Student Name:

Maths class:

James Ruse Agricultural High School

2021 | YEAR 12 Task 3 Examination

Mathematics Extension 2

General Instructions

e Reading time — 5 minutes

e Working time — 1 hour 20 minutes

e Write using black pen

e Calculators approved by NESA may
be used

o Areference sheet is provided

e In Questions 6-10, show relevant
mathematical reasoning and/ or
calculations

Total marks: 55

Section | — 5 marks (pages 2-3)

e Attempt Questions 1-5
e Allow about 7 minutes for this section

Section Il — 50 marks (pages 4-7)

e Attempt Questions 6-10

e Allow about 1 hour and 13 minutes
for this section
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Section I

5 marks
Attempt Questions 1-5
Allow about 7 minutes for this section

Use the multiple-choice answer sheet for Questions 1-5.

1. fu=2i—2j+ kandv = 3i— 6]+ 2k, the vector projection of v in the direction of u is:

(A) = (3i— 6] + 2k)
(B) 5 (20— 2[+k)
(C) 2 (3i - 6]+ 2k)

(D) 2 i—2j+k)

2. The position vector of a particle at time ¢ is given by r(t) = (Vt — 2)i + (2t) for t = 2. The
Cartesian equation of the path of the particle is

(A) y=2x*+4,x=>2
B) y=2x*2+2,x=>2
C) y=2x*+4,x=0
(D) y=2x*2+2,x=0

_— ——  —

3. Let OABCD be aright square pyramid where g = ﬁ,lg =0B,c =0C,d =0D.

(A) a+c=b+d
B) (@-9-(d

(C) a+d=b+¢
D) @-d-(c-b)=0
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4. Suppose a and b are both positive real numbers with a > b. If m is any real number, how many of
the following statements are always true? \

at+m
b+m

<

Sl Q

at+m
+

v

Q
+
S =

SR
3

(A) 0
B) 1
© 2
(D) 3

S. Let a and b be positive real numbers with a < b. Given that

which of the following statements is true?

(A) Q<N<M<R
(B) Q<M<N<R
(C) M<N<Q<R
D) Q<M<R<N

Section II begins on the next page
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Section 11
50 marks

Attempt Questions 6-10
Allow about 1 hour and 13 minutes for this section

Start each question on a new page. Extra paper is available.

In Questions 6-10, your responses should include relevant mathematical reasoning and/ or calculations.

Question 6 (10 marks) Start a new page.

(a) Two spheres (x —4)?+ (y—1)2+2z2=27and (x —13)2 + (y —10)2 + (z+ 9)? = a are
externally tangent to each other. What is the value of a?

(b) In triangle ABD,AC = CD = CB.

D

B8

4

Let AC = u and BC = v. Use vector methods to prove that ZBAD is a right angle.

(c) Leta and B be the two roots of the quadratic p(x) = x? + ax + b, where a and b are both real
numbers, and |a| + | b| < 1.

(1) Provethat [a+f| < 1 — |af]
(i) Given | + B| = |a| — |B] is true for any real numbers a and S, prove that | a| < 1
and | f|<1

Please turn over
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Question 7 (11 marks) Start a new page.
(@) A line £, passes through the points A(2,1, —1) and B(5, —5, —4). Another line £, has equation
5 -3
r= (5) + /1( 4 )
1 2
(i) Find 4B.
(i1))  Write the vector equation of £, .

(iii))  Find the acute angle between £; and £,.
(iv) £, and £, intersect at C. Find OC.

(b) Let a; be an angle such that 0 < a; < % and 0 < Z a, < % for all positive integers i. Prove
r=1

by mathematical induction that for all positive integer n > 2,

n n
tan z a, 2 Z tan o,
r=1 r=1

Question 8 (10 marks) Start a new page.

(a) In this question, you are given the Arithmetic-Geometric Mean Inequality, that for real values
of x and y

x% +y? = 2xy

Let a, b and ¢ be positive real numbers such that% + % + % =1.

. 1. 2
(i) Provethat1 — -2 The

(i) Provethat(a —1)(b — 1)(c —1) =8

1 2
(b) Find the two points on the line r = (2) + A (3) whose distance from point A(1,1,—1) is
3 1

35 units.

