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Killara
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ASSESSMENT TASK NO: 2
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TIME ALLOWED: Reading time: 5 minutes

Working time: 3 hours

INSTRUCTIONS: This paper consists of 10 multiple choice questions and 6 free-response questions

ANSWER all 16 questions

A multiple choice sheet and table of standard integrals are attached at the back of this paper
Start each question in a new booklet

Marks may not be given for untidy and poorly arranged work.

All relevant working should be shown.

THIS QUESTION PAPER MUST NOT BE REMOVED FROM THE EXAMINATION ROOM

OUTCOMES ASSESSED:

E1 appreciates of the scope, usefulness, beauty and elegance of MC

mathematics to solve a broad range of problems Q1
E3  uses the relationship between algebraic and geometric representations of

Complex numbers Q2
E4  uses efficient techniques for the algebraic manipulation required in dealing

with questions such as those involving conic sections and polynomials Q3
E6 combines the ideas of algebra and calculus to determine the important features

of the graphs of a wide variety of functions Q4
E9 communicates abstract ideas and relationships using appropriate notation and 05

logical argument

Q6

This assessment task constitutes 25% of the Higher School Certificate Course Assessment.
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Section |

10 marks
Attempt Questions 1 - 10

Use the Multiple Choice answer sheet for Questions 1 — 10.

1. The polynomial equation P(z) = 0 has one complex coefficient. Three of the roots of
this equationarez=3+1, z=2-1i andz=0.

The minimum degree of P(z) is

(A)
(B)
(©)
(D)

o~ DN

4 4
2.  Given that I f (x)dx =6, using the substitution u =5 —x , what is the value of j f(5—x)dx?
1 1

(A) 6
(B) 3
€ -1
(D) -6

3. If w isanimaginary cube root of unity, then (1+a)—a)2)7 is equal to

(A) 128w
(B) -128w
(C) 128 w?
(D) -128 w?



4.

Which of the following diagram represents the locus of z satisfying the condition

72-2
argl —— | =0?
g(z+2j

tIm

(4)

©) Tlm

-2 2  Re

!

B)

@)

P(z) is a polynomial of degree 5 with P(z) = P(Z) .

Which of the following must be true about the polynomial equation P(z) =0 ?

(A) All the roots can be real

(B) Only four of the roots can be real
(C) Only three of the roots can be real
(D) Only one of the roots can be real

What is the solution to the inequation 2
X —_

(A) 2< x<4 o0orx=>6
(B) 1< x<4 orx >5
(C) 4<x <6 orx <2
(D) 4>x< 5 or x<1

X(5—x) S 39

uj’m

il ]



7 What are the values of p and q such that if 1 —1i is a root of the equation
2’ +pz+q=0

(A) p=2and q=4

(B) p=2and g=-4
(C) p=-2and q=4
(D) p=-2and g =4

8 What is the value of % at the point (L,2) if xy®+2xy=87
X

-5 —4
A) — B) —
(A) 5 (B) 3
-1
Cc) -1 D) —
©) (D) >
9
Im ()
I
) 3 » Re(z)

Which of the following is NOT a valid algebraic description of this locus?

(A) Rez =2 (B) |z| = |z_4|

(C) Arg(z-4) + agz= 7z D) z+7 = 4



10.

The endpoints of the chord of contact of tangents from the point T will lie on different

branches of the hyperbola if T lies in the region

y
ol ‘ b
\A -““'-, - 7/
\A M =V
A ol
A 4
A =/
\aa =7
Ja na o | X
/2 __o o\
Vv = o
P . . o N
7 a8 RPN \
P =, @\
(A) AorB (C) CorD
A orC (D) AoD

(B)

End of Section |



Section 11

90 Marks

Attempt Questions 11 — 16

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet. Marks
a) Two complex numbers w and z are such that 2
w+2z = 6+ 2i
w — 3z = —20_
2—i

Find w and z, giving each answer in the form x + iy.

b) The points P and Q represent complex number p and q respectively, where

p = cos = +isin£,
4 4

q= 2cos = +2isin Z.
4 4

Find the moduli of the complex number a and b where

Question 11 continued on page 6
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c) The complex number z is given by z= cos § + isin 6,

Show that fL+7|" =2(1+cos6).

d) On the Agrand diagram, sketch the locus of z described by

z-2-3i] = Im(z)- 1,
(clearly showing the main features and the Cartesian equation)

e) The complex number z = x + 1y, where x and y are real, satisfies the parametric

equation z=1+ 2i+t(3—4i) where t is a real parameter.

