KILLARA HIGH SCHOOL

2009

HALF-YEARLY HIGHER SCHOOL CERTIFICATE
- EXAMINATION

Mathematics
Extension 2

General Instructions Total marks {120}

s Atempt Questions 1-8
All questions are of equal value

Ju]

< Reading Time- 2 minutes

Start a fresh booklet of paper for
fach question.

(W]

o Working Time — 3 hours

< Write using a blue or blaek pen
o Putyour name and ihe guestion
< Approved calculators may be used number at the top of booklet.

= A table of standard integrals is provided at
the back of this paper.

Il

All necessary working should be shown for
every question.

o Untidy work or work with poor logic may be
penalised.



Total marks - 120
Attempt questions 1 — 8
All questions are of equal value

Answer each question on a separate writing booklet.

Question 1 (15 marks) Use a SEPARATE writing booklet Marks

(a)  Sketch the graph of y = (2x + 1) ( x + 1) showing clearly the intercepts on the 2
coordinate axes and the coordinates of any turning points.

(b) Use the graph in part (a) to sketch the following graphs:
(equations of asymptotes, turning points and intercepts must be shown)

1

O Ty

() y=|@x+Dx+1) 2

() y=JCx+DE+D) | 2

Gv) y=n{2x+DHx+1)} 3

(c) Find the equation of the tangent to the curve y = ln{(2x +1D(x+ 1)} at the origin. 4

Hence find the values of the real number % such that exactly one of the solutions of
the equation ln{(2x +D(x +l)} = kx 18 a positive number.



Question 2 (15 marks) Use a SEPARATE writing booklet Marks

(a)

(b)

(c)

(d)

—3 + 4 has two square roots 2z, and Z,.Find 2, and z, in the form a + ib. 2

Show the points representing —3 + 44, Z; and Z, on an Argand diagram. Show that 2
These three points are vertices of a right-angled triangle.

The complex number z 1s represented by the point P on an Argand diagram. 4
Indicate clearly on a single diagram the locus of P in each of the following cases.

G  |z-4 = |z+2

(i) arg(z-3) = %

Show that there 1s a point representing the complex number of the form ib, where b is real,
which lies on both loci.

The equation z? +(1—2i)z — (7+i) =0 has roots « and p. 1
Find the monic equation with numerical coefficients oo AJ and p — i.
Hence find the values of o and .

On an Argand diagram the point 4 represents the real number 1. O is the origin
and the point P represents the complex number z which satisfies the condition

arg(z —1) = 2arg(z).
(1) Show this information on a diagram and deduce that the triangle QAP is isosceles. 3
(ii) Deduce that the locus of P is a circle and show this circle on your diagram. 1

(iii)  Find z in modulus/argument form if z also satisfies the condition |z| = |z — 1\ .2

—3_



Question 3 (15 marks) Use a SEPARATE writing booklet

(2)

()

(c)

The equation x>+ 2x—1=0 has roots o,  and v. In each of the following cases,
find the equations with the roots as stated.

(1) —Q, _Ba —Y.
(11) a, -0, Bs “B: ¥, =Y.

(i) o B 7

(1) Prove that for any polynomial P(x), if k is a zero multiplicity 2,
then k is also a zero of P’ (x).

(i)  Show that x=1is a double root of the equation:

x2 ™ o1 =0,

(iii)  Find all the roots of 3x3 —26x% +52x-24 =0, given that the roots are in
geometric progression.

On the same set of axes, sketch the graphs of

y:%x+1andy= |1—x|.

) . L1
Hence, or otherwise determine the values of x for which Ex +12 |1 - x| .

Marks



Question 4 (15 marks) Use a SEPARATE writing booklet

(a)

(b)

Find:

6
) [x/6-xdx
1

1
P Jx
o ) x
(iii)  Use the substitution x = sin® & to evaluate J. % dx
o (1-x)72
(1) By considering the sum of the terms of an arithmetic series, show that

1+2+3+...+n) =-1-n2 n+1)
4

(ii) By principle of mathematical induction, prove that

P+2° 43 440 =(1+2+3+...+n)

Marks



Question 5 (15 marks) Use a SEPARATE writing booklet

(a)

(d)

()

(i)

(i)

@iv)

@)

(ii)

Solvetan48=1, 0<0<m,

4tan @ —4tan’ @

Prove that tan 40 = 5 o
1-6tan” & +tan”™ &

Using (i) and (ii) solve z* + 42> —6z%2 -4z+1 =0

Hence, find:

(o) tan— + tan:jff- + tangf— + tanw—yr
16 16 16 16

(9] tan? - + tamzi?E + tanzg—ﬁ + tanzB—ir
i 16 16 16

If  2sin2x + cos 2x = k, show that:

(1+k)tan2x-—4tanx—1+k = (.

Also, show that if tan x;, and tan x, are the roots of this quadratic
equation in tan x, then tan (x, +x,) = 2.

Marks




Question 6 (15 marks) Use a SEPARATE writing booklet

(@ @ Sketch the curve y = 2x — 1

x—2

dax.

1
(i) ~ Evaluate [2x-
~1

x—=2

Express your answer in the form /n &, where k is a real constant.

(b) (i) Explain why the parametric coordinates of the ellipse 4x” + 9y* = 36
is (3 cosB, 2sin 8)

(ii) What are the parametric coordinates of the ellipse of the equation

2 2
D)’ =3 _,
4 2

2 2
(c) The hyperbola 7 has Cartesian equation —;C—z — y—z

The tangent to the hyperbola through P cuts the directrices at T and 7.
@ Find the equation of the tangent to the hyperbola at the point P.
(11)  Find the coordinates of T.

(iii)  Show that PT subtends a right angle at the focus S.

Marks

=1 and P(x],y]) is a point on F£



Question 7 (15 marks) Use a SEPARATE writing booklet

(a)

For the ellipse 9x* + 16y” = 144, find the:

(1) eccentricity

(ii) co-ordinates of the foci

(iii)  equations of the directrices.

Hence,

(iv)  sketch the ellipse showing the vertices, foci and directrices.

(v) Find the length of the latus rectum of the ellipse given above.

Question 7 continues on page 9

Marks



Marks

()
Yi
(0. b)
o |
/ o P {cos8, bsind)
/ A\
/ \
f VJa®
& o / ¥
\? !

Consider the ellipse % with equat10n — +

Olacos(8 + @), bsin(f +@)) and R(a cos(

y:

b

=1, and the points P{acos@, bsin6)
@), bsin(f ~ ¢)) on E.

1) Show that the equation of the tangent to £ at the point P is 2
xcosf N ysin@ _ L
a b
(ii) Show that the chord QR is parallel to the tangent at P. 2
(ili)  Deduce that OF bisects the chord OR. 3



Question 8 (15 marks) Use a SEPARATE writing booklet Marks

2

(a) The quadratic equation x“ —x + &k =0, where 4 is a real number, has two

distinct positive real roots o and .

()  ShowthatO<k< 7 2

(i)  Show that o? + P> =1 — 2k and deduce that o + p2> 3 . 2

(iii)  Show that % + -—}3—1-2- > 8. 2
[#4

(b)

Circles APD and BPC touch at P. D, P and C are collinear.
TP is the common tangent at P. TC cuts circle BPC in B while TD cuts circle APD in 4.

(0 Copy the diagram.

(ii)  Show that ATBP 1s a cyclic quadrilateral. 4
(iii))  Show that ABCD is a cyclic quadrilateral. 3
End of paper
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