Question 8 continues on the next page
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(¢) In the following diagram, P is the midpoint of AB and Q is the midpoint of CD. 3

B/ (
! \Dp
IfBC = %ﬁ, show that ﬁj = ZE
Question 9 (9 marks) Start a new page.
(@) (1) Prove that 1

1

vn+l—-1=vn+2-1-—
Vn+1++vVn+2

(i)  Hence, use mathematical induction to prove that for all integers n > 2 3
2(Vn+1 1)<1+1+ b
n —_— —_— see —_—
NN

(iii)  Is the following inequality true for all positive integers N? Give reasons for your 1

answer.

N
1 10
—<10
Z vk
k=1

Question 9 continues on the next page
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(b) (i)  Given that sinx > %x for0 <x < g, explain why
s V3

2 ) 2 _2x
e SInX dy < e mdx
0 0

(1))  Hence, given that

ST

T
fe—sinxdxzf e—sinxdx
T 0

2

show that

T T
f e” M dx < —(e—1)
0 e

Question 10 (10 marks) Start a new page.

(a) A sequence is defined by x,, = —x,,_; + 3-2" and x; = 1 for n > 2. Another sequence is
defined by y,, = x,, — 3. Prove by mathematical induction that y,, is divisible by 8 forn > 1.

(b) (i) Letp,q andr be positive real numbers. Prove that

(p+q+ )(1+1+1)>9
Ni=+=-+=]2
prq p g T

(i)  Hence, given that a, b and c are three sides of a triangle, prove that

a N b N c S>3
b+c—a c+a—b a+b—c

END OF EXAMINATION
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MATHEMATICS Extension 2: Question.. é'

Suggested Solutions

Marks

Marker’s Comments
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MATHEMATICS Extension 2: Question

Suggested Solutions

Marker’s Comments
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Question 7 (11 marks) Start a new page.

(@) A line %4 passes through the points A4(2,1, —1) and B(5, —5, —4). Another line %% has

5 —3
equattonr =| 5 | +A| 4
~ 1 2
—
(1) Find AB. 1
(1)  Write the vector equation of %7 1
(111)  Find the acute angle between % and 5. 2
—
(1v) % and %% intersect at C. Find OC.. 3
_h n
(®) T Z & @ . ,
Let aj be an angle such that 0 < o < E and 0 < -l < E for all positive integers 1.
Prove by mathematical induction that for all positive integer n = 2,
4

n n
tan > o, = > tand,
Tl r=1



(@) A line & passes through the points A(2,1, ~1) and B(5, —5, —4). Another line % has

5 —3
equationr =] 5 |+A] 4
~ 1 2
"
(1) Find AB. 1



(@) A line % passes through the points A(2,1, —1) and B(5, —5, —4).

(1)  Write the vector equation of %5 . 1

-

HJLL:L:(?)J',&(-E . /q&ﬂ)\



(@) A line % passes through the points A(2,1, —1) and B(5, —5, —4). Another line % has

5 -3
equationr =| 5 |+A| 4 |.
” 1 2

(111)  Find the acute angle between % and %5, 2

“C; ld'el’x-'ikt.anﬂltbe}w:\ L1,3JL

s \ whoe 2, b di an oeshizn
wuou\ o o L7387
(rol Do obs. vabe - ensve be
acule 4 o ﬁ;,.,-d)
3 (:3;,‘3 ) ( Tf) v_,_x’
I |(%)
= J s R "1;
V59 V29
cos O = 39
3

G = cta Héﬁ Cngaﬂ'!l' ml‘r\.) ;
= T8 (2 dp) Vv



(2) A line % passes through the points A(2,1, —1) and B(5, —5, —4). Another line % has

5 -3
equationr =| 5 |+A| 4 |.
" 1 2

B —

(1v) % and %% intersect at C. Find G_{Z'} . 3
. Led Yt 1§
W, (1-3::: Ly ! Ez(S’f"l?n)
=l 34'“ L+ 2
213u =B ®
=6 p N \V/
=34 | =LA
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n
®) T Z % x
Let arj be an angle such that () < o < E and 00 =< =1 = E for all positive integers i

Prove by mathematical induction that for all positive integer n = 2,

n n
tan > o, = ¥ tand,
Tl Tl

b, Bae ase: n=2-> LWS- }N\(n{,‘rﬁd;)

= ol ) rdan ()
| = don &) b~Ga)

alnce n{',:&(ﬁ,{) => O bnfx)¢)
=> 02 fn(x, Yanlx,) 2
= 0 <4 1~ )b &) 2 |

= ) ~ |
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- 40.-\( ol ¥ 2@_) > tan Zcxr + tan . 4q

r=\ r=1
k
= Z tan a, + tan a1, By Assumption
=1 k+1
= Z tan a,
r=1

The alternative approach which more efficient in the next slides

Using the initial case (n=2)
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Therefore True n>=2 by Mathematical induction.



