Student Number:

Maths Class:

James Ruse Agricultural High School

2020 | HsC Task1

Mathematics Extension 2

General - Reading time — 5 minutes
Instructions - Working time — 1 hour and 20 minutes
- Write using black pen
- Calculators approved by NESA may be used
- A reference sheet is provided
- Show relevant mathematical reasoning and/or calculations
- Answers to the Muitiple Choice questions and Question 7(a)
should be completed on the separate sheet and handed in with
the rest of question 7.

Total Marks: Section | - 5 marks

70
- Attempt Questions 1-5
Section Il — 65 marks

- Attempt Questions 6-10







Section 1 — Multiple Choice (5 Marks)

Attempt questions 1 — 5
Record your answers on the tear-off sheet provided.

Im(z) Jr

o Re(z)

1. The above diagram shows a parallelogram ABCD drawn in the first quadrant of the
complex plane. The points 4, B and C represent the complex numbers z,, z, and z3

respectively. The vector DB represents the complex number
A) Zl+ Zg"‘"ZZz B) Zy — 21— 23

C) 2Z, — Zy — 23 D) 22, — 2, + 23

2. Which of the following is equal to if ?

NIR

A) -1 B) 1 C) ez D) e

3. Ifzy = —2i and z, =1 ~ {+/3 , which one of the following statements is true?

Ay arg(z + z) ——i—; B) |z, —2z,| =2+ V3

0 arg(2)=% | D) arg(zz;) = -2



Which of the following diagrams best represents the solutions to the equation
arg(z) =arg(z+1-1i)

A) Im & B) Im

C) Im& )] Im
\ 1
[s) 1 Re

Which of the following Argand planes could represent the position of the roots of

23 4+2z2—z4+ k=0 where kis areal number ?

A) Iimt X B) m?
X X
X
% Re Re
x X
x
) Irn D) Im4
X X x
x X
Re " Re
X X X
b




Section 2 — (65 Marks)

Start each of questions 6 — 10 on a fresh piece of paper.
Each of these questions is worth 13 marks,

uestion 6. (13 Marks) Start on a fresh sheet of paper Marks

a) Letz=1+4+2i and w=3—1i .

Find, in the form x + iy (x, y real), L

N zw i () . 2
b) Leta = .1 —i

i} Write o. in mod-arg form and exponential form. 2

it) Hence show that a*+4=20. ' 1
c) Show that the complex number z = :;—zi — % is real. . 2
d) i) Solve the equation z® + 8 = 0 , writing the roots in exponential form. 3

ii) Ilustrate these roots on a clear Argand diagram. - 1

iii)  Write z® + 8 in factorised form over the field c;f real numbers. 2
Question 7. (13 Marks) Start on a fresh sheet of paper - Marks
a) On the Argand diagram below the points 4 and B represent the complex numbers

a and P respectively.
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On the tear-off sheet provided construct the points P, O, R, S and T which
respectively represent : '

L feb | odz b

) a+p i) & i) -8 iv) f-a V) 2B 5

Ensure that the diagram sheet (including Multiple Choice answers) is attached to
the other answers of question 7.

(Question 7 continues on the next page.)



Question 7 (continued)

b)

The complex number z satisfies |z — 2 + 4i] = 3 and w satisfies

Marks

arglw+2 + 3i) = % . The point P represents z on an Argand diagram and Q

represents w.

i) Sketch the loci of P and O on a clear Argand diagram.

" i) Ifw = x+1iy (x, y being real numbers), write down the

equation of the locus of 0 in terms of x and y.

iti)  Hence deduce the minimum value of |z — w| in surd form.

Question 8. (13 Marks) Start on a fresh sheet of paper

a)

b)

i) Find all real numbers x and y that satisfy (x + iy)? = 20i — 21 .

ii)  Hence solve the equation z2 +6z+30—20i=0. -

Find all the complex numbers z = a + ib, where a and b are real, such
that |z|2 +5Z+ 10i = 0.

You may assume for this question that, if z = cos8 + isinf then

(z" + ;15) = 2 cosn@ for positive integersn. Letw =2z +‘§ -

D Provethatw +wi— 2w 2= (2+2) 4 (2 + 2) 4 (5 42).

Marks

ii) Hence, or otherwise, find all solutions of cos 8 + cos 28 +cos38 = 0

intherange 0 < 8 < 2m.



