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YEAR 12
ASSESSMENT TEST
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Mathematics Extension 2

General Instructions
5 Multiple Choice Questions-1 mark each
e  Working time — 120 minutes + 5 5 Long Response Questions—15 marks
minutes reading each

¢ Board approved calculators may be
used

Total marks — 80

»  Write using black or blue pen

o  All necessary working should be
shown in all questions '

¢  Write your student number at the top of
every page of your answer sheets.

Attempt all questions

Start each question on a new sheet of
paper.
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Mutltiple Choice Questions

Answer the following questions in the answer sheet provided

1) What is the multiplicity of the root x = —1 of the equation
3x5 —5x*~35x—27 =07
(A)one
(B) two
(C) three

(D) four

k3
2) Using a suitable substitution, the definite integral J2* tan2xsec?2x dx is equivalent
to

(&) f34 5 du
B) foz_\/3 2udu

©) [ 2udu

@) f; ™ 2 au

- - - . 2 z 3
3) Given the eccentricity of the hyperbola % - l’—z = 11is e, then the eccentricity of the

2 2
¥ ..
+;£—1IS

ellipse
P a?+bz

(A) Ve
(8) -
(© e

(D) e
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4) For a certain function y = f(x), the function = f(|x|) is represented by
(A) A reflection of y = f(x) in the y axis
(B) A reflection of y = f(x) in the x axis
(C) A reflection of y = f(x) in the x axis fory = 0

(D) A reflection of y = f(x) in the y axis for x = 0

5) Let w be the complex root of unity such that w™ = 1, w # 1. Find the value of
o (w" + ;”-1-;) where n = 3

(A0
(B) 1
02

D)3
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QUESTION 6 (Start a new sheet) ' 15 Marks

a)

b)

. x2+2x ax+h c

1) Find constants a, b and ¢ such that FrHe D x +-= 2

N find f x2+2x dx 2

i) Hence, fin vy

Find f 9x3 +9x2 +5x+4 do 3
n 3x+1

The diagram shows v = f(x)

Not to scale

Draw separate one third page sketch of the following graph

B y=fl+|f&) 2
i) y= le) 2
i)  y*=f(x) | 2
iv) y=ef® 2
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QUESTION 7

(Start a new sheet) 15 Marks
2 2
* a) i) Show that the equation of the tangent to the curve -z—z - %’; = 1 at the point
el . .
P(x1,v1) onltls%—%=1 2
2 2
ii) Hence, show that the equation of the chord of contact to Z—z — % =1
from the point R (xg, ¥o) 1s %“ - % =1 2

2 2
iii) Hence, show that the chord of contact t .Y

0= —y= 1 from a point on
the directrix is a focal chord

1
b) [ sin(Inx) dx using u = In x or otherwise 3
In2 %%
c) Evaluate [ ——d 3
d) Letz = cos@ + isind
1) Show that z + z™™ = 2cosnf, where n is a positive integer 2
it) Let m be a positive integer. Show that 2

2m Zm
(2c0s8)*™ = 2 [cosZmB + ( 1 )cos(Zm ~2)0 + ( 2 )cos(Zm - 48+

(o g)eos2e] + ()
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QUESTION 8 (Start a new sheet) 15 Marks

. . o e _ x L _
a) i) By using the substitution t = ta’_li , show that {2 T 2
a
i) Show that [ f(x)dx = [2{f(x} + f(a — x)}dx 2
ver i3 x
iii) Hence evaluate[) ———dx 1
2 2
b) 1) Find the real values of k for which the equation ﬁx_—k + 4—3’_1 = 1, defines
respectively an ellipse and an hyperbola 2
it) Sketch the curve for k=5, showing its important features 2
@Explain how the shape of this graph changes as k increases from 5 to 6
and determine if the graph has a limiting position for this increase. 1
c) i) Show that the condition for the line y = mx + ¢ to be tangent to the
2 2
ellipse = +2; = 1 s that c? = a?m? + b? 2
i) Hence, or otherwise, prove that the pair of tangents from the point
2 2
(3,4 to the ellipse :—6 + % = 1 are at right angles to each other, 3
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QUESTION 9 (Start a new sheet) 15 Marks

. 1 7
a) Suppose k is a constant greater than 1. Let f(x) = rpvermers where 0 < x < -.
n —
You may assume f (E) =0
i) Showthatf(x)—l—f(g—-x)=1for05xsg 2
i)  Sketchy=f(x)for0<x<> 3
* (There is no need to find f'(x) but assume y = f(x) has a horizontal tangent at x = 0.
Your graph should exhibit the property of a)i) and all of the information given)
. z dx
iii)  Hence, or otherwise, evaluate ;W 2
b) For the curve x2y% —x2 +y2 =0
i) Demonstrate why [y{<1 1
Demonstrate why |y| < || 1
iii) Use implicit differentiation to show L x—(-%lz) " 2
dx y(1+x%}
iv) State the coordinates of any critical points (where the derivatives
are undefined) 1
V) Explain why the curve has no stationary points 1
vi) Sketch the curve 2
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QUESTION 10 (Start a new sheet) 15 Marks

T
a) Letl, = [?(sinx)"dx where n is an integer, n > 0.