Question 8a)

Saturday, 5 June 2021 9:01 pm

(a) Leta,b and c be positive real numbers such that i + % + % = 1.

: 1 2
(1) Provethat1 — - > NG
(11) Provethat(a —1)(b — 1)(c —1) =8

Solution:
S R
A) aJ“ b * C

(V)
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J
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) o T e Toc
8\\»’\/14}{0‘/1/%/
LS 2 -1 7 2b
'\~ % Jac Jac
2
O\V\Ok\’azﬁ (-~ | > 2¢
Jab
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\Jab* et
—  Yabc
pubC

This questions was well done by most
students

It was sufficient to say that you used the
AM-GM inequality to arrive at the
second line.

1 mark was awarded for rearranging
the inequality from part (i)

1 mark was awarded for using a-1
to arrive at the given inequality
showing all steps.

Each step must be shown to earn
the mark.

Students who merely wrote the
first line and then 8 were not
awarded the mark.



Question 8b)

Saturday, 5 June 2021 9:01 pm

1 2
(b) Find the two points on the line r = (2) + A (3) whose distance from point A(1,1, —1) is 4
3 1
3+/5 units.
Solution:

Lot (%y,e) be fie point om L= (1) (3] whose detance
fom ymt‘nf k(),:,-l) s BIS w.

(3)-[1)) - =

Bur (,Y,7) les o flhe line

(3 -6

~ l
_ . ) ( ;j N )( (%) 3 ( | ) ) = 3Js @ 1 mark was awarded for writing an expression for the
3 -

distance involving 1 and equating it to 3+/5.
Many students were not able to interpret the

= 3 /< question well enough to arrive at this step and were
unable to earn any further marks.

72X
| <2k
e x

N+ (13 ()= S
WX e L bx+ QT [be Sk~ A =S
U x>+l N — 2% = O
Al'(' >\ -2 =0

(_X 3 ZX X — O =0
X = 2 or | @ 1 mark was awarded for solving a quadratic
expression in A to find two values of 1

;Bfi

= (-3 ..
{~q) @ 1 mark was awarded for arriving at the two correct
position vectors by substituting in the values of 1

/

- The porats are  (35,4) and (‘3,‘4)9 ®

The final mark was awarded only if students wrote the correct form for the two POINTS
Many students did not read the question carefully enough to realise they needed points.

If students used ordered triple notation throughout their working, they had to state clearly that their
answers now represented points.




Question 8c)

Saturday, 5 June 2021 9:01 pm

(¢) In the following diagram, P is the midpoint of AB and Q is the midpoint of CD. 3

.' \
; \
l’ ‘0
V4 \ N
P; \ O
ll ,
l"

IfBC = %E, show that w = %Zﬁ

Solution:

%)

/[ — D
A
) ) —
B( = > AD
5 1 mark was awarded for writing vector
= Pg & é_z « CR B I PQ in terms of vectors
P& ~ = - L _- PK"\/*%: i(ﬁ« *UD) @ e AD, AB and CD.
_lpe «1AD ¥+ 5 CD g OR
‘ z * AB,BCand CD
—) — —> —
AD = AE 4 BC ~+ Cb
L 5 2 _g ¥
_— | — — - + AD = A X CD
= AB * > AD + CD 2 > - @ 1 mark was awarded for using the expression found
! KE = 2C PR “2 /‘cD) for vector PQ to write an expression for vector AD in
= = — terms of two other vectors
- 2P - AD e PQandBC
= OR
/3_’67-: 2 PR e ABandCD
2
= 2 \8 . .
PR = - /X The final mark was awarded for correct working to

arrive at the required result.

Students who did not use correct vector notation earned a maximum of 2 marks
Students who wrote expressions involving the zero vector but wrote only 0 earned a maximum of 2 marks



Year 12 Extension 2: Q9

Suggested Solutions

Marks
Awarded

Marker’s Comments

@ ()
B 1
Vit ltvntz

RHS= vn+2-1

1 Vn+2—-vn+1
Vn+1+Vn+2 yn+2-Vvn+1

=Vvn+2-1-

Vn+2—-+vn+1

Ly T iy D

=vn+2-1-(Vn+2-Vn+1)
=vn+1-1
= LHS

The left-hand side could have been worked, too, starting with

Vn+1l-1=vn+1-Vvn+2+vn+2-1

vn+1++vn+2
=(Vn+1-vn+2)x +Vn+2-1
( ) Vn+1++vn+2
! +Vn+2-1
= — n —
vn+1l+vn+2

= RHS

Setting out was lacking
in a lot of cases.

