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2 2021 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 2

Glossary
o Z={--,-3,-2,-1,0,1,2,3} — set of all integers.
e 7T —set of all positive integers (excludes zero)
e R — set of all real numbers

e C — set of all complex numbers

Question 1 (11 Marks)

(a) Expand and fully simplify:
(z — 26i277r) (z — Qe_i%)

2(1 — itan26)
1+ itan26

(b) i.  Fully simplify

Express your answer in the complex exponential form re*®.

1—+/3i
1++/3i

(c) Use e(1492) = cos (01 + 03) + isin (61 + 62) to prove

ii. Hence, or otherwise, rewrite

sin (01 + 02) = sin 61 cos O + cos 0 sin Oy

(d) In the Argand diagram below, ABC' is an equilateral triangle. The points A, B

and C represent the complex numbers z1, zo and z3 respectively.

Im

B(z2)

C(23) ‘<

i. Explain why 23 — 21 = (22 — zl)eig.

ii. By writing a similar expression for z; — 2o, or otherwise, deduce that

(21)% 4 (22)® + (23) = 2122 + 2223 + 2321

Examination continues overleaf...

in the complex exponential form.

Marks
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2021 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 2 3

Question 2 (11 Marks) Marks
(a) Use mathematical induction to prove for n € Z*, 3
n n
3" +5 o n
— =
(b) The towers of Hanoi is a classical puzzle. You have three pillars, with n gold 4

plates on the first pillar, all in different sizes with the smaller plates above the
larger plates. Your task is to move one plate at a time, such that you end up
with all n plates at the last pillar. During this procedure, a larger plate is never
allowed to be on top of a smaller plate.

Use mathematical induction to provethat this can be done using 2" — 1 moves.

Note: The following is a visual representation of the towers of Hanoi puzzle
when n = 3.

A B c
(c) Suppose that p is a prime number and a is a positive integer.
i. Use the expansion of (1+4a)P to prove that (14 a)? —1—aP is divisible by p. 1

(You may use the fact that () is divisible by p for k=1,2,...,p — 1)

ii. Hence, or otherwise, prove by mathematical induction that a? —a is divisible 3
by p for all positive integers a.

NORMANHURST BOYS’ HIGH SCHOOL TUESDAY MARCH 23, 2021
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Question 3 (13 Marks) Marks
(a) i. Write down the converse of the following statement: 1

If an integer is divisible by 2 then it is an even number

ii. Write down the negation of the following statement: 2

If z is positive or 0, then if y is negative, then % is negative or 0.

(b) i. By proving the contrapositive, prove for an integer n that if n> — 1 is not 3
divisible by 3 then n is divisible by 3.

ii. Give a counterexample of the converse. 1

(c) Prove that if a and b are integers, then a? — 4b — 3 # 0. 3

(You may wish to consider the case when a is even and the case when a is odd)

(d) Prove that cos?(55°) is irrational. 3
(You may use cos 20 = 2cos? 0 — 1 and cos 30 = 4 cos®  — 3 cos )

End of paper.
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Sample Band E4 Responses

Question 1 ()

(a) (2 marks)
v' [1] for expanding
v o [1

| for simplifying

2
22—4<cos;>z+4222+2z+4

(b) i. (2 marks)
v' 1] for simplifying
v' [1] for correct final answer
.sin 20 .
9 x Tl 20 _ 9 cos 20 — isin 20 _ e~i20
.sin 260 cos 26 + i sin 260 ei20
1+
cos 26
ii. (1 mark)
From (i),
I —itan20
l+itan20
Let 0 = —.
—_— = e 3
14+ /3i
(c) (2 marks)

v' [1] for getting up to line 3
v o1

| for correctly expanding and comparing imaginary parts

ei(91+92) — ei91 X e’i927

cos (01 + 02) +isin (01 + 02) = (cos 01 + isinby)(cos Oz + isin ba)

= cos 61 cos By — sin 01 sin Oy + i(cos Oy sin Oy + sin 61 cos O3)

Comparing imaginary parts,

(1 mark)

sin (01 + 63) = sin 0 cos O3 + cos 1 sin O,

AC is the rotation of AB by % anticlockwise.

ii. (3 marks)
v

[1] for expression for z; — z2 or something similar
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2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 1 SOLUTIONS

v' [1] for expression with z; — 29, 29 — z3 and 23 — 21
v

[1] for showing required result

21— 29 = (23 — zz)el%
-2 (22— zl)elg 21 — 29
21—22 (23— 2)e's 22— 23

sz = 22)? = (23 — 21) (22 — 23)
(21)? = 22120 + (22)% = 2023 — (23)% — 2120 + 2123

(21)% + (22)® + (23) = 2120 + 2223 + 2321

Question 2 ()
(a) (3 marks)

v
v
v

[1] for proving the base case.

[1] for the inductive hypothesis, and for progress in getting the required result.
[1] for final result.

