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OUTCOMES ASSESSED:

E7 Uses the techniques of slicing and cylindrical shells to determine volumes

E8 Applies further techniques of integration, including partial fractions, integration by parts
and recurrence formulae, to problems.

E9 Communicates abstract ideas and relationships using appropriate notation and logical
argument.
MARKS

QUESTION 1 Topic /13
QUESTION 2 Topic /11
QUESTION 3 Topic /14
Multiple Choice: /4
/142

This assessment task constitutes 20% of the Higher School Certificate Course Assessment.



Section I
4 marks
Attempt Questions 1- 4

Use the multiple-choice answer sheet for Questions 1 — 4.

2x

1. The antiderivative of (for e** > %) is

2e* -
(A) 410ge(2e2x —1)

(B) 210ge(2ezx - 1]

(©) % log, 262 1)

(D) % log, (2e2x - 1)

2. Using a suitable substitution, [sin®(x)cos*(x)dx can be expressed in terms of u as

oWy

(A) j[(uG—u4)du
:
1
2

(B) J.(u6—u4)du
1
2

(€) j(u" ~u*) du
0

(D)



The graph of f(x)= for x>0, is shown below. The shaded region is

bounded by the graph of f(x), the y - axis and the line with equation y =1.

The shaded region is rotated about the x-axis to form a solid of revolution.

The volume of the solid, in cubic units, is given by

(A) zzz[[xij —1] dx

2
(B) zzj
0

2
(®) zj
0

2
(D) V4 ( 25 —ljdx



The area bounded by the function f (x) =+ x? -9, the x - axis and the line with

equation x =5 is rotated about the y-axis to form a solid of revolution.

The volume of this solid in cubic units is given by:

(A) zj(yz —9)dy
(B) zzj(yz +9)dy

(©) zj(16—y2)dy

(D) n}(sﬂ/yz +9Tdy
0



Section 1T
Attempt Question 1- 3
Answer each question on a SEPARATE writing booklet.

Your response should include relevant mathematical reasoning and/or calculations.

Question 1 ( 13 marks ) Use a SEPARATE writing booklet.

a) (1) Differentiate —2¢™
X
. l-log,x , . .
(i1) Hence, evaluate I dx in simplest form.
xlog, x
e
; 2x
b) Use a suitable substitution to evaluate j ——————dx
3 (x—=1)+vx+1

c) (1) Find the real numbers A, B and C such that

2x% +7x—1 A Bx+C

(x—2)(x2+x+1)  x-2 X +x+1

(i1)) Hence, find:

2 —
J~( 2x°“+7x-1 i

x—2)(x2 +x+1)

End of Question 1



Question 2 ( 11 marks ) Use a SEPARATE writing booklet.

. o X .
a) Using the substitution ¢ = tanz, or otherwise ,
z
7 1
evaluate J - dx.
2smx+cosx+3

0

b) Let In:j-(l—xzrdx and J,
0

ixz(l_xzrdx

(1) Applying integration by parts to /,, show that /, =2nJ,_,.

. 2n
i Hence, show that 7 = I _,.
( ) n 7 +1 n—1
(iii)  Show that J, =1, — 1, ., and hence deduce that J, = 5 1 3 I1,.
n+

(iv) Hence, write down a reduction formula for J, interms of J,_;.

End of Question 2



Question 3 ( 14 marks ) Use a SEPARATE writing booklet.

a)  The region bounded by the curve y = x% -9, and the line 3x — y+1=0

and the line x =—11s rotated about the line x=—2 to form a solid.

SO -

(5,18)

.
y=x"=9

)
“
1

(1) Using method of cylindrical shells, show that the volume of an elemental shell
is given by

& =27(x+2)(10+3x—x2 )6

(i1))  Find the volume of the solid formed.

Question 3 continues on next page



b) The shaded region shown below represents the area bounded by the curve

y:4x2 —x4, the x-axis for 0<x<2.

y=4x’ —x

/z 15 A 05 0 05 1 15 X x
14

By taking slices perpendicular to the axis of rotation, use the method of slicing
to find the volume of the solid obtained by rotating the shaded region about

the y-axis?

Question 3 continues on next page



C) A large sculpture has a triangular base (4BD) and top (EFC) as shown. The height of the
sculpture is 10 metres. Each cross- section parallel to the base is an isosceles trapezium,
and all other dimensions are shown in the diagram below. A typical cross-section IJKL is
shown in the diagram.

10m

(1) Show, with working, that the cross-sectional area of the slice at 4

h metres above the base, is given by

2
5 50
(i1)) Hence by considering the typical slice ZJKL of thickness o, 2

find the volume of the sculpture.

