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General Instructions
4 questions — 15 marks each

e  Waorking time — 90 minutes + Sminutes Total marks — 60
reading

¢  NESA approved calculators may be
used

e Write using black pen

¢ All necessary working should be

shown in all questions .
Attempt all questions

®  Write your student number at the top of

every page of your answer sheets. Start each question on a new sheet of paper.
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Question 1 (15 Marks)

(a) Consider the complex numbers w = —1 + V3iand z =3+ 2i e
(i) Evaluate wz 2
(ii) Evaluatejw]| 1
(iii) Find the value of argw 1
(iv) Evaluate % 2
(v) Find w® in mod-arg form . 1

(b) Find the square roots of 8 + 4+/5i . 3

(c) On an Argand diagram, show the region where the inequalities 3

1< ’Z| <3 and %S argZ< g hold simultaneously.

(d) On an Argand diagram sketch |Z + 1| = |Z — i| 2



Question 2 (15 Marks) Start a New Sheet of paper Marks

3a—5i .
(a) The complex numbers z and w are such that Zz = —y) and w = 1-13bi, 5

where a and b are real numbers. Given that Z = w, find the values of a and b.

(b) Sketch the locus of

. (z+1) __ T
(i) arg—-—(z_l) =3

(i) 2lzj=z+Z+ 4

(© Im 4

P

In the diagram above, the point P represents the complex number z, where

|z| =2and 0 < argz < %- Copy the diagram and indicate clearly the
mod and arg of

(i) The point Q representing iz 1
(i)  The point R representing Z 1

~3
(iii) ~ The point S representing —25 1

(iv)  The point T representing z? 2

(d)

(i)  Express (1 -1}(5 + i)? in the form a+ib where a and b are real 2

(i) Hence prove that tan™? (17;) + 2tan~t (—E) = -}



Question 3 (15 Marks) Start a New Sheet of paper
(a)

(i)  Find the roots of z* — i = 0, giving your answers in mod-Arg
form.

(if)  Plot the roots on an Argand diagram

(iii)  Find the exact area of the quadrilateral they form

(L) If 1 is a root of the equation then show that 15 is also a root.

(b) The complex number z represents a variable point P in the Argand plane.
If |z} = |z — a| where @ is real evaluate arg(z? — za)
(c) The complex number is represented by z such that |z —3V3- 3i| =3

(i) Find the maximum value of |z|

(ii) Find the range of values of arg z

@) 1t z = ( c0s260 — 1) — isin20 show that arg z =29
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MATHEMATICS Extension 2: Question 3

Suggested Solutions Marks Marker’s Comments
Question handled well on the whole.
(@) (i) For the rootsofz* — i = 0: The primary error was that of incorrect
arguments within the cis function.
letz =r(cos@ + isinf) = rcis @ wherer > 0 and 6 = Arg (2)
for —m < Arg(z) < m. You should, unless otherwise stated,
assume the principal branch for the
Then argument 6:
|z%| = il
—-n<O0<m
lz|* =1
Technically, there is a difference
|r(cosf +isin@)|* =1 between lower-cased arg(x) and
upper-cased Arg(*). They are related as
r*|(cos@ +ising)|* =1 such:
pETr =1 arg(z) =Arg(z) + 2nm
so
r=1 foralln € Z where
and ¢ <Arg(z) <¢p+2m
z* = feisg)* or
= cis(48) by de Moivre's theorem ¢ <Arg(z) < ¢+ 2m
= cisE The value of ¢ is chosen at the outset,
2 something convenient given the context
=y of the problem.
S0, The default setting is
n _ M nm 1
49—§+2nn—>6—§+7 —m<Arg(z) <m

forn € Z such that — < @ < 1 ; i.e. for integers n where

<7T+nﬂ.'<
_n i —
g g -

2 en<t’
4 S"=0y

Hence, required n are —2, —1, 0, 1. Anything else would break the
restriction on the argument.

So

z=cis(g+112£)

forn = —2,—1, 0, 1; that is, the roots are (in mod-Arg form):

In the HSC, the syllabus fails to make
explicit mention of this difference, and
tacitly assumes

—nm<arg(z) <m

You should always work with a principal
argument & where —r < 8 < m unless
otherwise stated.

One mark deducted if arguments of
complex roots weren’t within the
principal range.




Z3 = COS

B ( 3n)+_ ) ( 31r)
Z, = COS 3 isin 3

_ (511) +isi (571)
Z4 = COS 3 i sin 9

(ii) Plot:

(iii) The points mark out the vertices of a square with diagonal
lengths of 2. Hence the area is % % (diagonal lengths) = % X 2 X
2 = 2 units squared.

Too many students did not label the
plot sufficiently, but were awarded the
mark if the orientation of position
vectors were correct.

If it were to have been a two-mark
question, a mark would have been
deducted.

Label everything and be as neat as
possible.

Most candidates determined the
correct area.

