Student Name:

Maths class:

o e

James Ruse Agricultural High School

2023 | YEAR 12 Task 3 HSC Examination

Mathematics Extension 2

General Instructions e Reading time — 5 minutes
e Working time — 95 minutes
e Write using black pen
e Calculators approved by NESA may be used
e A reference sheet is provided

e |n Questions 6-10, show relevant mathematical
reasoning and/ or calculations

Total marks: 55 Section | — 5 marks (pages 2—-3)

e Attempt Questions 1-5
e Allow about 7 minutes for this section

Section Il — 50 marks (pages 4-7)

e Attempt Questions 6-10
e Allow about 1 hour and 28 minutes for this section
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Section |

5 marks
Attempt Questions 1-5
Allow about 7 minutes for this section

Write your answers on the Multiple Choice sheet provided

1. Let P be the point (2,5, —3). What is the distance of P from the yz-plane?
A 2

B.
C.
D.

2. Giventhata > b > 0, which of the following is not always true?
A. a*+ b% > 2ab
B. a?+ b?> 4ab
C. (a+b)?>>4ab

D. a+b > 2Vab

3. Ifx,yand z are any real numbers and x > y, which of the following statements must be true?
A. x? > y?

B. 1<l
X
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4. Consider the vector equations of the lines below.

1 2 2 4
r=|2])+A|l 4 Jandr=|3|+ul8
5 -3 2 1
Which of the following statements is correct?

The lines are parallel with no point of intersection.
The lines are not parallel with no point of intersection.

The lines are parallel with a point of intersection.

o 0 ® >

The lines are not parallel with a point of intersection.

5. Let A, B, C be distinct, non-collinear points in the plane with position vectors g, b and ¢
respectively. P has position vector v and is a variable, distinct fourth point in the plane.
Consider the following statements:

. v-—a)-(b-¢)=0
I, =0 (c—a)=0
m. (w-¢-(@—-b)=0

Which of the following conclusions can be made about these statements?

A. Either all statements are true or all statements are false.

B. If two statements are true, then the third is also true.

C. Two statements are true if and only if the other one is true.
D.

None of the above.

End of Section |
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Section Il

50 marks

Attempt Questions 6-10

Allow about 1 hour and 28 minutes for this section

Start each question on a new page. Extra paper is available.

Include relevant mathematical reasoning and/or calculations.

Question 6 (10 marks) Start a new page.

(a) For anyinteger x, where x > 1,

1

. 1
(i) Show thatx—2 <

x(x—1)
(ii) Given that — = — — 1 , show that, for a positive integer n
x2-x x-1 x
1 1 1 1
?+?+§+"'+ﬁ< 2

(b) A sequence of numbers is defined by
a, =5
a, =2a,_1+1forn>1
Prove by induction that, for integersn = 0,
a, = 22 4 n+t 1

(c) Find the shortest distance of the point (1, 2, 3) from the line that passes through the origin
and the point (-2, 6, 5).
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Question 7 (10 marks) Start a new page.

(@) Showthatx*+y*+2z2+1>2x(xy?—x+2z+1) 2
—2t% + 3t
(b) A particle moves such that at any time t, its position vector is given by r = 4t2 2
6t — 4

Find the speed of the particle at time after 3 seconds.

(c) The sphere § has equation (x —2)2 + (y + 1)? + (z + 3)? = 169.

(i) Write equation of S in vector form, stating its centre and radius. 2
(i) A line segment in three-dimensional space has equation 4
r=i+j+12k) + A2i —2j+3k) for 0 <A< 3.

Find the point(s) of intersection between this line segment and the sphere S.

Question 8 (10 marks) Start a new page.

(@) Afunction f(x) is defined such that f(x) > 0 for all real numbers x and
f(a+ b) = f(a) x f(b) for any real numbers a and b.

(i) Show that f(0) = 1 and deduce that f(—x) = ]% 3

(ii) By using mathematical induction, show that f(nx) = [f(x)]" forn € Z*. 2

(b) Let g and b be the position vectors of the fixed points A and B respectively and let v be the

position vector of the variable point P. 3

[y

(i) Given that |@ — v| = |b — v|, find the value of (b — q) - (13 — aTHJ)

(ii) If @, b and v are vectors in the plane, give a geometrical interpretation for the set
of all possible points P.

(iii) Hence, geometrically interpret the set of all possible points P if @, b and v are

vectors in three-dimensional space.
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Question 9 (10 marks) Start a new page.

