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2 2017 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 1

Section 1

5 marks
Attempt Question 1 to 5
Mark your answers on the answer grid provided.

Questions Marks
1. . o 1
Which of the following is true for all complex numbers 27
(A) Im(z) = ==
(B) Im(z) = “1=
zZ—Z
C) I =
(©) Im(z) =
z+z
D) I =
(D) Im(z) = *
2. ) : . 1
Let the point R represent the complex number z on an Argand diagram. Which
of the following describes the locus of R specified by 2|z| = z + z + 4.
ircle with centre (0,0) and radius 4.
A) Circle with 0,0) and radius 4
(B) Parabola with vertex (—1,0), axis y =0
arabola with vertex (—1,0), axis z =
C) Parabola with 1,0 i 0
(D) Perpendicular bisector of (0,0) and (0,4).
3. 1

The polynomial P(z) = 23 + (1 +4)2z? + (1 +4)z + 1 has a real zero z = —1 and
a complex zero z = «. By considering the sum and the product of the roots, the

third root is:
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2017 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 1 3

The shaded area in the Argand diagram below can be represented by the
inequalities:

(A) |z] <4 and |z —2+2i| <4
(B) |z2| <2and |z —2—2i] <2
(C) |2 <4and |z —2—2i| < 4

(D) |z <2and |z —2+2i| <2

'

Y

If w is a non-real sixth root of -1 and ¢ is a non-real fifth root of 1, consider the
following two statements:

M1-w+w?—w+wt—w’=0.

(ID) 1+ ¢+¢* +¢° + 1 =0

(A) Both (I) and (II) are orrect.
(B) Only (I) is correct.
(C) Only (II) is correct.

(D) Neither is correct.

Please Turn Over
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4 2017 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 1

Section 11

34 marks
Attempt Questions 6 to 7

Write your answers in the writing booklets supplied. Additional writing booklets are available.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 6 (11 Marks) Commence a NEW page. Marks

(a) Let 21 =1 —i and 20 = —1 4 4+/3.
i. Express z = 2129 in the form a + ib, where a and b are real. 2

ii. By expressing z; and 22 in the modulus argument form, show that 2

5T
= V8cis—.
z \[01512

5 5
iii. Hence, write down the exact values of cos % and sin % 2
. . . 4 .
(b) The complex number z is a solution of the equation /z = T+ + 7 — 24 2
)

Express z in the form a + ib, where a and b are integers.

(c) If w is a non-real cube root of unity, show the following;:
i 1

(1+w)?=-1

ii. 2

(14 2w+ 3w?)(1 + 2w? 4+ 3w) =3

Please Turn Over
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2017 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 1 5

Question 7 (14 Marks) Commence a NEW page. Marks

(a) The polynomial P(z) = 2* + ax? + bx + 28 has double root at = = 2. What are 2
the values of a and b?

(b) The equation 22 — 2 — 1 = 0 has roots «, 8 and 7. Find an equation whose 3

1 1 1
+a’ +B, +’7intheformAx3+Bx2+Cx+D:0,
1—a’1-8"1—+

roots are

(c) The Polynomial P(z) = 2 — 423 + 1122 — 142 + 10 has roots a + ib and a + 2ib,
where a and b are real and b # 0.

i. By evaluating a and b, find all roots of P(x). 3

ii. Hence, or otherwise, find the quadratic polynomials with real coefficients 1
that are factors of P(x).

(d) i. Find real numbers a and b, such that 2

A B4l =(PHaz+1)(Z2 4+ bz +1).

ii. Given that z = cos % +z’sing is a solution of 2* — 22+ 22 — 241 =0, find 3

T
the exact value of cos 5

Please Turn Over
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6 2017 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 1

Question 8 (9 Marks) Commence a NEW page. Marks

(a) The point A in the complex plane corresponds to complex numbers z. The
triangle OAP is a right-angled isosceles triangle.

y |
P
A
© X
i.  What complex number corresponds to the point P? 1
ii. Let M is the midpoint of OP. What complex number corresponds to M? 1
(b)
A and B are the points which represent the complex numbers z and w 3

respectively. Let C be the midpoint of AB. By taking Z/BCO = 6 and the
cosine rule, prove that

|z —w]* + |z + w|* = 2|2 + 2|w|?.

(c) Sketch the region in the Argand diagram consisting of those points z for which 4

-1
|z| > 1 intersect with % < arg(ziﬂ) < m. Show all important features.
z

End of paper.
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BLANK PAGE
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BLANK PAGE
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Answer sheet for Section 1

Mark answers to Section I by fully blackening the correct circle, e.g “@”

STUDENT NUMBER: ..... ... . i,

Class (please ¥)

(O 12M4A - Dr Jomaa
(O 12M4B — Ms Lee
O 12M4C — Mr Lin

1- W ® © ©
2- (W ® © ©@
3- W ® © @
1- W ® © ©@
5- W ® © ©@
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2017 Extension 2 Task 1 solutions

Section I:

U b WN R
O @™ > WO

Section Il
6.
a) zy=1—-i,z,=—-1+1iV3
i z=z7,=1-(-1+i/3)=-1+V3+i(3+1)

i.  z;= \/Ecis(_Tn), Zy = 2cis(2?n)

—-mT 27 5t
= 2,2, = 2v2 cis (— + =) = V8 cis (—= ).
Z =712y as<4 + 3) 8ClS(12)
iii. -14++vV3+ l(\/3 + 1) =+/8cis (12)
5_71'_—1+\/§ d 5_7r_1+«/§
cos o =—=—,and sin> = —=
b) \/z=$+7—2i=%+7—2i=2(1—i)+7—2i=9—4i.

