HIGH SCHOOL

Student Number

Extension 2 Mathematics

HSC Assessment task 2
th
13" March 2015
_ Total Marks -
General Instructions
¢ Reading time — 5 minutes ;
e Working tine 3 hours Section A
o Write using blue or black pen 10 marks _
Black pen is preferred o Attempt Questions 1 - 10
e Approved calculators may be used ¢ Allow about 10 minutes for this section

e In Questions 11-16 show relevant
mathematical reasoning and/or calculations  Section B
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Section A: (10 marks)

Attempt Questions 1 — 10

Allow about 10 minutes for this section

Use the multiple-choice answer sheet for questions 1 — 10 (detach from paper)

1.  The graphy =f(x) is shown below.
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2. Letz = a+ ib, where a and b are real and non-zero.
Which of the following statements is false?
A. z—Z7 =2bi
B. arg(z) — arg(z) = 2arg(2)
C. lz| +1z]l = |z + 7]

D. |z|* = |z|?|2|?

3 If f “(x) = 2cos’(x) = 1 and f (=) = 0, then f(x) is equal to
6
2sin2x—+/3
AT
sin2x
B. 2
C. 3 —sin 2x
2
D. sin2x n \/_§
2 4

4. If z = x + iy, the locus of points that lie on a circle of radius 2 units centred at the origin on the
Argand diagram can be represented by the equation,

A zz =2
B. z+2)! - (z—2)*=16
C. Re(z®) +Im(z?) =4

D. {Re(2)}* + {Im(2)}* = 16

2 _2)2
5.  What are the parametric equation of the ellipse % + % =17

(A) x=1-2cosf, y=3++/2sinb.
(B) x=—1+2cosf, y=2++/3sinb.

(C) x=2++2cos8, y=23++/2sinb.

(D) x=—1+2cosh, y=3++/2sind.



6. 7 satisfies the equation |z — V2 — iv'2| = 1. Find the minimum value of arg(z).
A. =75
B. —15°

o

C. 15

o

D. 75

7. The equation of the directrices of the hyperbola 4x? — 9y? — 8x — 18y — 41 = 0 are:

(A) x=1iT
— 2

B) x=1+ =
9

€ y=1£7
0) y=1+"2

g ap and y are the zeros of the polynomial x3 + 5x — 3. Find the value of

a(a® — By) + B(B* —ya) +y(¥* — ap).

A. —125
B. 9
C. 0
D. 116
: x?
The function f(x) = ——, has

(A) Asingle vertical asymptote, two horizontal asymptotes and no turning points.
(B) A single horizontal asymptote, two vertical asymptotes and no turning points.
(C) Assingle vertical asymptote, two horizontal asymptotes and one turning point.

(D) A single horizontal asymptote, two vertical asymptotes and one turning point.



10. The polynomial P(z) has the equation P(z) = z* — 4z3 + Az + 20, where A is a real number.
Given that 3 + i is a zero of P(z), which of the following expressions is P(z) as a product of
two real quadratic factors in real field.

A. (z?2 —2z+2)(z*> — 6z +10)
B. (z%2+2z+ 2)(z*+ 6z + 10)
C. (z2—2z+2)(z* + 6z + 10)

D. (z2+2z+2)(z%> — 6z + 10)



Section B (90 marks)
Attempt Questions 11 — 16
Allow about 1 hours and 50 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11 - 16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet

a)

b)

d)

o 2 . . 2
Simplify |cos?n + lSln?T[|

. —1+iv3 .
) Express T li‘/— in modulus argument form

i) Hence find the exact value of tanlll—zn

Suppose z =1+ iv3 and w = z(cisa) where —m < a < 7. If w is purely imaginary
and Im(w) > 0, find the value of:

)] a

i) arg (z +w)

i) Find the square roots of 24 + 10i.
i) Solvez?2+ (1+3i)z—8—i=0

iii) Hence describe the locusof | z—2+i| = |z2+ (1 +3i)z—8—i|

End of Question 11



Question 12 (15 marks) Use a SEPARATE writing booklet

a)
\Y

The diagram is a sketch of the function y = f(x). On separate diagrams sketch:

i) y = f()l
i) y=fdxD
iy y= %

v) y=sinT'(f(x)

The even function g is defined by

b) 4e™™ — pe™ X forx =0

90 = {g(—x) for x <0

) Show that the graph of g(x) has a maximum turning point at (ln3, g)

i) Sketch the curve y = g(x) and label the turning points, point of inflexion,
asymptotes, and points of intersection with the axes.

i) Discuss the behaviour of the curve y = g(x) at x = 0.

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet

a)  a,p and y are the roots of the equation x> + 3px + g = 0.
i) Find a polynomial equation of degree 3 with roots Oj/—ﬁ,% and %

i) Hence find a relationship between p and q if a8 = y.

b) (-1 +iV3)isazero of the polynomial P(x) = x* + x° — 3x* - 14x — 20.
Factorise P(x) over the real field.

c) The polynomial P(x) = 16x* — 32x® + 16x* + kx — 5, where k is an integer,
has two rational roots which are equal but opposite signs and two non-real roots.

i) If @ is anon-real root of P(x), show that Re(a) = 1 and |a| > 1.
ii) If the rational roots are + 3, deduce that g% < %

iii) Find the rational roots and the value of k.

iv) Factorise P(x) into irreducible factors with integer coefficients.

End of Question 13



Question 14 (15 marks) Use a SEPARATE writing booklet

2

2
Consider the conic defined by the equation % + % =1

) Determine the real values of | for which the equation defines an ellipse
and a hyperbola.

i) Sketch the curve corresponding to the value | = 3.

iii) Describe how the shape of this curve changes as | increases from 3
towards 7. What is the limiting position of the curve as is approached?

y? :
= =1 with centre O.

2
b.  Tisapointon the ellipse %+ >

A line drawn through O, parallel to the tangent to the ellipse at T, meets the ellipse
at M and N. Find:

) the equation of MN.

i) the perpendicular distance from T to MN.

i) Hence prove that the area of the triangle TMN is independent of the
position of T

[a}}

End of Question 14
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Question 15 (15 marks) Use a SEPARATE writing booklet

b)

d)

(i) Use De Moivre’s theorem to express sin 36 in terms of sin 6.

(ii) Use this result to solve 8x3 — 6x + /3 = 0.
(iit)Hence deduce that sing + sin%ﬂ = sin 5?71.
z, and z, are the zeros of the equation z2 — (1 + )z + (1 + iV3) = 0.

Find the value of : (i) argz, + argz,

(ii) |21 + 2|

Given that z = cosf + isin@, show that cos*8 + sin*6 = i (cos46 + 3)

Given that P = e'® = cos6 + isinf where -7 < 6 < m,
(i) Evaluate /=1 correct to 4 decimal places.
(i) By considering the sum of the series 1 + P + P2 + P>, ... to n terms,
show that:
1+ cosO + cos20 + cos36 + -+ cos(n—1)0 =

[(1 — cosB)(1 — cos(n@))sinbsin(nd)]
2 — 2cos6

End of Question 15
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Question 16 (15 marks) Use a SEPARATE writing booklet

a) i) Show that sinx + sin3x = 2sin2Xcosx.

i) Hence otherwise find all the solutions of
sinx +sin2x +sin3x =0 for 0 <x <2m.

b)  Given f(x) = x—loge (1 + X%

) Show that f ’(x) > 0 for all values of x.

i)  Hence deduce that e* > 1 + x? for all positive values of x.

In the diagram above, the diagonals MP and NQ of the cyclic quadrilateral MNPQ
intersect at a right angle at the point T. The perpendicular TF to QP meets MN at D.

The median from T to the midpoint of QP meets MN at E,

)] Show that the point D is the midpoint of MN.

i) Show that £ TEN = 90°.

iii) Let A and C be the midpoints of NP and MQ respectively. Show that the

quadrilateral ABCD is a rectangle.

