5), and

. .. 5
eccentricity ) ?

— 132 Y
w Eo2 G,

7 1)2 _E\2
) B2 G

9
2 g2
(C) T
55'2 ,y2
D) 1g-g="1

QUESTION THREE

The zeros of the polynomial z? + az® + b2® + cz + d are all complex numbers that lie on

‘the unit circle. The coefficients a, b, ¢ and d are real numbers. What is the sum of the

reciprocals of the roots of the polynomial?
(A) @

(B) —a

(C) e

(D) —e¢

Examination continues on next page ...
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QUESTION FOUR

1
Suppose that n is a positive integer and that z + 3= 2cosd, for 0 < 8 < 7. What is the

value of 2" 4 ;15 ?
(A) 2(cos&)™
(B) 2™ cosnd
{C) 2(cosN™

(D) 2cosné

QUESTION FIVE
The function P satisfies the equation P(2 + z) = P(2 — z) for all real numbers z. Also,

P{z) = 0 has four distinct real roots. What is the sum of these roots?
(A) 8
(B) 6
(C) 4

(D) 2

FExamination continues on next page ...
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QUESTION SIX (Start a new answer booklet.} ) Marks
1,2
(a) Evaluate / v i dz. 2
o z4+1
(b) Find f tan® 4 df. ' 2
1
{c) Use the substitution u = /I — = to find / *1 =~ zdz. 3
- 0
(d) Define the integral Jp as J, = f (log, )™ dz. 4

i) Use integration to show that J, = z(log, z)™ — nJa_1.
e

[
(ii} Hence show that f (log, )2 dz = e — 2.
1

502 —4z+5

————da b { ial fractions.
@-DE+2) dz by use of partial fractions 3

(e) Evaluate

1 ) T
——— dz. Leave your answer in terms of tan 3 2

ing ¢ = tan &
(f) Using ¢ = tan 5 evaluate f TTonz

Examination continues on next page ...
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QUESTION SEVEN (Start a new answer booklet.) Marks

(a) If @, B,y are the roots of the equation 3z° — 522 — 4z + 3 = 0, find the cubic equation 3

having reots a— 1, §—1,v—1.
(b) The cubic equation 2 + pz + g = 0 has three non-zero roots ¢, 3, 7. 3
Find, in terms of the constants p and g, the values of
i) o+ 52+

(i) of + % ++°
2 2

c} For the ellipse with equation — + — = 1:
For the ellipse with t‘”lcalg 1
(i) Sketch the ellipse, showing the foci S and ', and the directrices. 4
(ii) Prove that the tangent to the ellipse at the point P{4cos@, 3sin8) has the 3
¢ ing
equation Teos + AL 1.

4 3
(iil) If the ellipse meets the y—axis at B and B’, and the tangents at B and B’ meet 3
the tangent at P at the points @ and @, prove that BQ - B'Q’ = 16.

Examination continues on next page ...
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QUESTION EIGHT (Start a new answer booklet.) Marks
{a) (i) Express V3 +1i in modulus-argument form. 2
(i) Hence simplify (v/8 + i)*? using de Moivre’s theorem. 2

(b) The tri{ngle OPQ lie? in the complex plane such that O is the origin, OP 1 PQ, 3
OP =% and PQ =26 Let X be a point on PQ such that PX = 1 and let z be the

complex number representing X.

By considering 2%, show that ZXOP = %ZQOP.

(¢) (i) Let z be a complex number such that z # 0. Show that % - S is purely 2
imaginary.
(ii) Hence sketch the locus of % - —z (Note, you may wish to consider z in the form 2

of z = r(cos @+ isinf), where r = (2| and 8 = arg(z).)

(d) The polynomial P(z) = #* — 42% 4 2422 — 402 + 100 has two non-real double zeros.

Let « be one of these zeros so that P{a) = 0.

(i) Show that P(@) = 0. _ 2

(i) Let o = z+4y. By considering the relationship between the zeros of a polynomial 3

and the coefficients of its terms, find 2z and y, and hence solve P(z) = 0.