2= (9 — 4i)% = 81 — 72i + 16i% = 81 — 16 — 72i = 65 — 72i.
) w3i=1 v (w—D(W?*+w+1)=0 ~ 1+ w+ w?=0.Since w is a non-real cube
root of unity.
. (Q4+wiP=14+3w+3w?+wd=3+3w+3w?+w3—-2=
3+w+w)+w —-2=3x0+1—-2=-1.Sincew® = 1.
i. (1+420+3w?)(1+20%+3w) = (0 +20?)(w? +20) =
(W -1D(w-1D=1-(w+w?)+1=2-(-1)=3.

a) P(x) =x*+ ax? + bx + 28 has double root at x = 2.
~P(2)=0and P'(2) = 0.
P'(x) =4x3+2ax+b
P2)=0-~16+4a+2b+28=0 and
P'(2)=0 ~32+4a+b=0.
Now 2a + b = —22 and4a+ b =-32
Solving simultaneously a = =5, b = —12.

b) x3—x—1=0hasrootsa,f andy.lety = i—z and makes a the subject.

3
-1 . . -1 -1
a=2—.Sinceaisarootofx3—x—1=0 - (y—) —(y—)—1=0
y+1 y+1 y+1

OG- -@-DO@+1D*-@+1)3=0
y2—-3y?+3y—-1-(@-DO*+2y+ 1) -3 +3y*+3y+1)=0
—6y* —2—-(*+2y*+y-y*-2y-1)=0



—y3—7y2+y—-1=0
Hence x3 + 7x? — x + 1 = 0 has roots i—z,% and g
c)
P(x) = x* —4x3 + 11x2 — 14x + 10 has roots a + ib and a + 2ib.
i By the complex conjugate theorem a — ib and a — 2ib also are
roots.
Sum of theroots =4 =4a .. a = 1.
Product of roots=10 = (a + ib)(a — ib)(a + 2ib)(a — 2ib) =
(a? + b?)(a? + (2b)?)
Now usinga =1 = (b% +1)(4b%> +1) = 10
4b* +5b%> —9 =0

b2:1 b2:_
or 4

~b?=1sincebisreal.and b = +1
Sotherootsarel +i,1—i,1+ 2iand 1 — 2i.

ii.  The quadratic polynomials with real coefficients are
x? —2ax + a® + b? and x? — 2ax + a® + 4b?

Hence x* — 4x3 + 11x2? — 14x + 10 = (x? — 2x + 2)(x®> — 2x + 5)

d)
i ozt —z23+z22—z+1=(Z*+az+1D)(Z%+bz+1)
Expand the right hand side, we obtain:
zt =723+ 2722 —z4+1=z*+(a+b)z2> + 2+ ab)z’ +(a+b)z+ 1
Hencea+b=—-1and2+ab=1.Nowa+b =—-1and ab = —1.

Solving simultaneously, we obtain a? + a — 1 = 0 where a = - ;/g.
So a= _1;”@ and b = _1;/3.
ii. z°=—1.Letz=r(cos@ +i sin®), applying De Moivre’s theorem, we obtain:

r5¢is50 = cism,sor = 1 and 50 = m + 2kwr = 2k + D
Weneed —nm<0<m —-n< (Zkﬂ)nﬁnand—S <k<2.
Hence k = —2,—1,0,1, 2. The roots are:

cis 2T cis Z cis T cis 3T cis 2T = —1
5’ 5’ 5’ 5’ 5

Now z = cosg +i sin% corresponds to k = 0, and its conjugate corresponds to

k = —1.Sum of the roots=cis§ + cis_?n = 2cos= = —b, (a > 0).

5
T 1+V5
Hence cos§= .




a)

b)

i.  The point A corresponds to the complex P
number z. Q corresponds to AP = iz.
ﬁzﬁ+ﬁ=z+iz=(1+i)z
Hence P corresponds to the complex number

(1+10)z °
ii. M is the midpoint of OP and the

. . (140
corresponding complex number is (T) Z.

In triangle OBC,
OB? = 0C?+ BC?*—-20CBC cos® (1)
Similarly in triangle OAC,
0A? = 0C? + AC? — 2 0C AC cos(180 — 9) (2) 5
But cos(180 — 8) = —cos 6 and
AC = BC (C is the midpoint of AB)

o
Now (1)+(2) gives:
0A% + 0B? = 2(0C? + BC?)
|z + w] |z — w]
0A = |z|,0B = |w|,0C = > and BC = >
z+ w|? |z-w|?
2 2 2
22 + |of? = 2(— )
Hence 2(|z]? + |w|?) = |z + w|? + |z — w|?.
3-
-2 2

C(0,1) and the radius is V2.
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