Q) Show that the Cartesian equation of the locus of the point P which represents z

in an Argand diagram is given by 4x + 3y = 10.

(i)  Hence, find the minimum value of ||

f)  Solve the equation z° +16z =0, expressing each solution in the form

z=a+ib where a and b are real.

End of Question 11



Question 12 (15 marks) Use a SEPARATE writing booklet. Marks

a)  The diagram below is a sketch of the functiony = f(x) .

the linesx =0, y=0 andy =1 are asymptotes.

Using the sketch of the function given above, sketch each of the graphs below.

In each case, clearly label any maxima or minima, intercepts and equations.

) 1

(i) y ZW 2
i)y  y=(f(x) 2
(i)  y=sin(f(x)) 2
(iv) y=In(f(x) 2

Question 12 continued on page 8
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Question 12 continued

b)

(i)

(i)

(iii)

Consider the graph of the function  f(x)=

(x—2)
x—1

Determine the behaviour of f(x) asx - o and x — -0 andas
X approaches other critical values.

2
Hence, sketch the graph of f(x)= (x= 21) on the number plane, labelling

clearly its Asymptotes, x and y intercept(s).

Hence, sketch the graph of y = ,/ f(x) on the same number plane.

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet. Marks

a)  Giventhe graphsof y* = f(x) and y=|f(x)| asshown.

+

y=|f(x)

$prassssssssrferesnsasndsansssssancnnsns

Q) Explain the shape and position of y = f(x) in relation to the above graphs. 2

(i) Hence, sketch the graph of y = f(x) 2

(iii)  Hence, sketch the graph of y = f (|x) 2

Question 13 continued on page 10
9



Question 13 continued

b)  Determine the value of p for which

2 2
X .Y
4+p 9+p

=1 defines

Q) an ellipse

(i) a hyperbola

2 2
c) A hyperbola has the equation :—6—%:1.

Q) Find the coordinates of the foci.
(i) Write the equations of the directrices.

(iii)  Hence, sketch the graph of this hyperbola, labelling clearly, its vertices, foci

and asymptotes.

d)  Find the Cartesian equation of the complex number z = x +iy if

|z—2| + |z+2| = 10

End of Question 13
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Question 14 (15 marks) Use a SEPARATE writing booklet.

3

a) Given that —%-F?i is a zero of the polynomial P(x) = x* + 2x* + 2x +1,

factorise P(x) over the field of real numbers
b) The equation x*+2x*-20x-16=0 hasroots o, B and y.
(i) Find the cubic equation with roots o, g and y»°.
(i)  Hence, find the values of a°+ g% +5°.

C) Q) Prove that for any polynomial P(x), if k is a zero of multiplicity 2, then

k is also a zero of P’'(x).

n+1

(i)  Showthat x =1 is adouble root of x*" —nx""+nx"*-1=0

d) The notation > k?stands for 1%+ 2%+ 3%+ ...+ r’.
1
Giventhat S, = Zkz , prove by mathematical induction or otherwise that
1

