Student Name:

Maths class:

James Ruse Agricultu'ral High School

2020 YEAR 12 Task 3

Mathematics Extension 2

General Instructions

- Reading time — 5 minutes

- Working time — 1 hour and 30 minutes

- Write using black pen

- Calculators approved by NESA may be used
- Areference sheet is provided

Total Marks: 60

Attempt all questions (1-5). Each question is worth 12 marks.

Start your answer to each question on a separate piece of paper.
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Question 1 (12 marks)
Start a new page.

dx

a) Find [ -

2+2 +3

% Find [S2% gy

d) Find the error(s) in the following false induction proof, and state why it is an error.

2
Claim: Foralln €N, (x) 5., i = (n + )

Proof:
When n = 1, () holds.

Let k € N and suppose (*) holds for n = k. Then

k+1

Z zk:1+(k+1)
' i=1

L=

1
E(k —) + (k+1) (byinduction hypothesis)
1 1
22
Z(k +k+4+2k+2)
=1 (k+1+ 3k 9+k+1+2k+2
~2 4 4
1 1\?
_E((k+1)+§)

Thus, (*) holds forn = k + 1 if (+) holds forn = k.

Therefore, by the principle of mathematical induction, (*) holds for alin € N.

e) Prove by mathematical induction that for n = 3, the sum of the interior angles of a convex
polygon with n vertices is 180(n — 2)°.
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Question 2 (12 marks)

Start a new page.

)  Relative to a fixed origin O, point A has position vector (8}, +13) - 2[;), point B has
position vector.(log +14) - 4.5:), and the point € has position vector (9_1_ +9 + 6.5_:).

The line { passes through the points 4 and B.

@) Find a vector equation for the line .
(i)  Find [CB|.

(iii)  Find the size of the acute angle between the line segment CB and the line [,
giving your answer to the nearest minute. ‘

(iv)  Find the shortest distance from the point € to the line [, correct to 2 decimal
places.

v) Find the area of ACXB, where X lies on ! such that CX L BX.

b) Find [ xcos(x)?dx

Question 3 begins on the next page.
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Question 3 (12 marks)
Start a new page.

a) With respeet to a fixed origin O the lines [; and I, are given by the equations:
11 -2 =5 q
lirr=(2)+41 1 L:r={11 +,u(2)
17 —4 P 2

where A and g are parameters and p and g are constants. Given that [, and [, intersect at right
angles, ‘

(i) Show that g = —3.
(ii) Find the value of p.

9
(iii) Point A lies on I, and has position vector ( 3 ) Point £ lies on [,.
13

Given that a circle with centre C, cuts the line {, at the points A and B,

Find the position vector of B.

b) The inequality x > In(1 + x) holds for all real x > 0. (Do NOT prove this.)

Use this result and the method of mathematical induction to prove that for all positive

integers n,
n

Z (%) > In(n +1)

r=1

Question 4 begins on the next page.
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Question 4 (12 marks)
Start a new page.

a) Provethatif |a| = |b],then (@ +b)-(@—b) =0.

b} Consider the diagram below:

H

L

(i) By rewriting EF as a sum of other vectors, prove that EF = -;- (A_B’ + R").

(ii) Hence, using part a) and b) i., prove that ZBHF = £CGF. (You must approach the
proof using vectors).

c) (i) Find the remainder, when x2 + 6 is divided by x* + x — 6.

(iiy  Hence, ﬁndf 2746 —dx

d) A sequence is defined by the formula: Uy = 0 and U, = U,y +2 forn =1,2,3 ...

Prove by mathematical induction that U/,, = 2 cos [ forn=0,1,2,3..

an+l
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Question 5 (12 marks)

Start a new page.
a) z
Let I, = [Z(sinx)"dx where nis an integer, n = 0.

Using integration by parts, show that, forn > 2.
n-1

In= 1 Lys,

b) Deduce that

hi _ 2n-1 2Zn-3 31m®m
= e e e

I _ 2n 2n-2 4 2 1
21 7 gn41T2n-17" 53

¢) Explain why [, > I;..q where k = 0.