END OF EXAMINATION
11
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Section I — Multiple Choice Answer Sheet
Use this multiple-choice answer sheet for questions 1 — 10. Detach this sheet.

Select the alternative A, B, C or D that best answers the question. Fill in the response oval
completely.

Sample: 2+4= (A) 2 (B) 6 (C) & (D9
AO L@ coO DO

If vou think vou have made a mistake, put a cross through the incorrect answer and fill in the
NEW answer.

A B cO DO
If vou change vour mind and have crossed out what vou consider to be the correct answer,

then indicate the correct answer by writing the word cevrectand drawing an arrow as
follows.

e —» L A0 BO cO »O
2. A0 BO c¢cO bnoO
3. A0 BO cO 0O
4. A0 BO O 0O
5 A0 BO ¢cO »pO

6. AOQ BO ¢ DO
7. AOQ BQO C© DO
8. AO BO ¢ DO
9. AO BO ¢© DO
0w A0 BO ¢C DO

12
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(b)

' 1z - _ 4
Q(X)—;"Z';—e—x g'(x) =
For stationary point g'(x) = 0
2 4
Gix gx 0
12—-4e* =0
e’ =3
x=In3
y = 4e-ln3_ 68 2in3
4+ _6_2
3 9 3
" = %_2
g'(in3) = 1-%
=Ly
9

s (In3, g) is a maximum point.
il For point of inflection g”(x) = 0

4 (1—-6e™) =10

24

1- correctly
differentiate g’(x)

1-correct answer

2-correct answer
with all working

i) dtx=0g()=-2,g'(x) =8andg’(x) =-8
The curve has a cusp at (0, - 2)

) e

\

4e" =24
=6
x=In6 .
= 46 _ Ggr2iS v*’/
g = ie_ s _1 \AM
6 36 2 . P kax |
x Ins In6 In7 W ) i
g’®) | -2 |0 0.004 i p)f | /i %
Do 4%
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EX2 — Half Yearly — 2013

Section A
. D 2. C 3. A 4. B 5.D
6. C 7. B 8. C 9. D 10. D
Section B
14 .
. USwy ocec)
@ For the ellipse wt G
19-7/>0 and 7-71>0 15‘( ]
[ < 19 and [ <7 @S/ fﬁr {\afwﬂw{:
I <7 1 - correct answer &rn-r{ %(,U 7[0 el
For the hyperbola 74(
/(0, hadpen
19-71>0 and 7-1<0
s 7<l<19 1- correct answer SL‘V/' 7WWLLM oledas
(ii)
AY
2-correct graphs
/_2‘\ and label of valu.
l B0 o Y30\ '
\q,/ 1,
T3
(iii)  As!increases from 3 towards 7 the shape of the ' ]C ‘fah ek 3 -
curve approaches an interval where 1 - correct answer
~2/3<x<2V3 Pl = A
As ] approaches 7 bt ""L“L"JL o S
a® = 19-7, a = 23 Ao Lmutwj vedu o
and b =77 =0 ‘
1 - correct answer | <3 b S
« The limiting position of the curve is SS’ of the M wanlen -
above ellipse.
Ve goFop
+ Z = _asing 2 = bcos 6 Wan
da * fo ;ﬂ«t he ajw@
dy _ bcosb
dx  —asin® 17 correctly W bt
differentiate & find (;f: Foon Mftwj Ao Ao
MN // tangent at T m

e this Yt |




bcoso

MorpN = —

asing
The equation of MN i beost (1)
1 : = -
quation 0 s Y asinf
i1)
L ox2 oy
Sub (1) into = + i 1
x? | x®b%cos?f _
= a? = b2a?sin?d
x2(sin20-+cos?@)
= - =1
a?sin?g

~ The coordinates of MN are

X = + asing

—bcos8 ;
y= asir® X gsinif

y = & bcost

The perpendicular distance TP to MN at P is :