n-1 n
nS,—>.S, =>r® forallintergral values of n>1.
1 1

End of Question 14

11
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Question 15 (15 marks) Use a SEPARATE writing booklet.
a) (i) Show that cos(p+q)+ cos(p —q)=2cos pcosq, and deduce that
cma+cmﬁ:2ama+ﬂcma_ﬂ
2 2.
. : : X y?
P(acosa,bsina) and Q(acos B,bsin 4) lie on the ellipse PR
(i) Show that the chord PQ has equation
XeosZHP  Vin&tP _ o5& =P
a 2 b 2. 2
(iii) Show that if PQ is a focal chord of the ellipse, then
PQ = 2a {1— e? cos? #}
b) P(acosa,bsina), Q(acosg,bsing) and R(acos@,bsind) lie on the ellipse
X y? : : :
Syl and PQ is focal chord, RT is the diameter through R, and PQ || RT.
a
(i) Show this information on a sketch.
(ii) Deduce that T has coordinates (—acos#,~bsing) and RT = 2RO.
(i) Showthat RT? = 4a’{l—e?sin?0)}.
(iv)  Show that mnﬁwna;ﬂ:—L
(v)  Showthat RT? = 2aPQ.

12
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Question 16 (15 marks) Use a SEPARATE writing booklet. Marks

o . X
a) Use the substitution u=x-1to find | —— dx 3
) I VXx-1
b)
B
C
X A
N
D

ABCD is a cyclic quadrilateral. The diagonals AC and BD intersect at right angles at X.

M is the midpoint of BC. MX produced meets AD at N.

Q) Copy the diagram showing the above information.

(i)  Showthat ~MBX = ~MXB 2

(i)~ Show that MN is perpendicularto AD. 3

Question 16 continued on page 14
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d)

If P(x) isdividedby (x—a)x-b) aremainderof R(x) is obtained.
Show that the remainder is given by

") - (P(a)—P(b)jX . aP(b)-bP(a)

a-b a-b

The points P, Q and R represent three different non zero numbers p, g and r

respectively on the Argand diagram.

Show that these points must satisfy the condition g + r? + 2 p® = 2(pq+ pr)

in order that APQR forms a right angled triangle with PQ = PR

End of Paper
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STANDARD INTEGRALS

1 .
x" dx =—x"l pz-1; x20,ifn<0
n+1
o
(1
—dx =Inx, x>0
) x
[ ax ] (ra
e dx =—e™, a=z0
a
o
i 1.
cosaxdx =—sinax, a=0
) a
™ ] ]
sinax dx =— cosax, az0
o
ol 2 _ ]
secTax dx =Etanax, azx0

1
secax tanaxdx :Esecax, a=0

1 I _x
jﬁdﬁc =—tan"'=, a#0
a +x° a a
1 ) . 1 X
—dx =sin"" =, a>0, —a<x<a
{ 2 2 el
Va©s—x°
ol ] I- ‘)
—dx :ln(x+x-'x2—a“]. x>a>0
JAxr-a®
fad ] |
ﬁdx = ln(x+ Vx?+a® )
J x?+a*

NOTE : Inx=log ,x, x>0

15



Rillara

HIGH SCHOOL

Multiple Choice Answer Sheet

Completely fill the response oval representing the most correct answer.

1 AO BO ¢ O bpO
2 AO BO ¢ O bpO
3 AO BO ¢ O bpO
4 AO BO ¢ O bpO
5 AO BO ¢ O bpO
6 AO BO ¢ O bpO
7 AO BO ¢ O bpO
8 AO BO ¢ O bpO
9. AO BO ¢ O bpO
0. AO BO ¢cO 1O

16



2013 half-yearly Marking scheme

1. B

2. B
U=5-x
Du = —dx

When x=1, u=4
Whenx=4, u=1

jf(S—x)dx = —jf(u)du

= jf(u)du =6

7. C
(L-i)°+p(1-i) +q=0
—2-2i+p-pi+q=0
Comparing real and imaginary parts
-2+p+q=0
-2-p=0
P=-2 and q=4

8. B
xy? +2xy =8
2xyy' +y* +2xy'+2y =0
y{2xy +2x}=-y* -2y
Y= -y' -2y
2XYy + 2X

At(1,2) :%

= —128 @?
4. A
5. A
6. C
x(5—x)2_3
X—4

X(5—x)(x —4) > —3(x — 4)?
X(5—x)(x —4) +3(x —4)> >0
(X=4{X(5-x)+3(x-4)}>0
(x—H{Bx - x> +3x-12}>0
(x—4){x*+8x+12}<0
(x=4(x+2)(x+6)<0
4<x <6 orx <2

Question 11

17




a)

W+z = 6+ 2i
20 24+i
W_3Z:—_—_
2—1  2+1

= 8+ 4i

Subtracting, 4z =-2 - 2i

1

2

1 mark

T W=6+2i +1+£i
2 2

13

= —+§i 1 mark
2

1 mark: correctly evaluates
the value of z

1 mark: uses the value of z
to correctly evaluate w.

