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2022 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 3

Glossary
o Z={--,-3,-2,-1,0,1,2,3} — set of all integers.
e 7T — all positive integers (excludes zero)

e R — set of all real numbers

Question 1 (17 Marks)

(a)

i. Using partial fractions, or otherwise, find

3 2 (m
i, LetI—/ cos® (§2) 4.
1 75(4—95)

Use the substitution v = 4 — 2 to show that

o[,
1

u(4 —u)

iii. Hence, find the value of I.

=

Use a suitable substitution to find

Find

/4 dx

9 x2V2? -4
km

Let I = / e’ sinx dx, where k € Z. Show that
(k—1)m

(—l)k_lek”(eﬂ + 1)
2eT

I =

Examination continues overleaf. ..

Marks
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2022 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 3 3

Question 2 (14 Marks) Marks
(a) Let a=2i—-3j+kand b= i+ mj— k, where m is a positive integer.

11
The projection of a onto b is —ﬁ(i—i- mj— k).

i. Find the value of m. 2
ii. Find the component of a that is perpendicular to b. 1
1 2
(b) The line ¢1 has vector equation rp=1|0]+ A | 2 | and the line ¢ has vector
2 -3
4 1
equationrg = | =2 | + A2 | 2
9 -2
i. Show that the distance d between a point on ¢; and a point on ¢, is given 1
by

d= \/(3 — 21 + )\2)2 + (—2 — 21 + 2)\2)2 + (7 + 3\ — 2)\2)2

It is given that

(3 =201 + A2)? + (=2 = 201 + 2X9)2 + (7 + 3\ — 2)o)?
= (3)\2 — 4 — 5)2 + ()\1 — 1)2 + 36

(DO NOT PROVE THIS)

ii. Hence, or otherwise, determine the minimum distance between ¢; and /. 1

ili. Find the coordinates of the points on the two lines that are the minimum 2
distance apart.

(c) The diagram shows a rectangular prism whose vertices are A, B,C, D, E, F,G
and H. The points M and N lie on AB such that AM : MN : NB=1:2:1.
The points K and L lie on HG such that HK : KL : LG =1:2:1. P is the
intersection of KN and M L.

Letﬁz@,ﬁ:gandzﬁ:d

A M N B
—5 1
i. Show that ML:§@+Q+Q 2
ii. Find a similar expression for NK in terms of a,d and e 1
iii. By using ﬁ, prove that KN and M L bisect each other at P. 4

NORMANHURST BOYS’ HIGH SCHOOL THURSDAY JUNE 9TH, 2022



4 2022 MATHEMATICS EXTENSION 2 YEAR 12 COURSE ASSESSMENT TASK 3

Question 3 (9 Marks) Marks
(a) It is given that a,b,c e RT and a + b+ c = 1.
i. Prove a + 9 > 2. 1
b a
.. 1 1 1
ii. Prove —+ -+ —2>09. 2
a b ¢
iii. Hence, or otherwise, prove (1 —a)(1 —b)(1 — ¢) > 8abc. 2

(b) A function is defined to be bounded if 3M € R such that |f(x)| < M.

It is given that g(z) and h(x) are continuous and bounded functions.

a 2
i. By considering / {/\g(aﬁ) + h(ac)} dx for a > 0 and A € R as a quadratic 2
0

function in A, show that

[/Oag(fﬂ)h(w) d:vr < /Oa [g(x)rdx x /Oa [h(m)rdw

ii. Hence show that ) 1

/01 g(z)dx| < /01 [g(x)r dz

iii. Deduce that . 1

/01 g(z) dz| < /01 [g(x)r dz

End of paper.