End of paper
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STANDARD INTEGRALS

1 .
x" dx =—x"™ p#-1; x£0,ifn<0
n+1
o
(]
—dx =lnx, x>0
) x
[ ax ] (rAy
e dx =—¢ a#0
a
of
[ 1.
cosaxdx =—sinax, az=0
) a
. 1
sinax dx =—Ecosax. az0
Mol 2 ) ]
secTax dx :Etanax, az0

-

1
secax tanaxdx = 4 Secax, a 0

1
j —dx :ltan_]E a0
as+x- a a
J;dx =sin'Y, 450, —a<x<a
™2 2 a
Yya©- —X
J.;dx :]n(x+x-':x2—a2]. x>a>0
Vxl-a
j;;dx = ]n(x+ Vx?+d? )
Vit +a?

NOTE : Inx=log,x, x>0
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Multiple Choice Answer Sheet
Completely fill the response oval representing the most correct answer.

0 g 0 O

DO

D O

DO

D O



Marking scheme

MC . D 2 B 3. A 4 C
Ql log, x
(1) - xe I mark: correctly differentiates
)c.l —log, x.1
r__ X
y _x—z
_ l-log, x
(i1) “1_1 e
—log,x ,  l-log, X
——dx = dx
-e[ xlog, x 'l. x> log,x
g 1-1log, ,
- J' X dx 1 mark: writes in S form.
log, f(x)
e
X
eZ
- {loge(loge X )} 1 mark: integrates correctly
X e
2
g

I mark: correctly evaluates the
integral.

2log e 1
loge( %e )—loge[—]
e e
i loge(z)
e
b) 8
j dx
3 x 1+
Let u2:x+1
2udu = dx x=3, u=2; x=8, u=31mark
; 32lu? —1)2udu
Somerma® ™ e
3 x 1+ 5 —2|+u
3 3—u
=4 —du 1 mark
2u +u-—2
3
= 4ju—1+22”—_2du
u - +u-—-2
: 2
= 4Iu—1+ du 1 mark
(u+2)

1 mark: uses the correct
substitution and converts the
terminals.

1 mark: correctly converts the
integral in terms of u.

simplifies the integrand into
simpler terms




3

2
= 4{%—u+210ge(u+2)}
2

= 4{[%—3+210g65ﬂ—(g—2+210ge4}

= 6+ 810ge(%j 1 mark

1 mark: correct integration and
evauation.

c)(i)

(ii)

Bx+C
x2+x+1

22X +7x-1 A
(x—2)(2x2+x+1) x—2

A(x2+x+1)+(Bx+C)(x—2)= 2x% +7x-1
x=2, 74=21
A=3
Coefficient of x2, 2=A4A+B
B=-1
Constant, —-1= A4-2C
2C=4 ~.C=2 1mark
_[ 2x2 +7x 1 ;x+2 I
(x— 2 2x +x+1 - x +x+1
- 3lnx- 2|+j2"—Jr2
+x+1

1 mark

dx 1 mark

2x+1-5
= 3ln|x—2|—EJ mdx

2x+1 SI 1

31n|x—2|—lj S —dx+ -
27 x“+x+1 2 12 (3
x+— |+

1 mark

31n|x—2|—%ln‘x2 +x+l‘+§.itan_1 2x+1+ C

2°\3 V3

31n|x—2|—%n‘x2 +x+1‘+itan_1 2x+1

V3 V3

+ C 1 mark

1 mark: writes the equivalent

polynomial to 2x? + 7x—1in
terms of A, B and C and attempts to
evaluate A, B or C.

2 mark: Solves for the correct values
of A, B and C.

1 mark: expresses the integrand in

A Bx+C
+
x—2

form and

x2+x+1

integrates correctly.

x—2

1 mark: correctly separates
—-x+2

J z—dx to integrable form.
x“+x+1

1 mark: correctly integrates.




Question 2

a)
X
t=tan—,
2
T 2dt 1 mark: converts the limits and
Whenx=0, t=0; x=—, t=1 dx= 2 1 mark dx in terms of ¢
2 1+¢
z
2
j _ 1 dx.=
0 2sinx+cosx+3
j 1 2di
2 2
09, 2t2 +1 t2 +31+t
I+t 1+t
2dt
1
2
- I 1‘gf : 1 mark: uses the correct
o +1-1"+3+3¢ substitutions for sinx and cosx
1+72 and simpliﬁes to give
£ 24t I
O :
02t +4t+4 +21+2
1
j 5 1 mark
0l +2t+2
1
j 1 mark: correctly integrates and
0 t+1 evaluates.
[tan ! f+1)}g: tan”' (2)—tan""(1)
= tan_1(2)— z or tan”! l 1 mark
4 3
b)
) I, (1 X de

(1 X rldx
[(l—xzy.x}l —j.n(l—xzy_l.—bc.x dx 2 marks
0 9

0+ 2n.1|.x2 (l—xzy_1 dx
= 2’7(3];1—1 1 mark

1 mark (each part): applies
integration by parts.