d) Hence, using the fact that I,,_; > I, and I, > I,y show that

E( 2n ) 22,42 . ......(2n)* T
2\2n+1/ " 1.3252......2n-1)2C2n+1) 2
END OF EXAMINATION
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MATHEMATICS Extension 2: Question. 2-'
Suggested Solutions Marks |  Marker’s Comments
&)b\fé = [ 1© ;flg‘ _ 2 T BAk = [T ‘) Weld dove by
=1 k! mos  Chudeads
7 L= I'g +>\’[?— o (% - )\/"Z | Exvovs amé
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. ‘ L
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\ "%/ \—3’,/ Y4 \ 2‘/
u) !CE = \‘l(no-q_)*dr(m-@*—-r(—q@?— Well done
= (2251 10D
= Vo0 (
= 33|
— : s
\ = /{9 -\ -1 At
1) BC = e} /-1 | 1 finding B¢, I8
\ =4 [
Lo Ao, Most ¢ tudent S
~5 . attained’ ok
- YRy YA 1
BA| = —(_7) H{A)Z ) €45t 5 marks
= ‘]q ' ‘
= 3 5 -
—— e N - ; N PV
P YA Y N ) ) W ) N (1) 63 | —> BC.BA
= 27
97 = Jee || RA | 0B I Unfortunately
mawny eéxror§
= q ;
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Vi negattves Whioh
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Suggested Solutions Marks |  Marker’s Comments
A B~ | .
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MATHEMATICS Extension 2: Question........
Suggested Solutions Marks Marker’s Comments
(3 a)i) (ol la o dirermen veeno {i:xe/rzngndjm]rn. Some ctudents
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MATHEMATICS Extension 2: Question........

Suggested Solutions ; Marks | Marker’s Comments
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MATHEMATICS Extension 2: Question........
Suggested Solutions Marks | Marker’s Comments
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MATHEMATICS Extension 2, Question 4

Suggested Solutions Marks Marker’s Comments
Awarded
(@)
(a+b)-(a—b)=a-a+b-a—a-b—b-b 1 mark. Many students started proof
from |a| = |b| and moved
= |a|? — |b|? from there to try to show
(a+b)-(a—b)=0.
=0 if |a|l=|b| ‘If-then’ (implication
statements) don’t have to work
like this; you can perform part
of a proof, then introduce
what’s needed (i.e. ‘Now if |
have it being that *** is the
case, then the conclusion will
follow’).
©®
(i) _
‘Crack’ the vector in a manner that introduces what Most students ha_nd led this
you need efficiently, then deal with any ‘mess’ that well. Some solutions were
arises. Here, we need AB, DC from EF, so can work as: ‘circuitous’ in the sense that
much more work was put
T _TA LB LB 1 mark down on paper than necessary.
EF = EA+ AB + BF :
awarded | Should attempt to strategise a
_—_ == = for little more before putting pen
Addi EF =ED +DC+ CF reasonable| to paper. It makes the
Ing, start. argument clearer as well.
2EF = (EA + AB + BF) + (ED + DC + CF)
= (4B +DC) + (EA + ED + BF +CF)
= (4B + DC)
since EA =—ED, BF = —CF (see diagram on 1 mark
question paper). awarded
for
So 1 successful
EF = =(AB + DC) complete-
2 on.
as required.




(if) We must show that a := 2BHF = £CGF =: .

Now,
HE - HF = |HB||HF|cos a
HF - GC = |ﬁ||ﬁ|cosﬁ
But
HB = AAB,  HF = uEF, GC =vDC

for A, u, v € R scalar constants. Accordingly,
HE - HF = |HB||HF|cos a
7B - uEF = |A4B||uEF|cos @
MiAB - EF = Au|AB||EF | cos a
AB -EF = |AB||EF|cosa ...(1)
and similarly,
AF - GC = |HF|[GC]cos
— uEF - vDC = |uEF ||vDC|cos B

EF-DC = |ﬁ||ﬁ|cos,8 - (2)

Noting |E| = |R|, then by part (a),
0 = (4B +DC)- (4B — DC)

= 2EF - (AB —DC)
So,

EF -AB = EF - DC

1 mark
for
correct
setup and
reasonab-
le
attempt.

Most students identified
correctly what needed to be
found and expressed it
correctly using the dot product.

The level of rigour here was
not typically observed, and
candidates were not penalised
for demonstrating through
action that they understood the
problem of finding angles
£BHF and £CGF was, in
vector terms, equivalent to
working with the dot product
of AB,EF , DC (i.e. jump to
using these vectors without
first dealing with HB, HF, GC).




Hence by (1) and (2), 1 mark

for
|E||ﬁ| cosa = |ﬁ||ﬁ| cos 8 Corre_ctly
proving
s cosa =cos f§ the
angles to
so & = f8 (both angles are acute); thatis, ZBHF = be equal.