Those students who
approached it as
simultaneous equations did
well.

b)(i)

(i)

p= cos = +isin &
4 4

_ 1 1.
_E-FEI

a=p+p
I R
2 V2 2 2
2 _ 2 N2 _ 5
J2o 2 42
|a|:\/§1mark

b= ¢

(2 cos % + 2i sin %)2

4 cis % using De Moivre theorem

= 4
- |b| = 4

1 mark: correct answer

1 mark: correct answer

Some students found a and
b, but not [a| and |b|

c)

Z=cos@+ isin@
L+ = Q+z)1+2)
= 1+z2+7Z+27 1mark
=1+ cos@+ isinf+
cos@— isinf+
cos’ O+ sin’0
=2+ 2cos9
= 2(1+cosB) 1mark
or |1+ z|2 :|1+ cosé +isin <9|2

=(1+cos 0)*+(sin@)=
1+ cos?@ + 2cos @ +sin® @ = 2+2cos O

1 mark: applies the fact that
7=

(1+ z.'ll'_]-l-_z_'l

1 mark: correct proof

d)

1 mark: correct shape with
focus and directrix

The students who
unravelled the geometric

18




¥ meaning of this statement
L, 1 mark: correctly labels could do this question a lot
-2y =4y-2) the vertex, y-intercept and | faster than those who
\3 @:3) the Cartesian equation. approached it
algebraically. It is
2 2:2) important to have even
PR I U A S scales and labels for focus,
. L vertex, y-intercept and
[ I I x directrix.
o)) _
x=1+3t y=2-4t1mark 1 mark: setting up the
parametric equation Well done!
Xx—=1 4(x-1)
t= —— y=2-———= _ .
3 3 1 mark: correctly verifies
3y=6-4x+4 the solution
4x + 3y =10 1 mark
(i) Award 2 marks for correct
Minimum value will be the perpendicular | solution
distance from the origin to the line. )
~10 Only 1 mark: for working
d= | | towards the solution
N4+ 3
=2
N 2° +162 =0 _
. Many students got into
z(z" +16) =0 trouble by trying to solve
- z=0 or z*=-16 z* +16=0 as
Z=0 or z= (-16)"* 1 mark: Applies De difference of perfect
Z=0 or Moivre’s theorem to find squares.
7+ 2k 7+ 2k the solutios in general
z2=2 (cos n 2 j form.
1 mark
where k=0, +1,-2 .
3 1 mark: substitutes the
2=0, z= 2CiS£ , ZCis—ﬂ, values of k to give the
4 4 solutions in r cis 6 form.
. =T . —3r . .
2Cis——, 2cis—— 1 mark 1 mark: gives the solutions
4 4 ina + ib form.
2=0+0i, V2(1+i), V2(-1+i),
V2(-1-i), V2(1-i)
2=0+0i, £2(1+i),£/2(1-i)
Question 12

19




a)(i) 2 mark: for the correct graph Majority of the students
failed to note that at x = 0,
1 mark: the graph is correct, )
but ignores the discontinuity at | f(x) and hence is
X=0. F(x)
undefined. Discontinuous.
(i) 2 marks: correct graph
1 mark: for correct shape
without the important feature
viz. when f(x)< 1,
fG?<f@)
(iii) 2 marks: for correct graph Only a few attempted this
question
1 mark: for showing correct
range or correct domain
(iv) 2 marks: for correct graph
1 mark: for showing the
asymptote
b)(i) Many students did not
know how to get the
oblique asymptote.
1
1 mark: for oblique
(X - 2)2 asymptotes as X —> Fo0
f(x)= = X-3+—
X—-1 X—1
1 mark: for vertical

20




asymptotes X —1°

1 mark: for shape
1 mark: for asymptotes
1 mark: for intercepts

1 mark: correct shape

1 mark: shows Yy =+/X—3

As the asymptote

In the graph of y=,/f (x)
Many students failed to
show that it approaches

the graph of y=vx — 3 as x
tends to infinity.