THURSDAY JUNE 9TH, 2022 NORMANHURST BOYS’ HIGH SCHOOL



6 2022 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 2 SOLUTIONS

Sample Band E4 Responses

Question 1 (Sekaran and Ham(d))

(a) i. (3 marks)
v’ [1] for A and B
v' [1] for correct integration
v [1] for final answer
Let 1 A B
et ———— = —
xd—z) = 4d-—=x
1=A(4—-2z)+ Bzx
1 1
A=-B=-
4’ 4
3 3
1 1 1 1
de =~ [ = d
/1 z(4 — ) v 4/1 x+4—a: “
1
— o]~ In 4 — o}
4
1
= z(ln?x—lnl—(lnl—ln?))
_In3
2
ii. (2 marks)
v’ 1] for du = —dx and the new limits
v’ [1] for final result
Let u=4—z,du=—dzx
When z =1,u=3 and z = 3,u = 1.
- /%SQ(’éx)dx
1 z(d4—x)
Lecos? [Z(4—
__/ [8( U)] du
3 (4—u)u
3 2(m _ 1
:/ wdu
1 u(4 — u)
_/3 sin Zu J
“ e ™
iii. (1 mark)
2 T
From (ii), I = 13 ;EZ_S;C) dx
21_/3 cos? g N sin? 3T p
L 2(d—2) x4 —2) v
P
= —d
=
In3
= DT ...from part (i)
In3
S 1

LAST UPDATED JUNE 27, 2022
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2022 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 2 SOLUTIONS 7

(b) (3 marks)

v' [1] for correctly completing the square.
v' [1] for substantial progress to final answer
v' [1] for final answer
3—x 3—w
dr = dx
/ T / V3 -z
3—x
= | ———=dx
V—x?+ 3z
3
= / :2 - dx
3 3
V-9 ()
= / % B-22)+ % dx
332 3)2
Vo= ()
= / % B-22)+ % dx
332 3)2
)
1 3 -2z 3 1
== | ——=dr+ = / dx
2 \/31‘—132 2 \/(§)2—(1’—§)2
2 2
1 3 1 [ x— 3
25\/3x—x2x2+§sinf 2| +C
2
3 2z — 3
= 3x—x2+§sin_1 < x3 ) +C
(¢) (4 marks)
v' [1] for transforming the differential.
v' [1] for transforming both limits.
v' [1] for transforming integrand to an integrable form.
v' [1] for final answer.

Tz = 2secl
c.dx = 2secOtan6 df

Transforming the limits,

=
I

[\ =~
I

© wi

>
Il

8
I

NORMANHURST BOYS’ HIGH SCHOOL LAST UPDATED JUNE 27, 2022



8 2022 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 2 SOLUTIONS

3 1
2secOtanf do
/o 4sec?0v/4sec? —4

1 T
:/3 tan 6 o
2 Jo sect x2tand

1 (3 1
= - do

4/0 sec 6

1[5 1r. 1%
—4/0 cos 6 db —Z{smtﬂo

(d) (4 marks)
v' [1] for one application of integrating by parts
v' [1] for another application of integrating by parts
v [1] for obtaining 271
v [1] for evaluating cos(km) and cos((k — 1)7) and getting the final result

km
I = / e’sinz dz
(k—1)m

u=sinx v=2e¢€"
du=-cosz dv=2¢e"

kT km
I = [em sin m} - / e’ cosx dx
(k=7 J(k—1)m

U = COS T v=¢e"

du = —sinz dv=¢"

Lk km
=0- [em cos x} +/ e’sinzx dx
(k=Dm  J(k—1)x

2l = —e* cos(km) + eV cos(k — 1)
— _elmr(_l)k + e(k—I)W(_l)k—l
_ ekW(_l)k—I—l +e(k—1)W(_1)k—1
= e Um () [(—1)% e + 1]
(e )
’ 2e™

LAST UPDATED JUNE 27, 2022 NORMANHURST BOYS’ HIGH SCHOOL



2022 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 2 SOLUTIONS 9

Question 2 (Ho)

(a) i. (2 marks)
v’ [1] for proj,a
v' [1] for final answer
. 2—3m—1
Projpa = e qe A mi=b)
1—3m
= k
2z Atmi—k)
o1-3m 11
"24+m?2 18
18 — 54m = —11m? — 22
11m? — 54m 440 = 0
(I11m —10)(m —4) =0
10
S.om o= Rl orm=4
But -me&Z", m=4.
ii. (1 mark)

