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Section |

3 marks

Attempt Questions 1-3.

Allow about 5 minutes for this section.

Use the multiple-choice sheet for Question 1-3.

1 If z= 4+ 2i then Z is equal to

A 4-2i
B. —4-2i
C. —4+2i
D. 2+44i

2
If z=7 + 5i then is equal to:
z—2
A 1-—i
10
B 1+
10
C. 1-i
25
D 1+
25

3 Ifz=+/3+ 3ithen z% is:
A. Real and negative
B.  Equal to a negative real multiple of i
C. Real and positive

D. Equal to a positive real multiple of i



4 Which of the following, where z € C does not represent a circle

A zz=4
B. |z+1|+|z—1]=3
C. (z-3+i)(Z-3-0)=9

D. |[z—-3|=2

End of Section |



Section 11

33 marks

Attempt Questions 4-7.

Allow about 50 minutes for this section.

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In questions in Section 11, your responses should include relevant mathematical reasoning and/or
calculations.

Question 5 (13 marks) Answer each question in a NEW booklet.

(@) Factorise the following over the complex numbers

x24+2x+5

(b) Givenz=-3++V3iandw =—1+1.

Find the following in the form a + bi

() 22+w
i 2
w

Using z and w from above express the following in mod arg form

iy  Z
w
(iv)  zw
v w?

(c) Let g(x) be apolynomial with real coefficients such that g(2 +i) = g(3+i) =0
and the degree of g(x) is less than or equal to 4. Find all roots of g(x).

(d) Express z in cartesian form given that z2 = —20 + 21i

End of Question 5
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Question 6 (15 marks) Answer each question in a NEW bookilet.

(@) If the six solutions of z® = —64 are written in the form a + bi, where a and b are
real, find the product of the roots whose real part, a, is positive.

(b) 0] Sketch all possible values of z such that

(z—5+i)_n
T 1+ " 2

(i) With reference to the diagram find the maximum value of |z|
() Ifz =1+ i, whatis the lowest value of n, n € Z*, such that z™ is a real number.

(d) Q) Show that z" + z™™ = 2 cos né

(i) Hence show that cos* 8 = %(cos 40 + 4 cos 260 + 3)

End of Question 6



Question 7 (8 marks) Answer each question in a NEW booklet.

(@ Letwu and v be complex numbers such that |u| = |v| = 1, and u # v. Show that the
following is real

uv
(u + v)?

(b)  Suppose that 2 + i and 8 — 3i are opposite vertices of a regular hexagon in the
complex plane. What are the complex numbers that correspond to the other four
vertices?

() Theangles @, B and y satisfy e!® + ef + e = 0.
Show that 3i® = e3iF = 3,

End of Question 7

End of paper
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2024 Year 12 Mathematics Extension 1 Task 1Marking Scheme

Section I: Multiple Choice Questions (4 marks)
Question | Solution Marking Criteria Feedback
1 Answer: A 1 mark— correct answer
2 Answer: A 1 mark— correct answer
1 _ 1
z—2 5+45i
_ 5—5i
T 2x25
_ 1—-1i
—_10
3 Answer: A 1 mark— correct answer
4. Answer:B

A and C are both complex numbers multiplied by their conjugates, giving
modulus squared is equal to RHS, and modulus equals positive real number is
a circle




Section ll: Question 5 (8 marks)

4a x?+2x+5= 1 -mark correct answer from We need to factorise this
x24+2x+1-(—4)=(x+1+4+2D(x+1-20) correct working expression and we do not
need find the zeros.

B(i) zZ+w=2(-3-v3i)—1+i 1- Mark correct mark

= 2(_3 - \/§i) —14i from correct working
=-7+(2V3-1)i

(i) z —=3++3i 1+i 2 marks — correct answer from

w1+ 1+ correct working
—3++3i—-3i—+3 1 mark — small error
B —(1+1)
_(3+V3) 3= V3.
—T 2 2
lii z_ V6 (cos (l) +isin (l)) 1 mark correct answer (must
w 12 12 not be expressed in cis form)
i 5t 5t
) z= (2\/5) (cos? + sin ?)
3 3
w = \/i(cos (— E) + isin (;T))
zw = 276 [cos (ﬁ) + isin (E)]
(v) 9 om\\°
w3 = \/E(COST + sinT)

c) g2+i)=9gB+i)=0 1 mark must mention the
Given the coefficients are real the roots must be conjugates. conjugate root theorem
Hencethe4rootsare2 +i,2—1i,3+1i,3—1i

d) z? = =20 + 21i 1 mark for setting up the
Letz =x+ iy simultaneous equations

2 marks for finding at least one
2 2 - [202 2 —
x“ty 2 220_+ 21 29 pair of x and y values and
xc—y*=-20 b
Note 2xy = 21 above.
3v2 7V2