. 1
Limx-3+—— = (x-3)
X—>00 X=1
Y = x — 3 is an asymptote
. 1 _
Limx-3+—— = (x-3) 1mark
X—>—00 X J—
Xx—=>1", f(x)>w
x—1, f(xX)—> -0 1mark
b)(ii)
2
c)
‘."':-4"- IE.\'—l
27 I\
,.';"’. Vi
o ¥
Question 13
a) From the graph of y* = f(x), the value of f(x)

between vertical asymptote and the y-axis is
negative 1 mark

Therefore, part of the graph of y = |f(x)| must be
obtained by reflecting about the x-axis.
1 mark

Many students found it very
difficult to explain the
concepts verbally, even
though they had the correct
sketch in (ii)

21




(i)

|

1 mark: for position of the
sections of the graph of y =
f(x)

1 mark: correct shape

Generally well done!

(iii) | Y =flx| is symmetrical about the y-axis,
Since, f]-x| = f|x| for x >0 Well done!
The graph of y = f|x| is 1 mark: correct position
” ¥
s 1 1 mark: correct shape
O
~l
P/ ’
L
b)(i) | For an ellipse to exist, 1 mark: sets 4+ p>0and | You needed to have both
4+p>0and9+p>0 9+p>0 inequalities considered to
le. P>-4 andp>-9 And gives the correct get the mark.
The combined region is p > -4 1 mark solution.

(if) | For the hyperbola to exist 1 mark: considering each Students need to
Cao L dup> 0ando +p <o of e cases ac naking e | reaise that hyperbola
There is no combined region, hence, the hyperbola can be of the form
does not exist for any value of p. x? y2 _1
Case 2: 4+p<0and 9+ p>0. 2 bl or

le. P<-4 andp>-9 ) )
le. -9<p<-4. XY 4
2 T
a
c) 9=16(e’-1)
(i) , 25 )
e == 1 mar
16
5
e= —, e>0
4
foci (+ae0) = (£5,0)
(i) Equations of the directrices are
4 16 1 mark
Xx=4x— = —
B 3
(iii)

Vertices (i 4,0)

Asymptotes y= =+

o | o
>
1
[+

nlw
>

1 mark: correct shape
and labels foci and
directrices

1 mark: correctly
sketches and labels

22




vertices and
asymptotes

(iii)

UI|

e -2
-3
-4

13 Using the property of the ellipse,

(iv) SP + S’P =2a, 1 mark: states the Again, those who could see
2a=10 reasoning that the geometrical property of
a=5 1mark SP +S’P =2a, and the ellipse, solved the

Foci (ae, 0 evaluates a problem a lot faster than
. é _ 2) the students who followed
<. 08 _2 algebraic method.

Se==
5)
b = atfi-e?)

2
= 25 1—(Ej =21
5

.. Cartesian equation is

1 mark: evaluates b and
gives the Cartesian

N yz equation of the ellipse.
-+ L =1
25 21
Question 14
a) P(x) = 3+ 2%x2 + 2% +1 Many failed to
. . state why the
The coefficients are real. complex

1 3

__+7i is a root, than

.. the roots come in conjugates.

1 mark: states that since the coefficients
are real,

1 43,

————1jisaroot.
2 2

conjugate is also
aroot.

