KILLARA HIGH SCHOOL
MATHEMATICS
Extension 2
Assessment Task
March 2008

TASK WEIGHTING: 30 %

NAME:

Time allowed: 120 short minutes plus 5 minute reading time

The following outcomes will be assessed in this task

H1-9, HE6, HE7,E2, E3, E4,E6, ES8

Instructions:

e Show all necessary working

o All questions may be attempted

e Marks may be deducted for careless or poorly arranged work
o Only approved calculators may be used

o Label each question carefully

This is a School Based paper only. The content does not necessarily reflect that of the Higher
School Certificate Examination paper.
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STANDARD INTEGRALS
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Question 1. (15 marks) Complex Numbers Start a new page
(a) Given z=6 —/2i, find:

(i) Re(Z): [1]

() |z|; 1]

(i) argz ; (2]

(iv) z*inthe form x +iy. 2]

(b) The equations |z: —-8—6i ! =2+/10 and arg z =tan"' 2 both represent loci on the Argand plane.

(i)  Write down the Cartesian equations of the loci, and hence show that the points of intersection

of the loci are 2 +4i and 6 +12i. {3]
(ii)  Sketch both loci on the same diagram, showing their points of Intersection.
(You need not show the intercepts with the axes.) [2]
(©)
imyz) &
c
B
>
A Re(z)

The diagram above shows the fixed points A, B and C in the Argand plane, where AB = BC,

L ABC= %, and A, B and C are in anticlockwise order. The point A represents the complex

number z, = 2 and the point B represents the complex number z, =3+ V5i.
(i) Find the complex number z; represented by the point C. 2]

(i) D is the point on the Argand plane such that ABCD is a square. Find the complex
number z, represented by D. 2]
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Question 2. (20 marks) Polynomials Start a new page

(a)
Y |

y= x*-4

|

1
The curves y = x’—4and y= " intersect at the points P, Q and R where x = o, x= 8 and x=7.

(i)  Show that o, 8 and ¥ are the roots of the equation x* ~ 4x—1=0. 2]
(i) Find a polynomial equation with numerical coefficients which has roots o, ﬁ2 and yz 2]

(iii) Find the polynomial equation with numerical coefficients

1 1 1
which has roots -O—F,F and 7 2]
(iv) Hence find the numerical value of OP” + 0Q” + OR’ [2]

(b) (i) Use DeMoivre’s theorem to show that:

n n 2 6 . P
(1+itan®)" +(1—itan@)" = cosnne (cos@ # 0) where n is a positive integer. [3]
cos
.. . 4 4 . T . 3n
(ii) Hence show that the equation (1+ z)” +(1—z) =0 has roots * i tan 3 +i tan—g—. [2]
T ;
(iii) Hence show that tan® 53" 22 2]

(¢) The polynomial function P(x)=x*—4x’-3x>+50x—-52 hasazeroat x=3-2i.
Factorise P(x) over the field of:

(i) rationals. (31

(i) complex numbers. 12]
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Question 3. (20 marks) Conics Start a new page
X2 2
(a) For the hyperbola T % =1, find
(i)  the value of the eccentricity, e. [1]
(i1) the co-ordinates of the two foci. S and S’ 2]
(iii) the equations of the directrices 2]
(iv) the equation of the tangent to the hyperbola at the point (5,2;‘;) [2]
(v) Make a neat sketch of the hyperbola showing these features [2]
2 y2
(b) Explain why PR + -y =1 cannot represent the equation of an ellipse. [1]
2 2

(¢) P (acos@,bsinb) lies on the ellipse -z—z +%—2- =1.

The normal at P cuts the x-axis at G and N is the foot of the perpendicular from P to the x-axis.

Show that
(i) OG=¢e".ON [3]
(i) SG=eSP and S'G=e.SP where S and S’ are the foci. 3]

(d) P and Q are variable points on the rectangular hyperbola xy = ¢*.

i) The tangent at Q passes through 2]

74
the foot of the ordinate (y-value)
Q of P.If P and Q have parameters
P p and g, show that p=2g
" ii) Hence prove that the locus of the
\ mid-point of PQ is a rectangular 2]

hyperbola.
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Question 4. (20 marks) Other Sections Start a new page

(a)

a N Tk
%

A4

The graph of f(x)= cosx is shown above for the interval 0 < x < 7.

Provide separate half-page sketches of the graphs of the following

. 2
@ y=[f(x)] 2]
i) y*=f(x) (2]
(i) y=1— 2]
[ £(x)]
. 5x . . .
b @) Resolve ——————— into partial fractions [2]
(x+1)(x-2)
4
(i)  Hence evaluate J —i—dx [3]
s (x+1)(x— 2)
(c) (i) On the same diagram sketch the graphs of x> +y®=1and x’—y® =1, showing
clearly the co-ordinates of any points of intersection with the axes and the equations
of any asymptotes. 4]
(ii)) On a separate sketch shade the region where the inequality:
(x* +¥*=1)(x*~y*~1) <0 holds. 2]

Continued on next page —
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(d)

A In the triangle ABC it is given that AD  [3]
0 is the bisector of £ BAC.

(i) Copy the diagram onto your paper

AB A
(ii) Prove that — = AC
C BD DC

B

Not to scale.

End of paper.
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