Thereforex = +—=,y = +— 3 marks for correct answer
7= 32£+%5i orz = _%5_7221- from correct working







Section ll: Question 6 (8 marks)

6(a)

zZ = T‘eie
7,.66619 — 64el(n+2k”),k €z
T+2km

r=2andf =

T 3 5t
0=+-o0or +—or +—
6 6 6

. TT.
The only two roots with positive a positive real part are 2es' and 2e &'

Therefore 2es’ x 2e 76" = 4

1 mark for finding the 6 roots

2 marks for computing the
product of 6 roots and above.

3 marks for computing the
product of the 2 roots with
positive real parts.

Due to symmetry, the x coordinate of the centre is 2. The angle at the centre is
g, which is 2 X %. Hence the radius of the circle is 3v/2. Move(3,-1) up by 3 units
and we will get the coordinates of the centre (2, 2).

1 mark for sketching a major
arc passing through (-1, -1) and
(5I-1)

2marks for above and label the
angles.

3 marks for above and two
open ends.




6(b) (i)

The centre (2, 2) and (-1, -1) are on the line y=x. Connect the two points and
extend this line segment until it meets circle in the first quadrant. This will be
the diameter and it passes through the origin. From the discussion above, we
know that the radius is 3v/2. The maximum distance of z from the origin is

3v2 + 2v/2 = 5v2 units

The maximum value of |z| = 5v2

1 mark for calculating the
centre and the radius

2 marks for recognising (-1, -1),
(0, 0) and (2, 2) are collinear or
equivalent and above

3 marks for calculate the
maximum value and above.

6©

TT.
z=1+i=+2e%
nrm.
Z" = 4ea"
Itis real a number when n is a multiple of 4. Therefore the smallest positive
integer forn is 4.

1 mark for convertingz =1 +
i to the exponential form.

2 marks for the correct answer
and above.

Giventhat|z| =1
z"+ 27" = cosnf + isinnb + cosnfb — i sinnb = 2 cosnb

1 mark for correct working

To prove cos* § = %(cos 40 + 4 cos 260 + 3)

Use (z + i)‘* =QcosN*=z*+z*+4z°+4z72+6

16(cos 8)* = 2 cos46 +8cos20 + 6
Hence

1
cos* 0 = 5(00549 + 4cos20 +3)

1 mark for (z + i)“ =
(2 cos §)* and expansion
2 marks for z* + z7* + 422 +
4772+ 6
= 2cos46 +8cos20 + 6

and above.

3 marks for correct working.







Section II: Question 6 (8 marks)

6a

B




Section II: Question 7 (9 marks)

A is real, show thatz = Z
(u+v)?
B ( 4uv )
Z=|—
(v + u)?
i
B (u + v)?
4U X v
(W + )2
Because the magnitudes are equalto 1, 7 = % and v = -
axixl
_ u" v
1, 1)2
(Z+3)

6a To show z =

Multiplying by u?v?
4uv

B (u + v)?

B 312 +D) - (D] + G- D)
:<%+§i)(—3+2i)+(5—i)
_7-2v3 3V3,

_Zni 2 _Tl

e3 [2+D)—-G-D]1+6G-10]
=<—%+§i>(—3+2i)+(5—i)
_13-2v3 (4+3V3),

— 2 — 2 l

€38 =30) = 5—D]+ (5 -0)]




2mi

e3[(8-3)—-G-)]+G-1)]

1 V3. . .
:<—E+7l>(3—21)+(5—1)
_7+2v3 23
“ Tt

Give @, ef and e are the roots of a polynomial, the polynomial must be
acubic, l,e, p(z) = az® + bz? + cz + d, where a, b, c and d are complex
numbers.
Given e@ + eif telv = Z =o0,we knowbh =0
Taking the conjugate of the equation, we gete @ + e~ 4 e~¥ =
Multiplying by e’® eel” we get ePel? 4 ei® eV 4 ¢i® eif = = 2, so we
know c=0
Therefore p(z) = az3+e® elfelr

P(e'®) = ae* + e eifelr =

qei3® = _pla piB iy

Similarly
P(e) = ae®®f +ei@ eifelr =0
aei3B = _pla piBply
P(e) = aeBY +ei® eifelr =0
qeldy = —eia eiBeiy

Therefore

ael3% = g3 = g3y = —pi@ iB iy




