


































MATHEMATICS Extension 2, Question 4 

Suggested Solutions Marks 

Awarded 

Marker’s Comments 

 

(a) 
(𝑎̲ + 𝑏̲) ⋅ (𝑎̲ − 𝑏̲) = 𝑎̲ ⋅ 𝑎̲ + 𝑏̲ ⋅ 𝑎̲ − 𝑎̲ ⋅ 𝑏̲ − 𝑏̲ ⋅ 𝑏̲  

 
= |𝑎̲|2 − |𝑏̲|2 

 
= 0      if  |𝑎̲| = |𝑏̲| 

 
 

 
 

 
 
 

 
 

(b)  
(i)  
‘Crack’ the vector in a manner that introduces what 

you need efficiently, then deal with any ‘mess’ that 

arises. Here, we need 𝐴𝐵⃑⃑ ⃑⃑  ⃑, 𝐷𝐶⃑⃑ ⃑⃑  ⃑ from 𝐸𝐹⃑⃑⃑⃑  ⃑, so can work as: 

 

𝐸𝐹⃑⃑⃑⃑  ⃑ = 𝐸𝐴⃑⃑ ⃑⃑  ⃑ + 𝐴𝐵⃑⃑ ⃑⃑  ⃑ + 𝐵𝐹⃑⃑ ⃑⃑  ⃑  
 

𝐸𝐹⃑⃑⃑⃑  ⃑ = 𝐸𝐷⃑⃑ ⃑⃑  ⃑ + 𝐷𝐶⃑⃑ ⃑⃑  ⃑ + 𝐶𝐹⃑⃑⃑⃑  ⃑ 
Adding, 

 

2𝐸𝐹⃑⃑⃑⃑  ⃑ = (𝐸𝐴⃑⃑ ⃑⃑  ⃑ + 𝐴𝐵⃑⃑ ⃑⃑  ⃑ + 𝐵𝐹⃑⃑ ⃑⃑  ⃑ ) + (𝐸𝐷⃑⃑ ⃑⃑  ⃑ + 𝐷𝐶⃑⃑ ⃑⃑  ⃑ + 𝐶𝐹⃑⃑⃑⃑  ⃑) 

 

= (𝐴𝐵⃑⃑ ⃑⃑  ⃑ + 𝐷𝐶⃑⃑ ⃑⃑  ⃑) + (𝐸𝐴⃑⃑ ⃑⃑  ⃑ + 𝐸𝐷⃑⃑ ⃑⃑  ⃑ + 𝐵𝐹⃑⃑ ⃑⃑  ⃑ + 𝐶𝐹⃑⃑⃑⃑  ⃑) 

 

= (𝐴𝐵⃑⃑ ⃑⃑  ⃑ + 𝐷𝐶⃑⃑ ⃑⃑  ⃑) 
 

since  𝐸𝐴⃑⃑ ⃑⃑  ⃑ = −𝐸𝐷⃑⃑⃑⃑  ⃑,    𝐵𝐹⃑⃑ ⃑⃑  ⃑ = −𝐶𝐹⃑⃑⃑⃑  ⃑ (see diagram on 

question paper). 
 
So 

𝐸𝐹⃑⃑⃑⃑  ⃑ =
1

2
(𝐴𝐵⃑⃑ ⃑⃑  ⃑ + 𝐷𝐶⃑⃑ ⃑⃑  ⃑) 

 
as required. 

 

   

 
1 mark. 

 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
1 mark 
awarded 

for 
reasonable 

start. 
 
 

 
 

 
 
 

 
1 mark 

awarded 
for 
successful 

complete-
on. 

 
 

 

 
Many students started proof 
from |𝑎̲| = |𝑏̲| and moved 

from there to try to show  
(𝑎̲ + 𝑏̲) ⋅ (𝑎̲ − 𝑏̲) = 0. 

‘If-then’ (implication 

statements) don’t have to work 
like this; you can perform part 

of a proof, then introduce 
what’s needed (i.e. ‘Now if I 
have it being that *** is the 

case, then the conclusion will 
follow’).  
 

 
 

 
Most students handled this 
well. Some solutions were 

‘circuitous’ in the sense that 
much more work was put 

down on paper than necessary. 
Should attempt to strategise a 
little more before putting pen 

to paper. It makes the 
argument clearer as well. 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 



 
(ii) We must show that 𝛼 ≔ ∠𝐵𝐻𝐹 = ∠𝐶𝐺𝐹 =: 𝛽 . 