Question 9. (13 Marks) Start on a fresh sheet of paper

a)

b)

d)

i) If z= cos@ + isinf, use de Moivre’s Theorem to prove that

(z“ ~~;;) = 2isinn@ .

Marks

ii) Hence, or otherwise, prove that 16sin°6¢ = sin 56 — 5sin38 + 10sind 3

On an Argand diagram shade and label the region specified by

{z:Im(z) <4}n{z: |z—4-5i] <3}

The points P and  represent the complex numbers z and w respectively
3z+2

z-1 "

By writing an expression for z in terms of w, or otherwise, determine and
sketch the locus of Q as P traces out the circle |z| = 1.

on an Argand diagram where w =

If Arg (ﬁ) =§ show that |z;| = |z, .

Zq1—2Z2

Question 10. (13 Marks) Start on a fresh sheet of paper

a)

b)

i) Show that, if w = cos 375 + isinz77Ir , then the equation
27 —1 =0 has distinct roots 1, w, w2, w3, w*, w® and wb.

ii) Explain why the equation z° + z° + z* + 23 + 22 +z+ 1 =0
has roots w, w2, w3, w*, w5 and wb.

6m

. 27 471
it}  Find the value of cos ~ T cos—+cos—

iv) Find the monic quadratic equation with numerical coefficients
whose roots are w + w? + w* and w3 + w5 + wS .

The number c is real and non-zero, It is also known that (1 + ic)5 is real.

i) Expand (1 + ic)® and deduce that ¢* — 10¢? + 5 = 0.

ii) Henceshowthatc=x/5—2\/§,—-\/5—2\/5,\/5+2\/§ or

=5+ 245 .

" Marks

ifi)  Let1+ic=re'. Show that the smallest possible positive value of 8 is 1;— |

iv) Hence determine the exact value of tan% , justifying your answer,
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Multiple Choice solutions

Monday, 23 November 2020

28
DR ¢ P8
- (R + A8

—= =9
-0 2
- ""2.3"' 222'-2]

=22,-2,- 2,

2:43 pm

Im(z) r

Re(z)

The above diagram shows a parallelogram 4ABCD drawn in the first quadrant of the

complex plane. The points 4, B and C represent the complex numbers Zy,2Z, and z4
respectively. The vector DB represents the complex number

A) zZ, +

Z3 — 22 B) Zy = Zy— Z3

@ 222 — 21— 23 D) 222 — 2 + Z3




5. Real Wefheiods
:.Com1olax roofs oCtor i (oujugdte /oafkr
o, Aor D
For z &z |, z+2 ‘-’-Ke(z)
- Sum of roots I real
L Sum e& roofs =0

z
S22, '-"'(?-5*7—4*15)
i, onl PoSQC'ole lhan

Zs K(L(Z3) 1S small

x C3

2, i ‘D



Class

Multiple Choice Answers
Circle the letter of the most correct answer.

Student number
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This sheet should be submitted as the top sheet of question 7.



< Question 7b)

Monday, 23 November 2020 2:09 pm
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MATHEMATICS Extension 2: Question.. 3 ...

Suggested Solutions

Marks

Marker’s Comments

) i) (xxiy) = 200 - 2|
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B 12\*+5% + 105 = 0O
| q+b‘+ 5(0-<b) +10¢ =o_
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MATHEMATICS Extension 2: Question. 3
Suggested Solutions Marks | Marker’s Comments
= -3+(45i)  or  -3-(a+Si)
= —l+5; or  -5-35i :
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MATHEMATICS Extension 2: Question.. 3....

Suggested Solutions Marks | Marker’s Comments

OR cosD + o529 + o339 = ,
o cosD 1t Qeos®H~1 + COSQw&QEb = sme&m?a-o
. cose+awae-l+ 030 (ostO—1)
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Suggested Solutions

Marker’s Comments
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MATHEMATICS Extension 2: Question.....

Suggested Solutions

Marker’s Comments
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MATHEMATICS Extension 2: Question........

Suggested Solutions

Marks

Marker’s Comments
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MATHEMATICS Extension 2: Question........
Suggested Solutions

Marker’s Comments
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MATHEMATICS Extension 2: Question........

Suggested Solutions Marks Marker’s Comments
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MATHEMATICS Extension 2: Question........

Suggested Solutions

Marks

Marker’s Comments
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MATHEMATICS Extension 2: Question...!0..

Suggested Solutions

Marks

Marker’s Comments
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MATHEMATICS Extension 2: Question........

Suggested Solutions

Marks

Marker’s Comments
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