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Multiple choice questions (10 marks). Marks
Allow 15 minutes for this section

Use the multiple-choice answer sheet for Q1 to 10

1. V3 +i expressed in modulus argument form is:
. T . T
A 2cCis — B 2cCis —
Q . ®) :
C) 2 cis% (D)  2cisx
2 Y
2. The parametric equations of the hyperbola (x Zl) _y 23) =1 are:

(A) X =-1+2secH, y:3+\/§ tan
(B) X =1+ 2secd, y=3—\/§ tan @
(C)  x=2sec(@-1), y=+/2 tan(0+3)

(D) X =3+ 2sech, y=—1+\/§tan¢9

3. P represent the complex number p = 1 + 2i on an Argand diagram. Given that PQR
is an equilateral triangle whose centre is at the origin O. Find the complex number g,
represented by the point Q.

<1/
/

N

—(1+243)+i (v/3-2) 1+2/3)-i (\/3-2)

(A) (B)

2 2
© —(1+3ﬁ)2+i (+/3-3i) D) —(1+2\/§):1ri (/3 -2i)



Which pair of equations gives the asymptotes of 9x* —16y* =144

Factorize x* +x® —12 over the complex field.

(A)
(B)
(©)
(D)

(X2 + 4)(x—iv3)(x+i/3)
(x—2i)(x—/3)(x +/3)

(X +2i) (x = 20) (X ++/3) (x = /3)
(x+2) (x=2) (x+V/3) (x~iV3)

The locus of z is represented by the circle in the Argand diagram below. The centre
and radius of the circle are:

(A)

(©)

Im(z)

(B)

(D)

C [Oﬁ] and rzﬁ
3 2

¢ (0.43)and r:¥



7.

The sketch of y = f(x) is shown.

Y
4]

3

-2

The graph which represents y? = f(x) is:

)X

(A) (B)
v
2
N
Sy X -2
3 1 1 2 ©
-14
(©) (D)
1 2 3 >




10.

2 2

The length of the latus rectum of the hyperbola )2(—5 _yT =
8
A =
(A) o
8
B _°2
(B) o
4
C -
©) o
8
D °
(D) c

Given 4x® + 3x — 2 has a rational zero, find all other zeros.

A) % and il+:1/ﬁ (B)
(C) = and _1i4i\/E (D)

1is:

1
2

and

and

—1++/15i

1+iy15

4

If «, 3 and A are the roots of the equation x° +2x*> —5x —6 =0, the value of

(@ -D(B-1(1-1) is:

(A) 12

(B)

€ 15 (D)

-6



Question 11 (15 marks) Use a SEPARATE writing booklet. Marks

(@)

(b)

(©

Evaluate [3— 2i 1

Express in the form x +1iy, where x and y are real

(3+4i)(4-1) 2

W
-~

In the Argand diagram A OAB is isosceles and right angled at A. AB represents
the complex number o

Q) What complex number corresponds to the vertex A? 1
(i)  What complex number correspond to the vertex B? 1
(iii) ~ Show that the area of AOAB is % aa. 1

Question 11 continues on page 7



(d) The complex number z is given by:

z=1+1i
1-i

Q) Express z in modulus-argument form.

(i) Hence find z° in the form x + iy, where x and y are real.

(e) In the Argand diagram below the shaded region is a part of a quarter of a circle
whose centre is A and its radius is AO. Find the conditions that should be

satisfied by the complex numbers Z which represents the shaded region.

End of Question 11



Question 12 (15 marks) Use a SEPARATE writing booklet. Marks

(@  The equation 2x® —2x* +1=0 has roots «, B and y. 3

Find the equation with roots o, 8 and »°.

(b) The graph of function f(x) = x+/9—x* is given below (on page 9).

o)

P)

Find the co-ordinates of the stationary points and x-intercepts. 3
Then copy or trace the graph into your writing booklet and mark all

the important features.