One student did
not use the given
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V3

root to solve the

1 ..
R also a root. 1 mark: correctly evaluates o the | Problem.
real root ( can do by inspection too)
Sum of roots = —2
_1+£i+_£+£i+a 2
2 2
soa=-1 1 mark: correctly factorises over the real
Sum of the two complex roots = 1 field.
Product = 1
The quadratic with the two complex
roots is x> —x + 1
X2+ 2x% +2x+1 =
(x+1)(x? —x+1)
b)(A) | x®+2x2—20x-16=0 Most of the
students had the
) correct method
Let a” =y 1 mark: substitutes but made
Then o= \/V a= 4y into numerical errors
when squaring
(\/W +2y 20,y ~16 =0 1 mark x* +2x*-20x-16=0 and rearranging.
Jy(y-20) = 16-2y
Squaring both sides, L .
1 mark: simplifies and correctly
2 _ 2
y(y? 40y +400)= 256 - 64y + 4y gives the correct cubic equation.
y® —44y? + 464y — 256 =0 is the
cubic with o>, p* and y?as roots.
() x*+2x* ~20x-16 =0
hasroots o, B and y.
a’+2a?—-20—-16=0 1 mark: gives the correct values for
2
p°+2p2-204-16=0 2o ad ) a
7P +2y* 20y -16=0
Adding the three equations, 1 mark: correctly substitutes Za and
Za3+22a2—202a—4820 - .
3y 0 a4 20% 2480 Za into the equation
20 +2x 4= 20248 = 3o’ +2Y a? —203 a-48=0
3
zas - 30 and evaluates Za
c) One student used
(1 1 mark: Uses division transformation the fact that when

Using division transformation,
P(x) = (x—k)*Q(x) 1 mark
P(k)=0

P'(x) = (x=k)>Q'(x)+2(x—k)Q(x)

= (x=k)[(x-k)Q'(x)+2Q(x)]
P'(k)=0
le. x =kis also a root of P'(x) =0

and writes P(x) correctly in the
factored form

1 mark: Differentiates P(x)

correctly and demonstrates that
x = k satisfies P'(x)

it has a double
root it touches the
x-axis and
therefore both
P(x) and P'(x)
are zero.
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(i)

P(x)=x*" —nx""* +nx"* -1
P(l) =1-n+n-1=0
le. x=1isarootof P(x) =01 mark

P(x) =
2nx?" ™ —n(n+1)x" +n(n—1)x"2

P'M) = 2n-n(n+1)+n(n-1)
2n—-n’-n+n-n
0

P@) = P'() =0
ie. x = 1 is a double root of P(x) =0
1 mark

1 mark: shows that P(1) =0

1 mark: Shows that P'(1) =0

And provesthatx =1 isa
double root by giving the
reasoning (since P(1)=P'(}) =0)

d)

S, = Y KkP=12+22+ .+
1

The statement means
n-1 n
nS, - >.S, =>.r°,
1 1
n(l2 +22+3? +.+n2) -
(S,+S,+S,+..+S,,) =
(13 +2%4+3 +.+n3)

Proof
Step 1
Letn=2 (n>1)

202+2%) - (©®)=  (©®+2°)

2x5-1=1+8
9=9 True
Step 2

Assume statement is true for n = k,
then

k-1 k
kS, =D S, =D r°.
1 1

ie.
k(12+22+32+.+k2) -
(S,+S,+S,+..+S,,) =

(13 +2°+3%+ .+ k3). (**%*)
Step 3

We need to prove the statement is true
forn=k+ 1.

LHS is

1 mark: for proving the statement for n
=2.

1 mark: states that the statement is true
forn=Kk.

1 mark: writes the n = k+1 statement
and expands it correctly.

1 mark: uses the n = Kk result to prove
the result.
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(k +1)(12+22+32 4K+ (K+1)) -
(S,+S,+S,+..+S5,,+S,)

= k(% +22 +32 +.+K?) +
(12+22+32+.+k2) + (k +12)°
- (S, +S,+S;+..+S4)— S,

k(l2 +22+32+.+k2)—
S, +S, +S,+..+S, )+
1242 +3 +.4+k?) - S, +(k+1)

— I

k
= > r*+5, - + (k+1)

1

k+1

= Zr?’
1

le. if the statement is true for n = k, then it is
true for n = k+1.

Step 4

We have proved that statement is true for n = 2,
hence, using the concept of mathematical
induction, the statement is proved to be true.