Let P(n) be the proposition

3" 45"

5 >4" YneZ"

Base case: P(1):
LHS =3'+5' =8
RHS =4' =4
.. LHS > RHS
Hence P(1) is true.
Inductive step: assume P(k) is true, k € ZT:
3k —; 5 -
ie. 3F45%>2x4F

Test P(k +1):
3k+1 +5/€+1

RTP : Y > 4htl

fe. 3FFLpphtl > 9 gktl

LHS =3 x 3* +5 x 5"
>3 x (2x4F —5%) 45 x 5% ._from the assumption
=6x4F 42 x5k
= 2(3 x 4F 4+ 5%)
> 2(3 x 4% + 4k)
=2(4 x 4%)
— 9% 4k+1
= RHS

Hence P(k + 1) is true.
By mathematical induction, P(n) is true Vn € Z*.
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(b) (4 marks)

v

()

ii.

[1] for proving the base case.

[1] for moving the first k plates to the second pillar.

[1] for moving the (k + 1)** plate to the last pillar

[1] for moving the k plates from the second pillar to the last pillar and getting the required

n gold plates on the first pillar can be moved to the last pillar using 2" — 1 moves.

i.

Base case: P(1):

P1)=2'-1=1

A single plate can be moved to the last pillar with one move.
Hence P(1) is true.

Inductive step: assume P(k) is true, k € Z*:
k plates on the first pillar can be moved to the last pillar using 2 — 1 moves.
Test P(k+1):

2k+1

RTP : k4 1 gold plates on the first pillar can be moved to the last pillar using — lmoves.

Using the assumption, the first k& plates on the first pillar can be moved to the second
pillar using 2 — 1 moves.
Then, move the (k + 1) plate on the first pillar to the last pillar.
Finally, move the k plates on the second pillar to the last pillar on top of the (k+ 1)
plate using 2 — 1 moves.
Thus the total number of moves is 28 —14+14+2F —1 =2 x2F —1 =21 1,
Hence P(k + 1) is true.

By mathematical induction, P(n) is true Vn € Z*.

(1 mark)

(1+a)Pf —1—a’ = (g) + (11)>(I+ <g>a2+...+ <pf 1)ap—1 n <§>a”— 1—q?
- (]19>a+ <§>a2+...+ (pf 1>ap—1

2. (14 a)? — 1 — aP is divisible by p.

(3 marks)

v' [1] for proving the base case.

v' [1] for the inductive hypothesis, and for progress in getting the required result.
v [1] for final result.

Let P(a) be the proposition

aP — a is divisible by p  Va € ZT
e Base case: P(1):
1P —1 =0, which is divisible by p

Hence P(1) is true.

NORMANHURST BOYS’ HIGH SCHOOL LAST UPDATED APRIL 21, 2021



8 2021 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 1 SOLUTIONS

e Inductive step: assume P(k) is true, k € Z*:
kP —k =pM, where M is a polynomial in terms of k
Test P(k +1):
RTP : (k+ 1) — (k + 1) is divisible by p

Using (i),
(14+kP—-1—kP=pN, NcZ*
(k+1)P—(k+1)=pN+1+k.— k-1
=pN + pM ...using the assumption
=p(N + M), where N + Misapolynomial

Hence P(k + 1) is true.
By mathematical induction, P(a) is true Vn € Z™.

Question 3 ()
(a) i. (1 mark)

If an integer is an even number then it is divisible by 2.

ii. (2 marks)
v' [1] for correct negation
[1] for the second half of the statement
x is positive or 0 and y is negative but % is not negative and 0.

(b) i. (3 marks)
v' [1] for correct contrapositive
v [1] for the case n =3k +1
v' [1] for the case n = 3k + 2

Contrapositive: If n is not divisible by 3 then n? — 1 is divisible by 3.
Let n=3k+1, kecZ.
n*—1=Bk+1)>*-1
=9k? +6k+1—1
= 9k* + 6k
= 3(3k? +2k), where 3k* +2k € Z
Let n=3k+2, kecZ.
n?—1=@0Bk+2?%-1
=9k*+ 12k +4—1
=9k* + 12k + 3
=3(3k® +4k+1), where 3k>+4k+1cZ
-.n? —1 is divisible by 3.

Hence if n? — 1 is not divisible by 3 then n is divisible by 3.
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ii. (1 mark)
Converse: If n is divisible by 3 then n? — 1 is not divisible by 3.

Counterexample: No counterexample

(3 marks)

V' [1] for the case when a is even

v [1] for the case when a is odd

v [1] for the required result

Assume a?> —4b—3 =0 for a,b € Z*
Then, a® —4b =3

o Leta=2n, nelZ

Then,
(2n)* —4b =3
4n* —4b =3
2(n? — 2b) = 3,

which is a contradiction since the LHS is even and the RHS is odd.

o Leta=2m+1 neZzZ*
Then,
(2m +1)* —4b=3
4m? +4m+1—4b=3
2
—ph==
m-+m 0%

which is a contradiction since the LHS is an integer.

a?—4b—3+40

(3 marks)

v' [1] for cos110° has to be rational
v [1] for cos330° has to be rational
v [1] for the required result

Assume cos?(55°) is rational.
cos 110° = 2 cos?(55°) — 1

If cos? 55° is rational, then cos 110° is rational.

c0s 330° = 4 cos® 110° — 3cos 110°

If cos 110° is rational, then cos 330° is rational.
However there is a contradiction since cos 330° = @, which is irrational.

Thus cos?(55°) is irrational.
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