Too many, though, did not provide
adequate reasoning (some no reasoning
at all) but were awarded the mark since
the numerical result was correct.
Similar to the last question, if this were
to have been a two-mark question, a
mark would have been deducted for
insufficient reasoning. It doesn’t take
much: explain from where you get your
numbers.




(iv) Let A € C be a root of the equation z* —i = 0.Then A* = i.
Now, substituting A° into the equation gives,

(A5 —i= @5 —i

Hence A° is a solution to z* — i = 0 if A is a solution.

(b) Let z € C be represented by the point P in the complex
plane such that |z| = |z — | fora € R.

In the example construction below, @ > 0, P(z) is the point
representing z, Q(z — a) is the point representing z — a. The
vector RP is equivalent to the position vector of z — a and will be
used throughout.

Q{z — x) P(z)

o :
\\\ » /
\ 2 A/’
\\ /!

1 /
N0/

\,‘,

-6 —4 -z G 2 4 5]

=2

Algebraic Solution

letz = x + iy. Then
lx + iyl = |(x — a) + iyl
x2+y?=x*—-2ax+a’+y*
ala—2x)=0

So
a=0ora=2x

Most candidates handled this well,
though there was one primary and
persistent error: ‘specialising’ the
problem: students assumed A to be one
of the roots established in (i), took that
to the power of five and then showed it
equivalent to i. Handling the problem
this way is insufficient because 4 is
meant to be any of the roots. You
therefore need to show that A% works
for all roots.

Others took each of the four roots and
then raised them each to the power of
five: this is correct, but inefficient.

First mark for a demonstrated correct
appraisal of situation.

Anyone working through an algebraic
solution correctly handled the problem
well and there was no real confusion.




Ifa # 0, then
arg(z? — az) = arg(x? — y* + 2ixy — ax — iay)

= arg((x? — y? — ax) + i(2x — a)y)

= arg(x? — y% — 2x%2 + i(2x — 2x)y)

= arg(—(x? + %))
where 2x has been substituted for a.
For all x, ¥ € R such that (x,y) # (0, 0) (else argument
undefined), it follows that —(x? + y?) is a negative real number
always. Hence

arg(—(x2 +y?)) =m+2nn

foralln € Z.
If @ = 0, then arg(z? — az) = 2 argz, and nothing more could be

said

Geometrical Solution

Cases for a # 0:

T




Note that in all situations, since we have |z| = |z — a/, any
triangles formed will be isosceles. Hence equal angles will lie
opposite equal sides. We also have that arg(z? — az) =

arg(z(z — a)) = arg(z) + arg(z — ).

P(z)

Arg(z) Arg(z — a)

Given the geometry above, we have
Arg(z — a) = Arg(z) + ™ — 2 Arg(z)

given that the exterior angle equals the sum of the opposite two
interior angles, and that the angle sum of triangle is 7.

Hence
Arg(z) + Arg(z—a)=m

A similar construction could be made for the second situation
where Im(z) > 0and a < 0.

Hence generalising,
arg(z? —az) =m+ 2nn

foralln € Z whenIm(z) > Oand a # 0.

When Im(z) < 0 (i.e. triangles ‘below’ the real axis), we have
negatively-valued arguments whose sum is — 7 (assuming principal
arguments) by following similar geometrical arguments as laid out
above.

Arg(z) Arg(z — a)

P(2)

Candidates who arrived at i as the
correct result by considering only one
geometrical configuration weren’t
penalised.

Candidates who did not consider the
situation for & = 0 were not penalised.

When considering the geometrical
solution, a mark was awarded if
candidates demonstrated their
knowledge that

arg(z? — az) = arg(z) + arg(z — @)

There was no penalty for Arg vs arg
(even though we are dealing with a
geometrical construction (i.e. using
properties of triangles), where a single
angle is required).




So
Students who listed - as one of the

Arg(z) + Arg(z—a)=-n~m results were not penalised, but if we are
dealing with the principal argument, —m
since arguments of — 7t are mapped to ™ when dealing with should be mapped to m.

principal branch.
This result occurs also for a < 0.
Generalising,
arg(z? — az) = —m + 2nm
=mn+2nm
for alln € Z (the second line is equivalent to first in the above
equation since running though all integers n generates all

arguments...hence we can choose any particular (correct) argument
and start generating from there).

Cases for lim «
a—0

-1

i 3

If Im(z) > 0 and, after forming a triangle, we make a approach
zero, we arrive at the situation where Arg(z) and Arg(z — «) both

approach g
Hence, in the limit, Arg(z) + Arg(z — @) = 7.

Similarly, if Im(z) < 0 and, after forming a triangle, we take the
limit as @ approaches zero, we have Arg(z) and Arg(z — a) each
approach _%-

Hence, in the limit, Arg(z) + Arg(z — @) = —m ~m (since - is
equivalent to 7 if principal argument).




Generalising in both cases,
arg(z? — az) = arg(z) + arg(z — a)

=mn+2nn
foralln € Z.