£CGF.

(c) (i) If polynomial P (dividend) is divided by polynomial
D (divisor) where deg D < deg P, then there is always
a polynomial Q (quotient) and polynomial R
(remainder) such that

This prelude is not necessary
commentary within an exam
paper; it is here because many
students either did not

_ correctly find the remainder, or
P = QGID) +R() identified the remainder as a
fraction, or did not state what

where 0 < degR < degD. ;
S deg €g the remainder was.

So, if we are working with M, then
D(x)
P(x) R(x)
=Q(x) +

D(x)

Note that the remainder must have degree strictly less

than that of the divisor AND note that the remainder is

not the fraction 2.
D(x)

D(x)

We can find the remainder using the division algorithm

or just by manipulating: 1 mark
for
x?+6  x*+x—-6-—x+12 obtaining
x24+x—6 x2+x—6 the
_x2+x—6+ 12-x N 12 —x | correct
T x24+x-6 x2+x—6 x2+x—6 |remaind-
er and
The remainder is therefore (12 — x). stating it

as such.




(i)
f x2+6 4 _f1+ 12 — x 4
x2+x—6 X = x2+x—6 x

_ (1 12 — x d
‘f G-

15/(=5 10/5
(141869, 105,
x+3 X —2

=x —3log|lx + 3|+ 2log|lx — 2|+ C

(d)
Sequence U,, defined by U,, = /U,_; + 2 for
n € NU {0} with U, = 0.

We seek to prove, by mathematical induction, that

U, =2 cos (%) foralln € N U {0}

2n+1
given the sequence above.

Base case:

T

U, = 0 (sequence seed), and U, = 2cos (W) =0.
Hence true forn = 0.

3
2n+1

Assume statement S(n): U,, = cos (

U,=+U,_;+2and U, = 0.

) is true with

1 mark
awarded
for
reasonab-
le
working
(i.e.
getting at
least
some of
the
integral
correct).

1 mark
for
correct
integral.

1 mark
for
testing
base case
n=0.

1 mark
for
correct
setup and
reasonab-
le
attempt.

This question was not handled
well. If the remainder from (i)
was incorrect, the question was
marked with the assumed
integrand. If the integrand
made the integral easier to
find, full marks could not be
awarded. If the integral carried
with it similar complexity to
the intended integral, full
marks were possible.

Simplify your results, too.
Marks were not deducted here
since, technically, an
unsimplified integral may be
correct. In the HSC, though, if
it comes down to deciding
between you and your
competition on who should be
‘king/queen’, you lose if their
working is immaculate.

Most students were able to
establish the base case without
trouble.




We seek to show that statement S(n + 1) is true if the
hypothesis holds.

We have,

U,p1 =0, +2
T
= \/cos (2n+1) + 2

= \/2[2 cos? (le) —-1]+2

= /4cos2 (ZZZ)

=2 |cos (2"%) |

" < = forall n € N U {0}, so,

2n+1 - 2

Now, 0 <

cos (zn””) > 0, hence the absolute value may be
removed, giving
T
Un+1 = 2cos (W)

So, by the principle of mathematical induction, if S(n)
is true, then S(n + 1) is true.

Since S(n) is true for n = 0, it follows that S(n) is true
forall n € N u{0}.

1 mark
for
correctly
making
the
substitut-
ion
required/
using
correct
identity.

1 mark
for
moving
correctly
from
positive
square
root to
justificati
onasto
why
cosine
could be
expressed
as
required
for the
induction
towork.

Most students were able to use
the recursion relation correctly
and move to next phase of
using trig. identity of double
angle for cosine.

The great majority of students
did not identify that

V)2 = f(x)]

always, and that establishing

lf (Ol =f(x)

was necessary (at least
internally) before justifying
why one may write

4 cos? (2:;2)

= 2 cos (2"%)




MATHEMATICS Extension 2: Question. s |
Suggested Solutions Marks | Marker’s Comments
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MATHEMATICS Extension 2: Question. . ......

Suggested Solutions Marks

Marker’s Comments
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MATHEMATICS Extension 2: Question
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MATHEMATICS Extension 2: Question........

Marks

Marker’s Comments

Suggested Solutions
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MATHEMATICS Extension 2: Question

Marker’s Comments

Suggested Solutions
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MATHEMATICS Extension 2: Question

Suggested Solutions

Marker’s Comments
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