 
Now, 

 

𝐻𝐵⃑⃑⃑⃑⃑⃑ ⋅ 𝐻𝐹⃑⃑ ⃑⃑ ⃑ = |𝐻𝐵⃑⃑⃑⃑⃑⃑ ||𝐻𝐹⃑⃑ ⃑⃑ ⃑ | cos 𝛼 

 

𝐻𝐹⃑⃑⃑⃑⃑ ⋅ 𝐺𝐶⃑⃑⃑⃑  ⃑ = |𝐻𝐹⃑⃑ ⃑⃑⃑ ||𝐺𝐶⃑⃑⃑⃑  ⃑| cos 𝛽 

But  

𝐻𝐵⃑⃑⃑⃑⃑⃑ = 𝜆𝐴𝐵⃑⃑ ⃑⃑  ⃑, 𝐻𝐹⃑⃑ ⃑⃑ ⃑ = 𝜇𝐸𝐹⃑⃑⃑⃑  ⃑ ,        𝐺𝐶⃑⃑⃑⃑  ⃑ = 𝜈𝐷𝐶⃑⃑ ⃑⃑  ⃑ 
 
for 𝜆, 𝜇, 𝜈 ∈ ℝ scalar constants. Accordingly, 

 

𝐻𝐵⃑⃑⃑⃑⃑⃑ ⋅ 𝐻𝐹⃑⃑ ⃑⃑ ⃑ = |𝐻𝐵⃑⃑⃑⃑⃑⃑ ||𝐻𝐹⃑⃑ ⃑⃑ ⃑ | cos 𝛼 

 

→ 𝜆𝐴𝐵⃑⃑⃑⃑  ⃑ ⋅ 𝜇𝐸𝐹⃑⃑⃑⃑  ⃑ = |𝜆𝐴𝐵⃑⃑ ⃑⃑  ⃑||𝜇𝐸𝐹⃑⃑⃑⃑  ⃑| cos 𝛼 
 

𝜆𝜇𝐴𝐵⃑⃑ ⃑⃑  ⃑ ⋅ 𝐸𝐹⃑⃑⃑⃑  ⃑ = 𝜆𝜇|𝐴𝐵⃑⃑ ⃑⃑  ⃑||𝐸𝐹⃑⃑⃑⃑  ⃑| cos 𝛼 
 

𝐴𝐵⃑⃑⃑⃑  ⃑ ⋅ 𝐸𝐹⃑⃑⃑⃑  ⃑ = |𝐴𝐵⃑⃑ ⃑⃑  ⃑||𝐸𝐹⃑⃑⃑⃑  ⃑| cos 𝛼     … (1) 

 
and similarly,  

 

𝐻𝐹⃑⃑⃑⃑⃑ ⋅ 𝐺𝐶⃑⃑⃑⃑  ⃑ = |𝐻𝐹⃑⃑ ⃑⃑⃑ ||𝐺𝐶⃑⃑⃑⃑  ⃑|cos 𝛽 

 

→ 𝜇𝐸𝐹⃑⃑⃑⃑  ⃑ ⋅ 𝜈𝐷𝐶⃑⃑ ⃑⃑  ⃑ = |𝜇𝐸𝐹⃑⃑⃑⃑  ⃑||𝜈𝐷𝐶⃑⃑ ⃑⃑  ⃑| cos 𝛽  
 

𝐸𝐹⃑⃑⃑⃑  ⃑ ⋅ 𝐷𝐶⃑⃑ ⃑⃑  ⃑ = |𝐸𝐹⃑⃑⃑⃑  ⃑||𝐷𝐶⃑⃑ ⃑⃑  ⃑|cos 𝛽    … (2) 

 

 
 

Noting |𝐴𝐵⃑⃑ ⃑⃑  ⃑| = |𝐷𝐶⃑⃑ ⃑⃑  ⃑|, then by part (a), 

 

0 = (𝐴𝐵⃑⃑ ⃑⃑  ⃑ + 𝐷𝐶⃑⃑ ⃑⃑  ⃑) ⋅ (𝐴𝐵⃑⃑ ⃑⃑  ⃑ − 𝐷𝐶⃑⃑ ⃑⃑  ⃑) 

 

= 2𝐸𝐹⃑⃑⃑⃑  ⃑ ⋅ (𝐴𝐵⃑⃑ ⃑⃑  ⃑ − 𝐷𝐶⃑⃑ ⃑⃑  ⃑) 

So, 
 

𝐸𝐹⃑⃑⃑⃑  ⃑ ⋅ 𝐴𝐵⃑⃑ ⃑⃑  ⃑ = 𝐸𝐹⃑⃑⃑⃑  ⃑ ⋅ 𝐷𝐶⃑⃑ ⃑⃑  ⃑ 
 

 
 
 

 
 
 

 
 

 
1 mark 
for 

correct 
setup and 

reasonab-
le 
attempt. 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 

 
 
 

Most students identified 
correctly what needed to be 

found and expressed it 
correctly using the dot product.  
 