Question 15

a)(i)

cos(p+q)+cos(p—q)=

Cospcosqg-sinpsing+

cospcosq+ Sinpsing
= 2cospcosg 1mark

Letpt+tq=oa (1)
andp-q= (2)
(1) +(2) gives p=

and

a+pf
2

1 mark: correct proof

1 mark: correct proof
(all steps of working must be
shown)

Well done
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(1) - @) gives q= “Zi

Sub in the relation above,

a+ a—
Cos a+cos f= 2cos p CcoS g
2 2.
(i) | P(acosa,bsina) and
Q(acos B,bsin ) 1 mark: correctly calculates the
_ b(sina —sin ) gradient of PQ
P a(cosa —cos )
a+pf . a-—
b(2cos 5 P sin ﬂ)
a(=2sin a+p sin @- ,B) 2 marks: correctly finds the
2 2 equation of the straight line
o+ (chord PQ)
b(cos 7
= ¢  1mark Award 1 mark if significant
—a(sin a+p ) progress towards getting the
2 equation of the chord is made.
.. Equation of the chord is of the form
o+
b cos 2'Bx+asm ﬂy K
sub P(acosa,bsina),
a+
abcos 2ﬂ003a+absm Z'Bsma k

kzab(cosa;ﬂcowﬁsm ;ﬂsmaj

k=ab cos[a - #j

=ab cos(a -5 j

2
Chord has equation
bcosﬂx+ asinﬂy =

2 2
=ab cos(a i J
2
Divide by ab,

Xeos ¥ Vgin @HF _ o5 @ =F

b 2. 2

(i)

P(acosa,bsina)

Q(acos A,bsin )

PQ is a focal chord, then it satisfies
S(ae,0) or S'(-ae0)

1 mark: Substitutes S(ae,O)
into the chord to get

Many students used
the distance formula
to get PQ even

though it needed a lot
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Then a+p a-pf of algebraic work. Of
B +ecos = CO0Ss course, you can see
ECOS a+pf = C0S a-p 2 the merit of using a
a 2 geometrical
) a+ a— approach.
ie. + ecos—’B = cos—ﬂl mark 1 mark: Uses PS = e PM and
2 PS’ = ePM’ and writes an
expression for PQ
PQ= PS+ SQ
= ePM +eQM’ (focus-directrix
Formula) 1 mark: Uses the result
a a
= ¢/ ——acosa |+e ——acosf a+p _ 2= F
( e j ( e ) t ecos > = COS
1 mark To get the desired result.

= a(2—e(cosa +cos B))

= a(Z—e(Zcosa;ﬂcosa_ﬂD

2
2a[1—ecosa;ﬂcosa_ﬂJ

2
= 2a {1— e? cos® #} 1 mark

b)(i)
XY
P a b
R
2NN
\ Q
T
(i) P(acosa,bsina)

Q(acos A,bsin )
R(acosé,bsin @) and let

T(acosg¢,bsing)
RT satisfies (0, 0), sub. in

1 mark: proves that

0—-¢

COS——— = 0and hence

p=0+trx

In this question you cannot
show (- @) satisfies the
equation or state verbally
that since it is diametrically
opposite T has parameter -

-0.

X O+¢ y . 0+9¢ 0—¢ The question is “Deduce”.
gCOS > + Esm 5 - cos 5 Then you need to prove
0—¢ 1 mark: Applies that - ¢p=0+7.
Then cos 5 =0 ¢ =6+ 1 to prove the
LO—g=1r1 coordinates of T and
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L9=0t1r lmark
-.C0S¢p =—c0sd, sing=-sind
Then (—acos#,-bsin )
Now, RO =TO = RT=2RO 1 mark