(@) The diagram below shows the curve y = f(x) fora < x < b. It is given that f(x) is concave

upfora < x < b.

y
A
fE)—
|
C | D > X
a a+hb b
2
(i) Use areas to explain why
b
(b — a)f(asz) < f f(x)dx < (b— a)w

(i) Let f(x) = xiz a=n—1and b =n, wheren € Z, n > 1. Hence show that

4 < 1 1<1< 1 +1>
2n—-1)> n—-1 n 2\(n—1)2 n?
(iii) Deduce that
4(1+1+1+ )<1<1+1+1+1+
32 52 72 2 22 32 42
(iv) Show that
1(1+1+1+ ><1+1+1+
2\32 42 52 32 52 772
(v) Hence show that

6|Page



Question 10 (10 marks) Start a new page.

cost (1 + tan t))

(a) Find the Cartesian equation of the curve defined parametrically by r = (sint (1 + tant)

stating any restrictions necessary.

(b) (i) The triangle formed by vectors u and v is shown below.

=

By considering the projection of u onto v, show that the area of the triangle is given

by

A= uPllP =@ v)?

(ii) Now consider the tetrahedron OABC below with points 4, B and C lying on the x, y

and z axes respectively.

C(0,0,c¢)

-y
B(0,5,0)

A(a,0,0)
x

Let | XYZ| denote the area of AXYZ. Using vector methods and the result in part (i),

show that

|AOB|* + |AOC|? + |BOC|? = |ABC|?.

END OF PAPER
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MATHEMATICS Extension 2: Question...5...
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MATHEMATICS Extension 2: Question... ..

Suggested Solutions

Marks

Marker’s Comments
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MATHEMATICS Extension 2: Question.. 6

"

I
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MATHEMATICS Extension 2: Question........

Suggested Solutions Marks Marker’s Comments
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Year 12 Ext. 2 Task 3 Q7 solutions

(a) Method |
4 % 171.
K +y 7 2y
% F o ang
x* + 0 2 b

Method Il
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1 mark

1 mark

1 mark

1 mark

1 mark for finding velocity vector correctly

1 mark for correct working and answer


_(x=)'+ 1Y+ (2+3) = Ug

Ny e B (3ot =8

rody = |3

g 2
_ - Vector 'f,‘","" . M= -<-—|—) e 1 mark for-correct vector form of sphere

N /S E o
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Sub nto Sphet

- IS — R s = - B o )
( -: ) -+ /\ ( - ) - (—rs) \ = (3 1 mark for substituting correctly
SO 1\ T R 7 A - == e ok
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169

1 mark for getting a quadratic equation of lambda

C s s aer vt ) e (emmeant) x (mse s0a v at) = s

Y - wEk + 98 =0

R e -5 " 1 mark for correétly éélvingihe quadratic equation

bt 04 AK3

-~ ho  poinf Q-F _ tersection 1 mark for rejection of solutions and correct conclusion


1 mark for finding BOTH centre and radius correctly

1 mark for correct vector form of sphere

1 mark for substituting correctly

1 mark for getting a quadratic equation of lambda

1 mark for correctly solving the quadratic equation

1 mark for rejection of solutions and correct conclusion
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Question 9

i Construct a tangent at P to meet AC and FD at G and H respectively.

| A

fay |~

G

) .
e BY o =F F
e S T B
! i $H
c i D
a a+b b
2

Area Trapeziumgyp < Area under y = f(x) between x = a and x = b < Area Trapeziumppc

AGEP = AHFP = Areapggp = Areapypp

fla)

a+b

5 )

J(b)

1 mark for identifying what each
expression represents in terms of area
(i.e. Rectangle, Trapezium and area
under the curve).

1 mark for establishing one side of the
inequality with sufficient reasons.

1 mark for establishing the other side
of the inequality with sufficient
reasons.

f(a)
f(a) A
a S
el a+b
S-l fl——)
prEa) E < e
£(b)
J(®) B
g
c D
a a+b b
2

Area rectanglegcpr < Area under y = f(x)between x = a and x = b < Area Trapezium gy

b 1
ECXCD < f f(x)dx<E(AC+FD) X CD

(- of (5~ ff(x)dx<(b— @) x
Note:

- If you define (b — a) x w

2

f(@) + f(b)

as the area of a rectangle (or 2 rectangles) you’re almost certain to get 0.

“ H ” B . . b .
The curve is concave up” argument is only sufficient to prove [ f(x) dx < Area Trapeziumgypc



1
f(x)=;,a=n—1,b=n,n>1,n€Z
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2

1 mark for getting the middle expression
through integration.

1 mark for establishing the other two
expressions by substitution and showing all
necessary working out.

1 mark for establishing a pattern correctly
starting from n = 2 for all 3 expressions.

1 mark for correct addition of equations AND
clear working out. You MUST SHOW necessary
working in addition to just stating “sum all the
equations together” before getting to the
required expression.
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MATHEMATICS EXT X: Question 1Q

Marker’s Comments

Suggested Solutions Marks
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MATHEMATICS EXT 2: Question 10

Suggested Solutions
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Marker’s Comments
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MATHEMATICS EXT 2: Question 1O

Suggested Solutions
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Marker’s Comments
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