Some started with the
equality and
showed...equality. You
can’t start by assuming
that thing you're trying
to prove true as being
true.

Also, if you want to take
a pause in a derivation
and start something else
that’s related, tell the
person to whom you’re
communicating. E.g.
“Now...” often signifies
you wish to start
something that you
think will help and you'll
patch it back in later.

Don’t write as a stream
of consciousness.
Everything you write
down is meant to be an
argument, so it
therefore has to be
coherent.




(i1)
Base case:

LHS = 2(vV3 - 1)

1
RHS=1+—
NG

Assume for contradiction that

2
2\/§—2z1+g

Then
4f3-6=+2

So, squaring,
16 -3 —48vV3+36 >2
41> 243

So, squaring again,
1681 = 1728
which is false.

Hence, the negation of the original assumption is true; that is,

1
2(\/§—1)<1+ﬁ

Let S(n) be
=1
2(n+1-1)< ) —
D<) T

for some 2 < n € N.

Then for S(n + 1):

k=1 k=1
1 . .
>2(Vn+ _1)+\/m (if S(n) is true)
— 1 .
=2< n+2_1_\/n+1+\/n+2)+\/n+1 (bypart(l))
JR— 1 2
= n+2_1)+\/n+1_\/n+1+\/n+2
S 2(VAFZ—1) 4 — : )

Vi+tl Vntl+Vnti
=2(Wn+2-1)

A great portion of the
cohort calculated a LHS
and a RHS, in terms of
fractions with surds, and
then stated that LHS <
RHS.

There’s a big problem
with this: it’s not
obvious that that’s the
case, and this is only
guaranteed because of
the contrived nature of
the problem.

Think: in ‘real life’, if you
were testing something
out for induction, would
you stop at two
numbers with surds and
operations defining
them, or would you
keep going to prove that
one number is indeed
less than or equal to the
other? If you didn’t do
this, BECAUSE it’s the
case that you KNOW
what the target is,
claiming the inequality
to be true without
further proof or
justification isn’t
enough.

In Extension 2, you work
through the topics of
Inequalities and Proof.
Use proof by
contradiction, say, to
get you out of trouble
here.




where (*) follows since sqrt is a monotonic increasing function, so

Vn+2>+vn+1

n+14+Vn+2>2Vn+1
1 1
<
Vn+1+Vvn+2 2vn+1
-2 S -2
Vn+1+Vvn+2 2vn+1
-2 -1
>
Vn+1+Vvn+2 Vn+1

1 -2 1 1
\/n+1+<\/n+1+\/n+2>>\/n+1+<_\/m)=0

Hence

n+1

1
;ﬁ>2(\/n+2—1)

if the hypothesis is true.
Since S(2) is true, and since S(n) - S(n+ 1) istrue for2 < n € N, it

follows, by the principle of mathematical induction, that S(n) is true Vn € N

andn > 2.
(iii)
Assume, for all n € N, that
=1
Z — <1010
k=1 Vk

is true. From (ii), we have that for all positive integers n = 2,

!
2(n+1-1)< ) —
D<) R

so we would have for all integers n = 2,

2(Vn+1-1) <10

This is a ‘spelt out’
justification for line (*)
above. Many people
provided sound
justification at this
point, which was good
to see.

About 1/3 did not
attempt this question.

Those who did received
the mark for sufficient
reasoning to justify why
the sum had no limiting
value.




Letn = 10%° — 1. Then n € N while

2(Vn+1-1)=2(V100 —1+1-1)
=2(10° - 1)
=2x1010-2
=10 + (10 - 2)
> 1010

not less than 1010,

Hence the statement is false: the sum is not less than 101° for all n € N.

(b) (1)
Letx € (0, g) C R. Over that interval, we are given that
] 2x
sinx > —
T

Since the exponential function is monotonic increasing for all R, it

follows that
. 2x
esmx > e?
giving
2x

e—smx < e_F

Since this relation is true for all x over the given interval, it follows

that

/2 /2
f e—sinx dx <f e—2x/1t dx
0 0

Some students lost a
mark here because they
did not justify the leap
from

] 2x
sinx > —
T
to
: 2x
esmx > ern
or similar.