RT = 2RO

(iii) RO?= a2cos? @ +b?sin2 6 1 mark: applies distance
= a’cos? 0 +a’(l-e?)sin? 6 foymula 2nd
- az ) bzzaz(l—ez)togetthe
=a (1— e”sin 9) 1 mark expression for RO?
Using (ii) )
RT? = 4RO? 1 mark: Uses (ii), to
- 4a2(1_ e?sin? 9) prove the result
(iv) PO || RT
a+f Some students just by
b(cos ) 1 mark: equates gradients | looking at
— i and proves the result +
Meg — +,B from Q15a)(ii) tan o tan & p _ 1
—a(sin ) 2
and proceeded with the
me—m bSIn o Etan 0 question stating that
N PQ L RO. Your starting
Equating gradients, point here has to be
a+p PQ || RT and then
—_a cot——— —tan 0 gradients are equal.
tanOtan L2 ﬁ =-1
2
(V) From (a)(iii),

PQ= 2a {1 e” cos? 'B} *)

From (b)(iii),

RT?= 4a2(1—e2 sin? 6?) (**)

We need to prove

ca+pf
2

cos =sin @

From (iv),

.. tan@tan a;ﬂ =-1

o+
. tan® @ tan? ’le
2
o+
. tan? 4| sec? B _ =1
2
o+
secz—ﬂ—1= cot?0
2
= cosec’0 -1
o+
sec? B = cosec’ 0
2
o+ )
cos? Z’B:SIHZQ 1 mark

Comparing (*), **), RT? = 2a PQ.

1 mark: proves the result

20+ fB

cos’ —= =sin%@
2

1 mark: compares RT? and
PQ and applies the above
result to prove the
relationship.

Many people did not
attempt this question.
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Question 16

a)
J‘ X dx u=x—1
x-1 1 mark: uses the
du = dx substitution to convert the
integrand in terms of u
= Iu_+1 du 1 mark
Ju
= [Ju 1
= _[ u +T du 1 mark: integrates
u correctly
2 3 1
= —u?2+2u?+C lmark
23 1 mark: expresses the
_ answer in terms of x in
- gu U+ 2\/a+ C radical sign
= %(X—l X—14+2+VXx—-1+C 1 mark
b)(i)
1 mark: proves that M is
the centre of a circle with
A1 centre.
1 mark: Proves that MX =
MB and hence the result
giving reason for every
step.
Z BXC = 90° (given)
le. BC is the diameter of the circle
through B, X, C and M is the centre of
the circle. (angle in the semi-circle =
90°) 1 mark
.. MB = MX (radii of the circle are
equal)
.. ZMBX = ZMXB ( angles opposite
equal sides are equal in AMBX 1 mark
(i) ZCBD = ZCAD (angles subtended by

arc CD at the circumference are equal)

. ZMBX = «ZXAD (.. ZMBX = ZCBD
and /XAD = ZCAD)
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ZMXB = ZDXN (vertically opposite
angles are equal)
S ZXAD = ZDXN (.. ZMBX = ZMXB

proven)

ZXDN = ZXAD =90°
(£XAD = ZDXN) proven above

. ZXND =90° (£ sum of

ADXN =180°
~.MN L AD

Using divison transformation,

P(x) = (x-a)x~b) Q(x)+ R(x)
Where max. degree of R(x) is 1. Let
R(X) = mx+n

P(x) = (x—a)x—b) Q(x)+ mx +n
Letx=a.

P(a)= ma+n (1)

Letx=h.

P(b) = mb+n (2)

(1) - (2) gives,

R(X) = (P("";E(b)jx ;

1 mark: writes the
division transformation

and gives R(x) as
mx+n

2 marks: correctly
evaluates the values
of m or n and hence
R(x) in the required
form.

1 mark: evaluates
either morn.




d)

s Im

P

2(q)

r-p

R(7)

From the diagram,

(@-p) = i(r-p)

Squaring both sides,

(@-pf = -1r-p)

q°-2pq+p° = —1(r2—2rp+ p2)
le. 9°+ p>+2p*> = 2(pqg+ pr)

1 mark: represents the
information on an Argand
diagram.

1 mark: Demonstrates the
understanding that

[9-p|=r—p|and
that

(-p) = i(r-p)

2 marks: correctly
expands and proves
the result

Award 1 mark (only):
working towards the
solution.
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