-1
ey

i) Using integration by parts, show that for n = 2, I, =

ii) Evaluate 1,

b) Suppose a, B,y and § are the four roots of the polynomial equation

P(x) = x* — Ax — 1 = 0, where A is real

i} By considering P''(x), or otherwise, show that at most two of the roots
are real

i) Prove that the polynomial equation with the four roots a?, #%,y? and 62
isx*—2x2—A%x+1=0

ii By considering another suitable polynomial equation, or otherwise,
prove that (a? + 1)(8% + 1)(¥? + 1)(8% + 1) = A?

@) Let the points A4, A,, ..., 4, represent the nth roots of unity, wy, wy, ..., Wy,

and suppose P represents any complex number z such that |z| = 1

iy . Showthat (PA)*=(z—w)(E—-W) fori=12,..,n

ii) Prove that 3,7, (PA;)? = 2n, given that wy + wy + -+ w,, = 0

*END OF EXAMINATION ****

Extension 2 Mathematics task 2 Yr 12 - 2018



poTiele WO B 2D 96 @D oc

MATHEMATICS Extension 2: Question.. .

Heek | HZ
Suggested Solutions Marks | Marker’s Comments
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Suggested Solutions Marks Marker’s Comments
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Mathematics: Extension 1, Question 7

Suggested Solutions Marks Marker’'s Comments
(a)
(i} To find equation of tangent to curve at P(x;, ¥1):
d (x* y*\ d D
dx\a? b%] dx
2x  2yy"
2 2 =0
,  b%x
y = azy
At P(x4,v1), the gradient m is therefore,
1 for
b2x, gradient.
m=—
ay,
Hence the equation of the tangent to the hyperbola at P is
ble
y=n= (x —x,)
1 azyl 1
aty y — a®yf = bPxx — b?xf
b2x} — a*yf = b%xx; — ayy,
x? yE _xx yn
T T after divding through by a?b?
. . xZ  y? Should state why we
Since P(x,,y1) lies on the hyperbola, T 1,and so 1 for obtain ‘1’ (i.e. P
tangent. satisfies the
% — 3;3;1 1 equation).
as required.
(ii) Let the tangents through R(x,, ¥p) meet the curve at points 1 for
P(xy,y,) and Q(x,,y2). The tangent at P and @ are given .
by the result of (i) respectively by acquiring
y tangent at Q
d
XX, Yy an
a—zl - b_21 =1 ..(1 explaining
and correctly
that (3) and
XXz YY2 L 5 {4) follow Tangent at Q needn’t
@z Bz~ - (2) because R be derived, but at
lies on both | least quote ‘similarly’
lines. forQasP.




Since each tangent passes through R, we must have by (1) and {2},

XoX1 Yo
z pz ot O
XoXz2 Yo)2
@ ot @
Now, consider the line {:
l- x_xg. — m — 1
T a2 b2

Then by (3}, P lieson [, and by (4), ¢ lieson {.

Since two points determine a line uniquely, the chord PQ lies on {. Hence

the chord (of contact) is given by

XXo  YVo _ 1
az bz

(iii) Let (i%,yn) be an arbitrary point on one of the directrices.

The chord of contact from this point to the hyperbola is

then
a
x(iz) 3’3’0_1
o
X YYo _
~ae b"-_:l ©)

The chord passes through the corresponding focus if and only if (+ae, 0)
satisfies equation (5}

LHSop(s) = i%—%
=1-0
=1
= RHSos(s)

Hence, the chord of contact from a point on the directrix is a focal chord
{passing through the corresponding focus).

1 for
reasoning
correctly
why the
equation
required was
that
containing
the chord of
contact.

1 for
showing that
the chord
passing
through
arbitrary
point on
directrix was
focal chord.

Did not
penalise for
assuming

('E:ry()) only.

Many students
constructed the two
equations (3) and (4)
correctly, but then
failed to state
{logically) how this
could lead to the
chord of contact
equation.

The first two
equations are results
that we keep to the
side. We then
consider a line of
form given by line 1.
THEN, since
equations {3) and (4}
SHOW that P, Q
satisfy /, and since
there is only one line
passing through two
points, it MUST be
the case that /is the
equation of a line
connecting P and Q;
i.e. a line containing
the chord of contact
(a line segment).

Many students
assumed only a point
on the directrix of the
positive arm of the
hyperbola. If this
were a 2-mark
guestion, one mark
would not have been
awarded.

Also, too many
students did not
select an arbitrary
point on the directrix
(as the external point
for chord of contact),
and then use that
with chord of contact
equation to derive
the appropriate
equation.

Once you have the
chord of contact for




(b} In
f sin(logx) dx

let u = log x. Then x = e* and so dx = e*du, giving
fsin(u) e* du

Now, let U = sinu and dV = e®du. Then dU = cosu du and
V = e%, so that:

f sin(u) e* du = e%sinu — f cos(u) e* du

For

f cos(u) e* du
let U = cosu and dV = e* du. ThendlU = —sinu duand V = e¥,
50,

f sin(u) e* du = e¥sinu — J. cos(u) e du
=eg¥sinu — [e“ cosu — f (—sinu) e* du]

= e¥sinu — e*cosu — f sin(u) e* du

So,
2[ sin(u) e du = e*sinu — e cosu
giving

fsin(logx) dx = %(sin(]ogx) —cos(logx)) + C

1 for correct
integrand
after
substitution.

ifora
correct
intermediate
integral.