 
The level of rigour here was 

not typically observed, and 
candidates were not penalised 
for demonstrating through 

action that they understood the 
problem of finding angles 
∠𝐵𝐻𝐹 and ∠𝐶𝐺𝐹 was, in 

vector terms, equivalent to 

working with the dot product 

of 𝐴𝐵⃑⃑ ⃑⃑  ⃑, 𝐸𝐹 ⃑⃑ ⃑⃑ ⃑⃑  ,  𝐷𝐶⃑⃑ ⃑⃑ ⃑⃑  (i.e. jump to 

using these vectors without 

first dealing with 𝐻𝐵,⃑⃑ ⃑⃑⃑⃑  ⃑ 𝐻𝐹⃑⃑ ⃑⃑ ⃑ ,𝐺𝐶⃑⃑⃑⃑  ⃑). 
 
 

 
 

 
 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 



 
Hence by (1) and (2), 
 

|𝐴𝐵⃑⃑ ⃑⃑  ⃑||𝐸𝐹⃑⃑⃑⃑  ⃑| cos 𝛼 = |𝐸𝐹⃑⃑⃑⃑  ⃑||𝐷𝐶⃑⃑ ⃑⃑  ⃑| cos 𝛽 
 

∴ cos 𝛼 =cos 𝛽 

 
so 𝛼 = 𝛽 (both angles are acute); that is, ∠𝐵𝐻𝐹 =
∠𝐶𝐺𝐹. 

 

 
 

 
 

(c) (i) If polynomial 𝑃 (dividend) is divided by polynomial 

𝐷 (divisor) where deg𝐷 ≤ deg 𝑃, then there is always 

a polynomial 𝑄 (quotient) and polynomial 𝑅 

(remainder) such that  
 

𝑃(𝑥) = 𝑄(𝑥)𝐷(𝑥) + 𝑅(𝑥) 
 
where 0 ≤ deg𝑅 < deg𝐷. 

 

So, if we are working with 
𝑃(𝑥)

𝐷(𝑥)
, then 

 
𝑃(𝑥)

𝐷(𝑥)
= 𝑄(𝑥) +

𝑅(𝑥)

𝐷(𝑥)
 

 
Note that the remainder must have degree strictly less 
than that of the divisor AND note that the remainder is 

not the fraction 
𝑅(𝑥)

𝐷(𝑥)
⋅  

 
We can find the remainder using the division algorithm 

or just by manipulating: 
 

𝑥2 + 6

𝑥2 + 𝑥 − 6
=

𝑥2 + 𝑥 − 6 − 𝑥 + 12

𝑥2 + 𝑥 − 6

=
𝑥2 + 𝑥 − 6

𝑥2 + 𝑥 − 6
+

12 − 𝑥

𝑥2 + 𝑥 − 6
= 1 +

12 − 𝑥

𝑥2 + 𝑥 − 6
 

 
The remainder is therefore (12 − 𝑥). 
 
 

 

 
1 mark 
for 

correctly 
proving 

the 
angles to 
be equal. 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

1 mark 
for 
obtaining 

the 
correct 

remaind-
er and 
stating it 

as such. 
 

 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

This prelude is not necessary 
commentary within an exam 
paper; it is here because many 

students either did not 
correctly find the remainder, or 

identified the remainder as a 
fraction, or did not state what 
the remainder was.  