1 mark: deduces the correct
result.




(ii)

(iii)

(iv)

In :szn_l

= 2nJ1.x2 (1 —x? y_ldx
0

= an.[l—(l—xz)h—xzr_ldx 1 mark
0

1 1

= 2nJ.(l—x2T_ldx - 2n.|.(l—xZde
= 22 I, 1-2nl, 0

Qn+1)1,=2n1,,

_ 2+
T2+ +1
_ In{2n+3—2n—2}

2n+3

I, ! 1 mark
2n+3

I, using the result from (ii)

J, :'lfxz( —xzrdx
0

1 ...

= I from (iii
[2n+3j ! (i

1

53 )211 J,_; using (i)

2n J
2n+3

n—1-

1 mark: expresses x° as
1- (1 —x? )and rewrites the

integrand into difference of
two terms.

1 mark: uses the definition of
I, and [, _; to give the required
result.

1 mark: 1 mark: expresses x”
as 1—(1—x2) to get the
required result

1 mark: uses the result from
(i1) for 7, and simplifies to get

the result

1 mark: uses the results from
(1) and (iii) to give the
relationship.




Question 3

a)

(1)

(ii)

3

o

(5.16)

n

&

~ (x.n)

2w (x +2)

-1

dx

1 mark

Volume of the slice is OV = 27z'(x+ 2)()/1 - )cic 1 mark
= 27(x+2)3x +1-22 +9 )5
= 27 +2)10+ 3x —x2 )5

1 mark

Summing up the volumes of all such typical shells
between x =—1to x =5 and then let dx — 0 gives the
volume of the solid.

Thus,

V= 27[_5'-(x+2)(10+3x—x2}ix 1 mark
-1

:2;z}(10x+3x2 —x® 420+ 63— 222 Jix
-1
=27£j-(20+16x+x2 —x3)dx

-1

5

3 4

=27 20x+8x2 + 2 -1
34,

1 mark: Draws the sketch of
the cylindrical shell with
correct dimensions

1 mark: Develops the volume
of the cylindrical shell 6V by
finding the volume of the
rectangular prism ( diagram or
explanation required)

1 mark: converts V=V n

terms of x and proves the
required expression for oV

(i)

1 mark: writes the expression for V'
as the sum of OV s and let ox — 0
And gives the form

2zzj(x+2)(1o+3x—x2)dx

-1

1 mark: correctly integrates to give
the correct answer.




= 3967 unit’. 1 mark

=2z 100+200+2—% - 20+8+l—l
3 4 3

i

b)

< ——= - Q <
/
/

]’z 15 1 ' ) 05 1 15 *

Area of the Annulus 04 = 7r(x22 — xlz)
Volume of the slice oV = 7r(x22 —x12
y=4x?—x*

ie. x4—4x2+y=O

A2,
x12=2—,/4—y x22:2+,/4—y

.'.x22—x12 = 2\4-y

oV = 7[(2@)@

X

1 mark

4
Volume of the solid= V = 27[.[1/4—); oy
0

= - 275%{(4 - y);T

0

_ #(O_g) - ”T”unié 1 mark

1 mark

1 mark: gives the cross-section
area of the perpendicular slice.

1 mark: gives the volume of
the slice in terms of y.

1 mark: calculates the volume

(1)

When =0, a=0
h=10, a=2

4 marks: Expresses a, b and x
in terms of /4 and calculates the
area of the cross-section /JKL.




a=mh+p
h=0, a=0
a=mh
=2:9h s.a
10-0

Similarly,

| S

When =0, b=4
h=10, b=0

sb= 0 4h+4 b:—2h+4
10-0 5
Also,
Whenh=0, x=4
h=10, x=2

SX= ﬂh+4 x:_—1h+4
10-0 5

Area of IJKL = %(a + b)

LY (el VRNV TS
2( 5 5 5

W 2h 2k
S
50 5 5

2
:h__ﬂ+8
50 5

Subtract 1 mark for errors in
each of the calculations.

Award 1 mark: If an attempt to
find the area of cross-section
with reasonable mathematical
working.

(ii)

Summing up the volumes of all such typical slices
between 2=0to 4 =10 and then let & — 0gives the
volume of the solid.

Thus volume of the solid

10/, 2
V = h——ﬁ+8 7 1 mark
0 50 5

1 mark

1 mark: develops the correct
expression for V.

1 mark: Calculates the correct
volume.