‘ bcosé’xacosé_l_bsin@ ‘ ’

asing _ | abcos® 6+ absin’ @ |
I+b200329 ‘ Naz sin29+bzcoszt9]
a’sin 6
_ ab
Ja?sin? 8 +b% cos? 6
i)

The distance MN is

J(2asin8)? +(2bcos0)* = \[4(a’sin’ 0 + b cos’ §)
= 2+a’sin® 6 +b? cosd

Area of A TMN is

ab
Jaisin?0+5b cos? 6

= %x2\/azsin29+b2coszex

= ab which is independent of the position of T

1- correct answer

1- for each correct
coordinates of M &
N

1-correct formula
& substitution of
perpendicular
distance

1-correct answer of
TP

1- correct answer

of MN

1 - Finding area of

triangle

1 — correct answer
& conclusion
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16(a

®

(1)

(b)
(1)

[ =1-

(1

LHS

sin (2x + x) + sin (2x —x)
= sin2xcosx + cos 2x sinx
+ sin 2x cos x — cos 2x sinx

2sin 2x sinx
=RHS

sinx +sin2x +sin3x =0 Sub (i)
2sin 2x cos x + sin 2x = ()
sin 2x(2cosx + 1) =0

sin2x =0
2x =0, m, 27, 3w, 47

x=0,£,7r,3—7[,27r
2 2

and 2cosx =-1
_ 2z 4z

X »
3°3

2x
1+ x?
_1+x2—2x
T 1+
_(1+x)?
T 1+x?
+x) and 1+x* >0 forallx

~ f{x) is monotonic increasing.

(ii)

Whenx =0, fix) =-log. |

Hence

=0
Jix) >0 forallx>0
x—log(1+x) >0  for allx>0
log. (]+x2) <x for allx >0

we¥> ]+ ¥

1 — correct method

1- correctly show
L.HS=RHS

1-Showing correct
substitution

1 - correct answer

1- correctly
differentiation

1- correct
explanation

1- finding the value
of f{x) whenx =0

1- correct reasoning
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(b)

(@)

Let ZMPQ=x
ZMNQ = ZMPQ (Zsinthe same segment) (1)
=X
ZPTF=90°—x  (Zsum inright angled triangle)
= AZMTD (vertically opposite angles)

ZDMT =90°- ZMNQ (Z sum in right angled triangle)
=90°—x
= £ZMTD (2)

ADMT is isosceles (2 equal angles)
Hence DT =DM 3)

N
4DTM=90§- = o - () - 0

=00"=x= from (2)
= ZDNT from (1)

ADNT is isosceles (2 equal angles)
Hence DT =DN

. DM = DN, hence D is the mid-point of MN
(ii)
Z QTP =90° and B is the mid-point of PQ

~ A TQP is in a semicircle with TB, BQ and BP are radii.
Hence A QBT is isosceles.

~ 2 QTB = (vertically opposite angles)TQP
=90°—x (Zsumin ATPQ)
= ZETN (vertically opposite angles)

1- first three steps
shown

1- Proving the
triangle is isosceles

1- showing the result




ZTEN=180"—x—(90"—x) (< sum ina triangle)
=90°
(iii)
In ADMC and AMNQ
Z M is common

MD _ MC _

il rie % (D & C are mid-points of MN & MQ)

« ADMC /// AMNQ (two pairs of corresponding lengths are
in same ratio and one pair of equal corresponding angles)

Hence corresponding angles are equal
& £LMCD= ZMQN
s~ DC// NQ (corresponding angles are equal on // lines)
Similarly AB // NQ, BC //MP and AD // MP
~ DC//AB and AD // BC

Hence ABCD is a parallelogram (opposite sides are parallel)

MP LNQ (Given)
But BC // MP and DC // NQ
DC 1 BC

Hence ABCD is a rectangle
(the parallelogram ABCD has one right angle).

1-showing the result

1-showing the quad.
Is a parallelogram

1-showing the
parallelogram is a
rectangle
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