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 



 
(ii) 

∫
𝑥2 + 6

𝑥2 + 𝑥 − 6
 𝑑𝑥 = ∫ 1 +

12 − 𝑥

𝑥2 + 𝑥 − 6
 𝑑𝑥 

 

= ∫ 1 +
12 − 𝑥

(𝑥 + 3)(𝑥 − 2)
 𝑑𝑥 

 

= ∫ 1 +
15 (−5)⁄

𝑥 + 3
+

10 5⁄

𝑥 − 2
 𝑑𝑥 

 

= ∫ 1 −
3

𝑥 + 3
+

2

𝑥 − 2
 𝑑𝑥 

 
= 𝑥 − 3 log|𝑥 + 3| + 2 log|𝑥 − 2| + 𝐶 

 

 
 
 

 
 
 

 
 

 
(d)  

Sequence 𝑈𝑛 defined by 𝑈𝑛 = √𝑈𝑛−1 + 2  for 

𝑛 ∈ ℕ ∪ {0} with 𝑈0 = 0. 

 
We seek to prove, by mathematical induction, that  
 

𝑈𝑛 = 2 cos (
𝜋

2𝑛+1) for all 𝑛 ∈ ℕ ∪ {0}  

 

given the sequence above.  
 

Base case:  
 

𝑈0 = 0 (sequence seed), and 𝑈0 = 2cos (
𝜋

20+1) = 0. 

Hence true for 𝑛 = 0. 

 

Assume statement 𝑆(𝑛): 𝑈𝑛 = cos (
𝜋

2𝑛+1) is true with 

𝑈𝑛 = √𝑈𝑛−1 + 2 and 𝑈0 = 0. 

 

 
1 mark 
awarded 

for 
reasonab-

le 
working 
(i.e. 

getting at 
least 

some of 
the 
integral 

correct).  
 

1 mark 
for 
correct 

integral. 
 

 
 
 

 
 

 
 
 

1 mark 
for 

testing 
base case 
𝑛 = 0. 

 

1 mark 
for 
correct 

setup and 
reasonab-

le 
attempt. 
 

 
 

 
 

 
This question was not handled 
well. If the remainder from (i) 

was incorrect, the question was 
marked with the assumed 

integrand. If the integrand 
made the integral easier to 
find, full marks could not be 

awarded. If the integral carried 
with it similar complexity to 

the intended integral, full 
marks were possible.  
 

Simplify your results, too. 
Marks were not deducted here 

since, technically, an 
unsimplified integral may be 
correct. In the HSC, though, if 

it comes down to deciding 
between you and your 

competition on who should be 
‘king/queen’, you lose if their 
working is immaculate.  

 
 

 
 
 

 
 

 
Most students were able to 
establish the base case without 

trouble.  
 

 
 
 

 
 

 
 
 

 
 

 



We seek to show that statement 𝑆(𝑛 + 1) is true if the 

hypothesis holds. 

 
We have,  

 

𝑈𝑛+1 = √𝑈𝑛 + 2 

 

= √cos (
𝜋

2𝑛+1
) + 2 

 

= √2[2cos2 (
𝜋

2𝑛+2
) − 1] + 2 

 

= √4cos2 (
𝜋

2𝑛+2
) 

 

= 2|cos (
𝜋

2𝑛+2
) | 

 

Now, 0 <
𝜋

2𝑛+1 ≤
𝜋

2
  for all 𝑛 ∈ ℕ ∪ {0}, so, 

cos (
𝜋

2𝑛+2) ≥ 0, hence the absolute value may be 

removed, giving 
 

𝑈𝑛+1 = 2cos (
𝜋

2(𝑛+1)+1
)  

 
So, by the principle of mathematical induction, if 𝑆(𝑛)    
is true, then 𝑆(𝑛 + 1) is true.  

 

Since 𝑆(𝑛)  is true for 𝑛 = 0, it follows that 𝑆(𝑛) is true 
for all 𝑛 ∈ ℕ ∪ {0}. 
 

 
 

 
 
 

 
1 mark 

for 
correctly 
making 

the 
substitut-

ion 
required/
using 

correct 
identity. 

 
 
1 mark 

for 
moving 

correctly 
from 
positive 

square 
root to 

justificati
on as to 
why 

cosine 
could be 

expressed 
as 
required 

for the 
induction 

to work. 
 
 

 
 
 

 
 

Most students were able to use 
the recursion relation correctly 
and move to next phase of 

using trig. identity of double 
angle for cosine. 

 
 
 

 
The great majority of students 

did not identify that  
 

√𝑓(𝑥)2 = |𝑓(𝑥)| 

 
always, and that establishing 
 

|𝑓(𝑥)| = 𝑓(𝑥) 
 
was necessary (at least 
internally) before justifying 

why one may write  
 

√4cos2 (
𝜋

2𝑛+2
)

= 2cos (
𝜋

2𝑛+1
) 
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