1 for correct
final result
{must have
substituted
back for
original
variable).

this situation, you’re
then tasked with
praving that it passes
through the focal
point. That is, you're
being asked to show
that every such chord
passes through the
appropriate focus.

Choosing (%, 0) as
your external point
does not do this.

The integration was
handled well,

The only cause for
concern was that of
students not keeping
track of their
working/brackets,
and letting trouble
with minus signs
ensue.

Also, you must give
your final answer in
terms of the original
variable — don’t leave
you integral in
substituted form.

Also, do not forget to
include a constant of
integration. No
penalisation here for
such instances, but,
there are situations in
a mathematics
problem where the
constant of
integration is
important (e.g. you
may have to derive an
original function} —
leaving it off leads to
errors.




c)

Also,

log2 e2x
dx
J; 1+e*

letu=1+e*. Thenu=2whenx =0andu = 3 whenx =log2.

du du
du=exdx=>e—x=dx=>—1=dx.So,

log2 e2x 3(u_1)2 du
fo 1+e"dx_f2 u (u-1)

J’3u—1
= du
2 u

3 1
=J’ 1—-—du
5 U

=u—logul3
=@ -log3d)—-(2-log2)

=1+1log2—1log3

=1+I1 2
= 0g3

‘or otherwise...’

log2 e2x log2 e*
dx = f de*
_L 1+e* 0 1+e*

logj 4 g% —1
=[S e
0 1+e*

log2 1
- j; 1- 1+e*
log2

=e* —~log(1+e*) |,

de*

=(2-log3)—(1-log2)

: 2
=1+log§

1fora
correct
integral.

1 for correct
integration.

1 for correct
result.

The integration was
handled well.

Errors crept in where
people did not take
care with the algebra
once substitutions
were made.

There were also
errors with signs
(again), leading to
incorrect final
answer.

A sizeable portion of
the candidature
approached the
problem using
techniques illustrated
left.

It is mathematically
‘correct’, but should
not be used for the
HSC.

In this integral, we
choose to integrate
with respect to the
function e*. Note
that de* = e*dx, so
we recover the
original integrand.




(d)

(i) letz =cosf@ +isinf.

Then forn € Ny,

Z"+z " = (cos@ +isind)" + (cosf + isind)™"

= (cosnd + isinnd) + (cos(—n8) +isin(-nd)) ..(*)
= cosn@ + isinné + cosnf — isinnd
= 2cosnd

where () follows by De Moivre’s Theorem.

(ii) (2cos @)™ =(z+ 2z 1)*™ by (i) withn=1.
Now, by the binomial theorem,

2m

(2 cos 0)2™ = (z + z~1)2™ = RZO (len) Z2mk (z=1)k
- :Z:(Z:") 2m2k (1)

Note that there are an odd number of terms (counting begins at
zero and ends on an even number). When k = m, we have

(Zm) J2m=2m _ (Zm) 0 = (Zm)

m m m

For the remaining 2m other terms, we can pair the kth term with its
symmetrical partner, the (2m — k)™ term, as follows:

(Zm) g2m-2k ( Zm )ZZm—Z(Zm—k)
k 2m—k
= ( 2m )z-(Zm—zk)
2m—k

Zm n
_ —(2m-2k) :
= ( I )z {using (r)

(oo )

As there are 2Zm terms being paired, we have m pairings, and hence
asumfromk =0tom —1.

1 for correct
use of De
Moivre’s
Theorem.

1 for correct
result.

1 for correct
use of
hinomial
theorem,
leading to
something
of
consequence
to the
solution of
the problem.

1 for
remainder of
complete
solution.

No problems with
using De Moivre's
theorem to prove the
result in {i}.

Many of those who
attempted part {ii)
recognised the
symmetry involved
and demonstrated so.

It was important to
show why (7
appeared as a lone
term, and explain the
consequence of
symmetry here
{Pascal’s relation).

Some students
provided working, but
not enough in the
sense that, to obtain
the final mark, you
had to show directly
how the result
followed from your
working. This is
important because
you're given the
sclution to the
problem (if you
weren’t given the
solution, and you
produced the correct
answer, the assessor
would give you the
mark. Without steps,
vou're asking the
marker to essentially
‘believe you' when
you make the leap




So,
m

(2cos8)*™ = (z +z" )™ = Z (

k=0
2m m
= 2m-2k -(2m—2k) ( )
RZ ( k )(z +z )+

2 Zm
= ( ;cn) (2 cos(2m — 2k)0) + ( o ) by result of part (i)

=2 :Z (2:1) cos(2m —2k) 8 + (2;‘)

as required.

2m

. )ZZm—Zk

from limited working
to the desired
conclusion}.
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MATHEMATICS Extension 2 : Question. 5(
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