Examination continues on next page ...
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QUESTION NINE (Start a new answer booklet.) Marks

= - 3)(1 - )

(a) The diagram above shows the graph of y = f(z) where f(z) = (z - 3)(1 — z).
On separate diagrams, and without the use of calculus, sketch the following graphs,

clearly indicating any significant features.

(1) y=7(=) 2
1

i) y= = 2

W Y= )
(iti) y = /@ 2
(iv) ¥* = f(2) ‘ 2

2

(b) The hyperbolae Hy : 2% - %— =1 and Hy:y% — 2% = 1 are known to intersect. 3

Let C be the family of curves
32
C:(xg-—é-—l)+k(y2—:c2—-1)=0

that pass through the points of intersection of H; and Ha, for k a real number.

For what values of &k will the family of curves C be hyperbolic and with its foci

on the z—axis?

-

Examination continues on next page ...
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2

2
{c) The diagram above is the graph of the ellipse % +

¥

Let P = (acosq,bsina) and Q{acos B, bsin 8) be two points on the ellipse such

that OQ is parallel to the tangent at P, and where O is the origin.

(i) By considering the gradient of the tangent at P and the gradient of OQ,
show that coto = — tan B.

(ii) Hence show that the area of triangle OPQ is |_al_3_|.

(Note, you may use the fact that for any two points U = (z;,4;) and
1 .
V = (z2,¥2) in the plane, §[x1y2 — z2y1| gives the area of the triangle OUV.)

Examination continues on next page ...
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QUESTION TEN (Start a new answer booklet.) Marks

(a) The points P, ¢}, and R lie in the complex plane and represent the complex num- 4

bers zj, zo, and z3 respectively. Show that if triangle P@R is equilateral, then

z12 4 222 + 332 = z129 + 2923 + 232].

¥

tiar ol

i
}

o oL 2 i~ Zin ¥

(b) The diagram above shows the graph of y = tan™1z for z > 0. A construction of
m upper, and m lower, rectangles has been made between z = m and z = 2m,

each of width one unit.

m
Let Sy, = Ztan"l (m+k) =tan™ (m + 1) + tan~}{m + 2) 4+ - -+ + tan~1 (2m).
k=1

(i) By considering the sums of the areas of the upper and lower rectangles, along 4

2Zm
with the integral / tan™! z dz, prove that
m

1 14 m?
9 -1 _ -1 =
mtan™*(2m) — mtan™ m + 5 In (——————1 m 4m2) < Sm

and that

1 1+m?
Sm<(2m+2)ta.n_1(2m+2)—(m+1)tan‘1(m+l)+§ln( tm )

14 4m?2

(ii) Hence find 2
Sio00 = tan(1001) + tan~1(1002) + - - - + tan™}(2000)
to three significant figures.

Examination continues on next page ...



JRAHS Half-Yearly 2017 Year 12 Mathematics Extension 2 Page 9 of 9

(c) A polynomial P(z) is said to be reducible over the integers Z if it can be written

as a product of polynomials Q(z)R(z) = P(z), where Q(z) and R(z) are both

integer polynomials (that is, polynomials whose coefficients are all integers). If

such a factorisation cannot be performed, we say that the polynomial is srreducible.

Define the polynomial P(z) as

Pz)=2"4+z+p

where z is a complex number, n is a positive integer and p > 2 is a prime number.

(1)

(if)

(i)

Suppose that P(z) may be factorised into a product of two integer
polynomials as

P(z) = Q(2)R(2)

Show that either Q(0) = +1 and R(0) = £p or R(0) = %1 and Q(0) = %p.

Without loss of generality, take the case where Q(0) = +1 and R(0) = +p.
Let the roots of (X{z) = 0 be e, @xo, . . ., o, where k is some integer less than
n.

Given that the product of the roots of a monic polynomial of degree k is
given by

Q0O = (—l)kao

where g is the constant term of the polynomial, show that there is at least

one root a; of Q(2) such that les| < 1.

Hence, using the triangle inequality |z + w| < |z| + |w| or otherwise, show

that P(z) is érreducible.

END OF EXAMINATION
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