If @ = 0, we once again have arg(z?) which would be twice the
value of the argument of z; that is,

arg(z?) = 2arg(2)

when a = 0.

In all cases, then,

arg(z? —az) =m+ 2nn
foralln € Zand a # 0, and

arg(z? — az) = 2arg(z)

whena = 0.

HSC
In all cases, then,
arg(z? —az) =mn
forallm € Zand a # 0, and
arg(z? — az) = 2arg(z)

whena = 0.

(c)
(i) To find the maximum value of z € C such that
|z—3v3-3i|=1z- (3V3 +3i)| =3
we have, by triangle inequality,

|z| - |3v3 + 3i| < |z — (3V3 + 3i)|

Iz <3 +3|V3+i| (since |z — (3V3 +3i)| =3)

=3+3V3+1

=9

Many students received full award for
this problem, although there was a fatal
flaw in nearly all papers.

The flaw in reasoning depended upon
the approach taken: purely geometrical
versus purely algebraic.

Flaw in algebraic approach:

Showing that the modulus of z cannot
exceed 9 is only one part of the battle.
If you fail to show that there actually is
a z whose modulus is 9, then you
haven’t found the maximum value of
|z| (who knows, the actual maximum




Hence, the modulus of z may not be greater than 9. Nothing has
been proven to state that 9 is the maximum value. All that's been
shown is that |z| < 9, but the actual maximum could be 8, and the
truth of the inequality would still hold.

So, we have to show that such a z exists. Any (logically sound)
method will do. We may do this quickly using geometry.

The locus of z such that lz — 33 - 3i| = 3 is a circle with centre
(3v/3,3) and radius 3.

P(z)

C{3V3.3)

G
S

Ie) V3

Pythagoras’ theorem gives OC = 6, and CP = 3 given the radial
length.

Hence there is a z on the locus with distance 9 units from the
origin, and we are done.

on the circle may be some number less
than 9?!). Inequalities erase
information.

Flaw in geometrical approach:

Constructing the circle and taking a
position vector that passes through the
centre of the circle to land at the point
P(z), say, where |OP| = 9 is not
(strictly speaking) sufficient to
demonstrate that the value found is the
maximum. There should be a reason
stated as to why this construction yields
the greatest value of |z|.

Note that by product of secants on a
circle from an external point, we have

SX-XR = QX -XP

where secant SX runs through the
centre of the circle (and hence contains
diameter RS); that is,

d+x)x=(@a+y)y..(1)

Also, the segment XR must be
perpendicular to the tangent at R since
the tangent at R is perpendicular to the
diameter RS and angle XRS is a straight
angle.

Hence the distance x is less than the
distance y;i.e.x < y.

We want to show that

x+d<y+a




so consider the difference

x+d)—-@+a)
:(x-[-a)_(iﬂ

by equation (1)
X

Since 0 < x <y, we have 0 <§< 1,
i.e. ;C—J is a positive number smaller than

1.501 — % is positive. Hence

(x+d)(1—§)>0

and so

(x+d)—(y+a)>0

x+d>y+a

So, the secant running from a point
external to a circle and passing through
the circle’s centre is greater in length
than any other secant to the circle from
the same point.

There were no significant issues in
regard to finding the range of allowable
arguments of z for the locus.




(ii) To find all possible arg(z):

Let y = mx and find all m such that the line is tangent to the circle.

Substituting mx for y in locus of z: First mark awarded for a logical
1 approach.

2
(x—3V3) +(mx—-3)>=9
(1+m?)x?—6(m+V3)x+27=0
The lines are tangent when the discriminant is zero:

36(m ++3)° — 108(1+m?2) = 0

implies that
m=0orm=+3
so,
I
0 < Arg(z) 3
giving,

T
2nm < arg(z) < 3 + 2nm

foralln € Z, and so

1 Second mark awarded for correct

i
0 <Arg(z) < 3 answer.




(d) Letz = (cos26 — 1) — i sin26.
Then
z=1—2sin?@8 —1 — 2isinf cos@

= —2sin6 (sin @ + i cos @)
= —ZsinB(COS(g—B)J‘”iSi“(g"9))

Hence the argument may be read as:

A
Arg(z) = E —0

This question was mishandled by a
good proportion of the candidature.
Missteps included:

e Ignoring negative signs and
therefore not obtaining a result
that would lead naturally to the
conclusion, but still attempting
to draw that conclusion.

e Obtaining tan~*(cot ) and
moving directly to —% Jt'sa
‘show that’ question, so you
must demonstrate every step,
including that of
tan"!(cotf) =

tn: > (tan (9 - g)) =40 —%

It's not sufficient to operate an
inverse function on a function
that is not immediately related
to the inverse when the target
result is known because you
know what the answer is meant
to be, so an examiner must be
sure that you know what comes
next; i.e. that you're not just
taking a ‘leap of faith” in the
hope of scoring points.

This type of question was
handled poorly in the 2018 HSC
for this very reason.
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