If someone said a(x) <
B(x) and said show that

f:f(a(x))dx <
f: f([?(x))dx, wouldn’t

you need to prove
something about the
behaviour of f first? The
'f(x) hereis e*.

Also again, why do you
need to do thisin an
exam? Because you
know what the target
is/what hurdle you have
to cross before making
the conclusion the
examiners want. This is
the problem —you




(i) We are given that

/2 ] T ]
f e S dx =f e SM* dx ...(1)
0 /2

Now,
Vs % Vs
Iz:f e—sinx dx:f e—sinx dx+f e—si
0 0 %
T
2
=2f e St dx
0
T
2 _2x
<2f e mdx (by(l))
0
[ T 2x T[/2
=2|——e m
2 0
Hence

as required.

dx

basically have the
answer there, soit’s
your job to explain why
what’s there is true.

Part (ii) was handled
very well. First mark for
reasonable headway (at
least using information
from part (i)), second
mark for full conclusion.




MATHEMATICS Extension 2: Question. Q...

Suggested Solutions

Marks

Marker’s Comments

O) Ljn: Kzn“g

n
‘7(-v\=-'7(—n-\‘\'?>x2 ,7(—\:‘

Prove wrue for n= |
Y= xa-3 R
-+ 3x2 -
T - () > Q-3

= 3

w18 Aivisiole \OL:S B.
rue For az= )
Assume wue for n=\w, ReZ"

\e. Ye = Xaw - £
= M , MeZ
PVDVQ_ True 'Cor Nn= R+

= Haer) — 3
= Kagra - 3
2Rx 2
T ;a4 *+ DX
= -<—-7sz‘\' d3xQ
2R
2 Xar =3 -3x2

-§-|+ '5)(2
= 3™ ~ szl‘ﬂﬂ—\- 3xQxsz‘H

(btj assump'\'ion)
2+

=3 + 3 x2

, 2R+ \ 2 3
AR~ 2

=3
2R+ M2

2R+ 2

as R\
S BM+ 3x2°x 2
= ¥M « 3x%x;21
= 3 (M Bx le-:l)
which is divisihie by 3 as

AR-2

Mx 3x Q

R~ 2

'S an ’m’rerj:r.

)‘vﬂﬁxg ~3

must show all

worvea Ny \

¥re \akaer for
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i) as q,b and ¢ are sides of a Ariongle
a+bo >cC
LT r*rb-~C >0
S\m'\\ar\\:&, arC-b>0
bxc-a >0O
as “hey are all postive eal numbers .
fom () et P= avrbo-c
Q= b +L ~Q
rza+C-o

.'.(a+\o—c.—\- Larc—-—a o+c—\o>

( \ . N ) 5 9
QA+bo-C b+C~Q axrc-v

\ \ \
(Q-\-b-\- <D et T e Q*Q_b> >9
O+w xC - Qx o +C 2 Ox*Wn+C

> 9

br—Q ax e -\

a+b-C*Ac |, brc-a+29 L oxCY+bo

¥

aA+vo-c ox - O+c~-V
R il It wwerprall I vos i 2
Axb ~C b+ ~Q arc-\W
o) - Q ""'___\_0__ > 6
Axvo-C b+C-a a+c-O
b_\.c_,a Cxa-vo Q“\‘b c

| €

MUSt showw s
+o b abl\e o
U \PQY"\' G)

Lusing pavy )
ww‘ec_-\-\\j

wrreck

expanion

<

( A

o+~ +

B p—

Srorb O«"f\o-c>

2T | b @y
g

Ao -\

(=N

E

doesy nor \ead
Qou Far as Yo
wi\l awve vwod
o \Nneorre ok
assumphon \oNng

e oy .

W ob =29
and

o

ab > C
Jdoes not
'\Mp\s ot

A%C .

<~ /




	MC.pdf
	2021 Ext 2 Task 3 solutions.pdf
	MC.pdf
	2021 Ext 2 Task 3 Q6 Solutions.pdf
	2021 TASK 3 Extension 2 Question 7 Marking Schem.pdf
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14

	Question 8a).pdf
	Question 8b).pdf
	Question 8c).pdf
	2021 Ext 2 Task 3 Q9 Solutions.pdf
	2021 Ext 2 Task 3 Q10 solutions.pdf