Use the graph of f (x) to sketch each of the following on a separate

number plane

i)  y=f(x) 1
N 1

(i) y= m 2
@) y= |f(x)| 1
iv) y=(f(x)) 2
(v) y=e'™ 3

Question 12 continues on page 9



t(x)

fx) = xf9 — x*

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet. Marks

(a) Find the equation of the locus of a point P(x, y) such that its distance 3

from the point S(ae, 0) to the line x = a is in the ratio e:1 where e <1.
e

(b)  For the hyperbola 5x* —4y* =20:

Q) Find the equations of the asymptotes 1
(i) If the point P (2sec®,~/5tan ©) lies on this hyperbola prove that the 3
equation of the tangent to the hyperbola at P is xseco _ytano =1.
J5
(iii)  If the tangent cuts the asymptotes at L and M, prove that LP = PM. 4
(iv)  Prove that the area of triangle OLM is independent of the position of P, 4

where O is the origin.

End of Question 13.
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Question 14 (15 marks) Use a SEPARATE writing booklet.

Marks

(@)

(b)

(©

The polynomial P(z) has the equation P(z) =z *—5z°% + 7z 2 + 3x — 10

Given that z— 2 + i is a factor of P(z), express P(z) as a product of factors

with real coefficients.

Let f(t) =t +ct+d, where c and d are constants.

Suppose that the equation f (t) =0 has three distinct real roots, t, t, and t,.

(i)

(i)

(iii)

(i)

(i)

(iii)

Find t, +t, +t,.

Show that t,*+1t,” +t,= —2c.

Since the roots are real and distinct, the graph of y = f(t) has two
turning points,at t=u and t=v,and f(u).f(v) <O0.

Show that 27d? + 4c® < 0.

Suppose that k is a double root of the polynomial equation f(x)=0.
Show that f '(k)=0.

The polynomial P(x) = ax’ +bx® +1 is divisible by (x—1). Find the
coefficient a and b.

x> x* X!
Let E(x) :1+x+?+€+£. Prove E (x) =0 has no double root

End of Question 14
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Question 15 (15 marks) Use a SEPARATE writing booklet. Marks

@ The ellipse E, is given in terms of the complex number z by: 2

|z+3+|z—3=10. Find the Cartesian equation of E.

: : x—1
(b)  Find the integral [ Nores dx 2
© () Show that the tangent to the rectangular hyperbola xy = c? at the point 2

T (ct,%) has equation x+t?y = 2ct .

(i)  The tangents to the rectangular hyperbola xy =c? at the points P (cp,gj
p

and Q (cq,EJ, where pg =1, intersect at R.
q

o) Find the equation of the locus of R. 3

B) State any restriction on the values of x for this locus. 1

(d)

In the diagram, AB is the diameter of the circle, and £ BAC =6.

0] If the area of the shaded region is one third of the area of the circle,
show that  sin 20 = % ~20 3
(i) Show graphically that this equation has only one solution. 2

End of Question 15
12



Question 16 (15 marks) Use a SEPARATE writing booklet. Marks
@ Given that sin(x + y) +sin(x — y) = 2sin xcosy 3
and cos(x +y) +cos(x — y) = 2cosxcosy and by using the fact that
A+ B+ C= 7 fortriangle ABC:
Show that SnA+sinB _ cotg
cosA+cosB 2
sin x Vs
—_— for O < —
)  Let f(x)={ x SXE5
1 for x=0
Q) Find the derivative of f(x) for 0<x <% and prove that f '(x) 2
is negative in this interval.
(ii) Sketch the graph of y =1(x) for 0<x <% and deduce that 2
sin x > 2x in this interval
T
2r . . 2« 2 4
(© Let w = cos7 +isin - The complex number o = w + w* + ®” is a root
of the quadratic equation x> +ax+b =0, where a and b are real.
(i) Prove that 1+ @ + ®° +......... +w®=0. 2
(ii) The second root of the quadratic equation is 8. Express £ in terms 1
of positive powers of @ . Justify your answer.
(iii)  Find the values of the coefficients a and b. 2
(iv)  Deduce that —sin§+sin2—”+sin37ﬂ=g. 3

END OF EXAMINATON
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Extention 2 Mathematics-2014 Half yearly solution

1. B 2. A 3. A 4. D
5. C 6. B 7. B 8. D
9. C 10. D

1 mark each

Question 11 (15 marks)

a) [3-2i| = Jo+4=113

b) B3+4i)(4—1) = (3+4i)(4+1i)

=12+3i+16i—-4
=8+19i
c)
(i)
AO =i AB
=ia
OTA =—ia correspond to vertex A.
(ii)
OB = AB—OA
=a—-la
=a(l—1) corresponds to vertex B
(iii)
1
A= E x OAx AB
= %|a|2 (AOAB is isosceles, OA = AB)
1 -
=—Qa.a
2
d) (i)