11 7. -5, 71
R A P (O DR i
1=31+k < 18) (+dj-k)=qgi+tgi-g5k

—2X9 2 -3\

—2XM1 + Xo
—2 —2X1 + 2\
74+ 33X — 29

:\/( *2)\1+>\2 ( 2*2)\1+2)\2)2+(7+3)\1*2>\2)2

4+ Ao 142\
d= —2 + 2N | — 2\

ii. (1 mark) Minimum d = /36 =6

iii. (2 marks)
v' [1] for A1 and Aq.
v

[1] for final answer

NORMANHURST BOYS’ HIGH SCHOOL LAST UPDATED JUNE 27, 2022



10 2022 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 2 SOLUTIONS

Minimum d when 3Ag —4X\1 —5=0and \y —1=0
,'_)\1:1and)\2:3
When A\ =1,

3
n=| 2

.. The coordinates are (3,2,—1) and (7,4, 3).

(c) i. (2 marks)

v' [1] for (1) or equivalent
v [1] for final result
ML =MA+AD+DH + HL ...(1)
: +d+e+ 5
=——a e+ —a
4~ = T 47
1
=gzatd+e
ii. (1 mark)

NK =NB+BF + FG + GK
1 3
= 2tetd—a

1
= —-—a+d
satdte

iii. (4 marks)

V' [1] for one of two expressions of AP
v' [1] for the other expression of AP
v' [1] for substantial progress to find A and y
v [

1] for final result

LAST UPDATED JUNE 27, 2022 NORMANHURST BOYS’ HIGH SCHOOL



2022 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 2 SOLUTIONS 11

AP =AM + MP

Sp=Adand1l—pu—A=0

1-2Xx=0
1

Hence KN and M L bisect each other at P.

NORMANHURST BOYS’ HIGH SCHOOL LAST UPDATED JUNE 27, 2022



12 2022 MATHEMATICS EXTENSION 2 ASSESSMENT TASK 2 SOLUTIONS

Question 3  (Ham)

(a) (1 mark)

@ oy bsy
b a
a b
L= >2
'b+a_
(b) (2 marks)
v [1] for (1).
v’ [1] for final result.
1 1 1 11 1
S +-= Sro+-)
e s m+b+@<a+b+c) (1)
a b a ¢ b ¢
=14+14+14t -ttt
b a ¢ a ¢ b
>3+2+242

=9

(¢) (2 marks)
v 1] for (*).
/on

] for final result.

lI-a)(1=-b)(1-c)=(1-b—a+ab)(1—-2c)
=1—c—b+bc—a+ac+ ab—abc
=1-(a+b+c)+ab+ ac+ bc — abc
=04+ab+ac+bc—abe ...(;a+b+c=1) (¥

(ab—l—ac—i—bc

> 9abc — abe
abe

zgabuw+mz9mcﬁmum>
— Sabe
OR
(1—a)1-0)(1—c)=(b+c)c+a)a+bh) ...(ratbtc=1)
> 2v/be x 2v/ac x 2Vab ”.C%¢’—¢Q2zma+bz2¢%)

= 8V a2b2c?
= 8abc

(d) i. (2 marks)
v
v o1

for expressing as a quadratic function in A.

for final result.

LAST UPDATED JUNE 27, 2022 NORMANHURST BOYS’ HIGH SCHOOL
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/0 " [rae) + h@)] e = /0 "2 [g@)]” + 20 g(e)h(a) + [n(e)] do
— </0 [g(:c)}2 daz) A2 ( Oag(:c)h(a:) dx> A+ /0 [h(x)r do

Since /Oa [)\g(x) + h(ac)}2 dx >0

4 (/Oag(x)h(az) dx>2 4 </0 o) d:v) (/0 ()] d:v) <0
[/Oag(m)h(x) dmr < /0 [g(x)rd:v « /0 [h(w)]zdx

ii. (1 mark)

Let h(z) =1 and a =1 in (i).

[/olg(x)dxrg/ol [g(x)rdxx/ollda::/ol [g(x)}zdx

iii. (1 mark)

Squaring both sides in (ii),

LAST UPDATED JUNE 27, 2022