14




1+i 1—-i+1+i
+ _

1 - = -
1-1i 1-1i
o 2(1+1)
)
=1+i
z=+2cis =
4
(ii)
zsz(ﬁ)sciss—”
4
1 1.
= 42| - —=——i
( Vv2 ﬁj
=—4-4i
€)
Point of intersection: sub. y =+/3x into
x+\/§y+4=0
X++/3:/3x+4=0
4x =4
x=-1
and  y=—/3

Radius = v3+1=2

) . 1
m; = tan"* (+/3) m2:tan1(—ﬁj
=z - o7
3 6

", The conditions which satisfy the complex number z
in
the region are:

57

imz >-1, ‘z+1+\/§‘§2 and %Sargzs?

1

finding correct
answer for
point of
intersection

1
Correct radius

1
correct
gradients

2

for three
correct
conditions

15




Question 12

(@) Let y=x%, then x=3y

Sub. x into  2x*-2x*+1=0
26/yJ -2y” +1=0
2y +1=2y
(2y +1)% =8y?
8y® +12y® + 6y +1=8y?
8y* +4y? +6y+1=0
. The equation with roots «®, #* and »* is

8x% +4x* +6y+1=0

b)

3 212

(i)

1
correct
substitution of x

1
simplifying

1
correct answer

1
both x-intercepts

2

Correct values of
X&Yy
coordinates

of max & min
points.

16




(i)

(iii)

(iv)

27
+4.5
| . 3 .
-3 -2.12 2.12 [ x
-4 51
J'\F
0.22
+ - 3> X
T-022 ° !
JI\Y
450
l 1 _!;.
-3 212 0 -2.12 3 X

1 correct shape
& locations of
max & min
points

1 correct shape

1

correct
approximation
values of max &
min points

1

correct shape &
values of max
points

17




y=(f(x))

(v)

-y

-

905

Not drawn to scale

| j_:::.m}

(-2.12,0.011)

1 correct shape

1

The graph must
be below
original graph
fory <1

1 correct shape

1

correct
approximation
values of max &
min points

1

y-coordinates of
both end points
of the graph is at
1

Question 13 (15 marks)
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a) PS =e.PM

PS? = e?.PM

2
(x—ae)? +y’ = e?(x—%}

x> —2aex+a’e’ +y® =e’x” —2eax’ +a’
(1-e*)x*+y*=a’(1-e?)

2 2

X y

4+ —=
a’ a’(e’ -1

2 2
X4 Y _1 where b? =a’.(l-e?)
a b
(b)
(i) y=i£><
2
(ii)
10x—8yﬂ:0
dx
dy _5x
dx 4y
dy 5x2secéd
At P(2sec6,/5tan 0 —=—
( ) dx 4x+5tano
_ J5sec
2tan @
Equation of the tangent at P is
y—\/gtanez \/gsecg(x—Zsece)
2tan @

2ytan @ — 24/5tan? @ = /Exsecd — 2v/5sec 0
JBxsec—2ytan O = 2+/5(sec? 6 — tan? 6)
xsecd ytand _

> 5 L )

(iii)

For points of intersection of the tangent and the

1
correct

differentiation to
find m.

1 correct
substitution

1 correct answer

19




asymptotes:

Sub. y= i?x into (1)

xsecd J5xtan 6 B

=1
2 245
/5 (secd —tan ) = 2./5

2 . 2

X, =——  similarly x, =——
secd —tan g secd +tan g
Sub. x; into (1)
sec/  ytand 1

secd—tand .5
J5secd — ytan O(secd —tan 6) = v/5(secd — tan 6)

J5 - —5
=—— gsimilarly y,=———
secd —tan @

Y secd +tan @

The mid-point of LM is:

2 2
X 2(secd —tan 6) " 2(sec O + tan 6)
_ 2(secd +tan 0) + 2(secd — tan )
- 2(sec® @ —tan® 6)
=2secd

I
Y 2(secO—tand) 2(secd +tan O)

B J5(secd + tan 0) — \/5(sec & — tan 6)
2(sec’ @ —tan” 6)
=/5tan o

The mid-point M is the coordinate of P

.. PM=LP

(iii)

1
finding x-
coordinates

1

Finding y
coordinates

2

finding the mid-
point coordinates of
LM

and conclusion

20




4 5
- +
\/(sec@ +tand)®  (sech + tan 9)°

B 3
secd+tan @

3

Similarly OM = ——
secd—tan @

V5 -5

Mo = Moy =

tan 6 =

1.5

Area AOLM =%OM x OL xsin &

1 3 3 45

= — X X X
2 secfd—-tan@ secOd+tand 9
=2+/5 units square

Which is independent of the position of P.

1

Finding the length
OL & OM

1

finding the angle 0

1
finding sin0

1
finding the area and
conclusion

Question 14 (15 marks)
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(a)

P(z) has real coefficient, its complex roots are in
conjugate.

o 2+1 isalso aroot.
(z-2+i)(z-2-i)=2°—4z+5

By polynomial division or by inspection 2 and -1 are
the other 2 roots.

~P@) =@ -4z+5)(*-2-2)
=(Z*-4z+5)(z-2)(z+1)
(b)
(i) ty +t,+t3=0 (sum of roots)
(ii)
2+t +t, = (t +t, +1,)2 —2(4t, +tt, +1,t,)
=0-2xc

Let = u=‘/—E , v=—‘/—E and v=-u
3 3

f(u) . f(v) = (u® + cu + d)(-u® - cv +d)

:(u (u2+c)+d)(—u (U2+C)+d) 1)

Since 3u*+c =0, sub u? :—% into (1)

c 2
(u (—§+c)+dj(—u (—§+c)+d}
(u.£+dj.(—u.£+dj
3 3

2.2
JAue Sub. u= |-2
9 3

f(u) . f(v)

d2

1
state 2 + i is a root

1
Finding the factors

1
Correct answer

1
finding u and v

1
finding f(u). f(v)

1
Showing sub. of
2 C

us =——
3

1

showing the

22




. 4c .
=d +7 < 0 Since f(u).f(v)<0

27d? +4c¢® <0

(©)

()
If k isa double root of f(x) then (x—k)®isa
factor of f(x)

Let f(x) = (x — k )* Q(x)
£400 = 2(x— k) Q(x) + (x— k)* Q'(x)
Sub. x =k into f ¢(x)
f () = 2(k — k) Q(x) + (k — k)* Q(x)
=0 as required.
(ii)

Since P(x) is divisible by (x — 1)?, (x— 1)?is a
double root of f(x).

~ P()=P(1)=0
P’(x) = 7ax° + 6bx°
Pl)=a+b+1=0 = a=-b-1
P’(1)=7a+6b=0 (1), subainto (1)
7(-b-1)+6b=0
b=-7 and a=6
(ii)
Suppose Kk is a double root of E(x)
then E(k)=E’(k)=0

2 3
E’(x)=1+x+x?+%

Sub. x =k into E(x) and E’(x)

substitution of u to
obtain the result.

1
finding f ‘(x)

1
Using P(x) and
PPx)tofinda& b

1
correct answer for
a&hb

1

Using factor &
remainder theorems
to show the result.

23




2 3 2 3 4
= 1+k+k—+k— = 1+k+k—+k—+k—
2 5 2 5 24

4
LS
24
k=0
Sub. k=0 into E(x) = E(0)=1

*. ks not a root of E(x), by factor theorem

hence E(x) has no double root.

1
Conclusion with
explanation

Question 15 (15 marks)

(@)

24




Im(z)

5§ 3 ] & Re@

The graph of the complex number z is drawn above.

PS+PS’=2a
=10

(property of ellipse)

a=>5
By selecting P at the position shown,
OP? = PS* - 0S°
=25-9=16
b=4

The Cartesian equation of the ellipse is

X2 y2
2516
(b)
Let u=2x+3 = x:uT_3
and du=2dx
1 cu-5
dx= = |—d
I\/2x+ 4J. Ju
1. 1L 1
:—qu —-5u 2 du
4
3 1
:1 EUE—10UE
413
3 1
:%(2x+3)2— g(2x+3)2 +C
(c) (i)
c’ dy ¢?
=3 dx  x°

1
correct value of a

1

correct value of b
and equation of
ellipse

1
correct
substitution

1

correct integration
and answer in
term of x

25




& 1

At x=ct
dx c’t? t?

Equation of the tangent at T is:

C 1
——=-—(x-ct
Y=3 t2( )

yt? —ct = —x+ct

or x+t’y=2ct
(ii)
Similarly the equation of the tangent at Q and P are

X+ p’y =2cp (1)

x+Q°y = 2cq

y(p*—a*)=2c(p—q)

y= iq sub into (1)

p+
2
= x=2cp—2Cp
P+q
__2cpq
P+q
Since pg=1 X = 2
pP+q

R[ 2c | 2c j
pP+q p+q

Hence the locus of R is the line y = x
Where—c<x<0 and O0<x<c , sincepqg=1.

(© ()

Area of the circle = 7 r?

Area of the segment = % r(z—26) - % r?sin(z — 26)

1
finding ‘m’

1
Correct equation
of tangent

1
finding y co-
ordinate

1
finding x
coordinate

1
finding locus of
R

1

Correct
restrictions on the
values of x.
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1, 1, . 1,

=-r -20)-=r°sin(r-20)= =rr

> (7 ) > (r ) 37T

irzzz—rze)—lrzsinw:lﬂr2

2 3
lr27r—r29:1rzsin2¢9
6 2

sin20 =% 20
3

(i)

T KN

e
T T T T T -

2 -1 u] 1 2

Both graphs shown only have one point of intersection.

sin 20 = % —26 has only one solution.

correct use of
both formulae

1
correct answer

2
Correct graphs
and explanation

Question 16 (15 marks)

(a)
Let A=x+y and

B=x-y

27




A+B = 2x :>x:A;B
A-B=2y = y:é%E
. sin A+sin B = 2sin A+B cosA_B
2 2
and
cosA+cosB:ZCosA+B cosA_B
2 2
2sin A+B cosA_B
SinA+sinB 2 2 )
cosA+cosB 2COSA+BCOSA—B
2 2
A+B
=tan
2

Now A+B+C=n

A+B=m—c
tan A+B _tan 7S
2
RHS=tan| Z-&
2 2
=cot—

=LH.S from (1)

(b) () _
, XCOSX —Sin X
f'(x)=——F—
X
_ XCOSX —COSXtan x
= =
_ COsXx (x—tan x)
= =

expressing x and y in
termof A & B

1
correct simplifying

1
Correct answer

1
Correct
differentiation

28




T
x>>0, cosx>0and tanx > x for 0<x<=

. X—tanx <0, hence f'(x) <0
(i)
above.

and f(0)=1

—_

e

W

T
=

From the graph f (x) > 2 for 0<x<”

2

SII’]X>

2
X T

] 2X
ssinx > —

© ()

. 27
W=CIS—

W =|CIS—
7

=Cis2rx

f(x) is a decreasing function for 0 < x < 7 as proven

1

correct reason

1

expressing w’ as cis

2n

1
correct reason

1
correct graph

29




. wis aroot of X’ —1=0, that is of
(X=D(X® + X+ +1)=0

(i)

Since the quadratic equation x? + ax + b = 0 has real
coefficients therefore complex roots are conjugate.

Hence w is also a root.
Cf=a=w+w+w
Im (2}

wW- i
w

w’

Re(z)

11'4

w

6 5

Since w=w®, w? =w®, w* =w® from the diagram

L=w +w +w
(iii)

a+ f=—-a

=a=—-(W+w +w +w +w +wb)

--1  (using (i)

=1

1 explanation

1
correct answer with
explanation.

1 correct answer for
a
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af =b
= (w+w +w). W +w +w)

=w' 1+ w+w?).1+w +w)

=w* L+w? + Wi +w+wd +wt +wd w4+ wt

=w! (L+w+w? +.....+w +2w)
=w’* (0+2w?)
=2w’ =2

(iv)

Hence the quadratic equation is x* + x + 2 =0

= —1+£J1-4x1x2
2
~1+i47
2
\/7

Smag=1+—
2

Now,
Ima = Im(w+w? +w?)

.27 . 4r . 8w
=SIN —+SINn —+SIn —
7 7 7

. 2T . 3z . T
=SN—+SN| 7—— |+SIN| 7T +—
7 7 7

. . 2T . 3r
=—Sln—+Sln—+Sln7

1 correct answer for
b

1

Finding the roots of
XX +x+2=0

1
expressing im o

1
simplifying to
achieve the result
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